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1. Introduction

The Gaussian quadrature formula with respect to some positive weight function w on a finite interval which we normalize
to be [—1, 1] has the form

1 n
/ w(Of (0 de =Y Mif (1) + R(), (1.1)
-1 i=1

where the nodes t; are the zeros of the corresponding orthogonal polynomial 7,,(t; w) and the weights A; are the so-called
Christoffel numbers. Formula (1.1) has precise degree of exactness 2n — 1,i.e., RS(f) = 0 for all f € P,,_;.

Let I be a simple closed curve in the complex plane surrounding the interval [—1, 1] and D its interior. If the integrand
f is an analytic function in © and continuous on D, then, as is well known, the remainder term Rg(f ) admits the contour
integral representation

RS(f) = i% KS(z; w) f(z) dz
" 2ri r n '

The kernel K¢ can be expressed in the form

1 T (t; w
KS(z) =KS(z; w) = f n )w(t) dt. (1.2)
Tz w) J4 z—t
The previous formulae hold for all interpolatory quadrature rules with mutually different nodes.
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Many authors have used them to estimate the error Rg in(1.1). In[1] Gautschi and Varga have used estimates of the form

IR (A < G -maxlf@)l, G =G w) = (771) maXIKnG(Z; w)], (1.3)

where [(I") denotes the length of the contour I". In [2] Hunter has used estimates of the form

1
RS < G -maxlf(2)l, GC=GC[ w = —75 IKS(z; w)||dz]. (14)
zell 27 r

The error estimates (1.4) are sharper because of the inequality C; < Cy, but it is hard to obtain their explicit expressions in
most cases.

A very practical way to estimate the error in numerical integration is to use two quadrature rules: A and B, where the
nodes used by rule B form a subset of those used by rule A. Also, rule A should have a higher degree of exactness than B. The
difference |R2 (f) — RE(f)| (m > n) is usually a rather good error estimate of rule B. If both rules admit the representation
(1.2), then it follows that

1
RG) — R = o ‘y{ (KA@) - KP@) f(2) de|
T r

and further, following the same ideas which led to (1.3) and (1.4),
R () = RO < Mi - max[f @), i=1,2,

where

My = M(I', w) = Q max Ky (z; w) — K3'(z; w)]

and
1
My = My(I", w) = —f KA (2 w) — KB (z; w)[dzl.
27'[ r

In this paper we analytically determine the values of M; and M, when rule B is the Gaussian quadrature formula with respect
to one of the three Chebyshev weight functions. The case of Chebyshev weight function of the fourth kind is analogous to
the case of Chebyshev weight function of the third kind.

The degree of exactness of the n-point Gauss formula cannot be improved by inserting fewer than n + 1 nodes (see [3]).
This leads to Gauss-Kronrod quadrature formula

n+1

1
[ woraa - ZoJ(r,>+Zo*f<r )+ RS (), (15)
1

- i=1

where the new nodes 7, and all new weights o;, o are chosen in such a way that formula (1.5) has maximum degree of
exactness at least 3n 4 1. The t;} are the zeros of a polynomial 7.1 (t; w), called Stieltjes polynomial, which satisfies the
orthogonality conditions

1
/ A1 (O tf () wt)dt =0, k=0,1,...,n.
-1

The kernel chrf:q from the integral representation of the remainder term is given by

Ut () g (0)

Tn(2) Tn41(2) /4 z—t

Although positive and real Gauss-Kronrod quadrature formulae do not exist in some cases, there are no such problems with
Chebyshev weight functions considered in this paper. Moreover, the new nodes 7,7 belong to [—1, 1] and interlace with the
Gaussian ones t;.

For contours I" we take confocal ellipses

KK, (2) =

w(t) dt.

1 -1 0
& = zeC:z:E(u+u ). 0<6=<2my, u=c¢e’ o>1, (1.6)

having foci at &1 and the sum of semi-axes equal to o. When ¢ — 1, &, shrinks to the interval [—1, 1], and, as we can
conclude from other papers using this approach, the factors C; (§,, w) and G;(&,, w) usually go to +o00. However, the bounds
(1.3) and (1.4) are extremely sharp for large values of o.



804 G.V. Milovanovic et al. / Journal of Computational and Applied Mathematics 233 (2009) 802-807
2. The weight function w,(t) = (1 — t3)~1/2
Itis well known that 7, (t; w1) = T,(t) and 7,41 (t; w1) = (1—t2)U,_1(t), where T, and U, are the nth degree Chebyshev

polynomials of the first and second kind, respectively. We use the following representation of K,f derived in [1]
%% 4

ut(w—u @ +um’

where u is given in (1.6). In the same way we can derive the representation of Kz(’;,KH
—4n

u2n(u _ u—l)(u2n _ u—Zn) !

Now it is easy to show that

KS(z; wy) =

GK (.
Konia(z; wr) =

—4r
(u _ u*l)(uZ” _ u—Zn) .
In the rest of this section we derive explicit expressions of the factors M;(&,, wi) and M, (&,, w), and compare them with
the factors C;(&,, w1) derived in [1],

B 4%+ 1) 2
e = e+ " (9 = @‘1> ’

and G,(§&,, wy) derived in [2],

4 2
G (&, = K )
2( ] w]) (an ¥ 1) (Qn +Q_n>

where X is the complete elliptic integral of the first kind and E is the complete elliptic integral of the second kind.

KZGr:{H(Z) — Ky (2) =

Theorem 2.1.

4* + 1) 2
Mo ) = o )@ =g <Q + Q*) '

Proof. Using equalities [u" £ u™| = [2(aa, & cos 2n0)]'/?, where

1, . L
g =ai0) == (' +07), jeN,
2

we get an explicit representation of |[KSX

i1z wi) — KC(z; wy)| in the form

2
(a; — cos20)(a3, — cos?2n6)’

K5, 1(z; wi) — KS (z; wy)| = ﬂ\/
which attains its maximum value when 6 = 0, i.e,, at intersection points of the ellipse &, with the real axis. Recalling the
well-known fact I(§,) = 2(0 + 0~ ")E(2/(0 + 0™ ")), we complete the proof. O

Theorem 2.2.

4 2
MZ(gg’ wy) = (o™ + Q—Zn)x <Q2n + Q72n> :

Proof. According to (1.6), there hold |dz| = +/(a; — cos20)/2 df and

2
f K5, 1 (23 wi) — KC (z; wy)| |dz| = = (a3, — cos® 2n0)~"/2d
& 0

/2 47 1
471/ (a%n —cos? )29 = = x <—> . O
0 Qan Qon

The factors C; and M; have very similar explicit expressions, so it is easy to compare them analytically:
My (&, w1) 0" +1 My (&, wi) (0" +1) K (2/(0®" +07°")
Ci(&,w1) @M —0™2"  G(& wr) @+ K2/ +o™)

When g is fixed and n increases, the complete elliptic integrals of the first and second kind rapidly approach their
asymptotic value 7 /2. In this way, we get the following asymptotic estimate

2 _an

My (&, wy) =
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3. The weight function w,(t) = (1 — t2)/2
It is well known that 7, (t; wy) = Uy(t) and 7,41 (t; wy) = T,y 1. We use the following representation of KnG derived
in[1]

a@w—u

Gz ws) —
Ky (z; w2) = U (U — Dy

where u is defined in (1.6). In the same way we obtain the representation of 1<§1'<+1

au—ul
uz(n+1)(un+1 _ u—(n+1))(un+1 + u—(n+l)) :

K51 (2 wa) =

Now it is easy to show that
—r(u—uh

GK . Gy, _
Kon1(z3 w2) — Ky'(z3 wa) = (U1 — =D (gt (D))

Theorem 3.1.

(Q+Q—l)2 2
Mi(&,, wa) = oz = Q_(2n+2))E o+ol)’

Proof. Similarly as in the proof of Theorem 2.1, we get an explicit representation of [K5, | (z; w2) — K{(z; w,)| in the form

a; — cos 26
2(a3,,, — cos?(2n + 2)6)

K5po 1 (z; w2) — KY (z: wa)| = n\/

which attains its maximum value when 6§ = /2. O

Theorem 3.2.

2 -2
o°+o 2
M (&, wp) = (0212 4 g~ (@nt2)) K (Q2n+2 + Q—(2n+2)> :

Proof. Since |, cos26[1 — k* cos? mg]~"/2d® = 0, for all integers m > 2 (see [2, p. 78]), there holds

a, — cos 26 4o
— cos2(2n + 2)9)1/2

K G [
IR s — kG|l = T [
2 Jo (a3,

&

/2 a, 1
2 az/ (@, , —cos>0)"V/?do =27 X ( ) . O
0 A2n+2 A2n+2

We are able to compare analytically the factors C; (from [1,4,2]) and M;, and obtain

Mi(€, w2) 0™ +1
C1(8g, wo) - an+2 _ 97(2n+2)’
My(Epowy) (@7 + 1) X (2/(0*? + 0~*"))

(& wa) (0212 + =42y k¢ (2/(@™1 + o= th))

It should be pointed out that it is difficult to determine the factor C;(&,, w,) when n is even and g is less than some @,
(see [1,4]), because the maximum of |I<,f| on &, is attained slightly off the imaginary axis and depends on n.

When o is fixed and n increases, M, (&,, w,) can be written in the form
m(@*+07?)
2(Q2n+2 + Q7(2n+2))

My (8, wy) = (1+0@™*").

4. The weight function ws(t) = (1 — t)~2(1 4+ 1)1/2

It is well known that 7, (t; w3) = V,(t) and 7,,1(t; w3) = (1 — t)W,(t), where V,, and W, denote the nth degree
Chebyshev polynomials of the third and fourth kind, respectively. We use the following representation of KnG derived in [1]

2r(u+1)

Ky (z: ws) = ,
(2 03) u(u — D 4 um)
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where u is defined in (1.6). In the same way we derive the representation of Kﬂﬂrl
—2r(u+1)

u2n(u _ 1)(un+l _ u—")(u"“ +u") !

Now it is easy to show that

chrf(ﬂ(Z; w3) =

—27(u+1)
(u _ ])(u2n+1 _ u—(2n+l)) :

K5¥. 1 (z; w3) — K2 (z; w3) =

Theorem 4.1.

2 1 -1 2
My, ws) = e+ D+o™ E( )

(Q _ ])(Q2n+l _ Q—(er—l)) 0 + Q—l

Proof. Similarly as in the proof of Theorem 2.1, we get an explicit representation of |I<2(’;1’<le (z; w3) — K¢(z; w3)| in the form

a; + coso
(a1 — cos)(a3,, ; — cos?(2n + 1))

|ch:5+1(2§ w3) — KC(z; ws)| = n\/

which attains its maximum value when6 = 0. 0O

Theorem 4.2.

20+07h 2
M; (&, w3) = (0¥ + o~ K o2l -t )

Proof. Since |dz| = /(a; — cos)(a; + cos#) df and [ cosO[1 — k? cos?> m@]~/2d6 = 0, for all integers m > 2, there
holds

2
a; + cos6
KSK (z:w3) — KS(z; w dz n/ de
?{gg Ko 5 w3) = Ky 25 ws)] 1z o (a5, — cos?(2n+ 1)6)1/?

/2 a; 1
:4na1f (3, —cos’0)""/?d0 = 4x JC( ) m
0 aon41 A2n41

As in the two previous sections we obtain

Mi(€, w3) o™ +1
Ci(E,. w3) @l — g @i’
My(&,, w3) @ 4 1) K (2/ (0¥ + o~ ®1t))

G (&, w3) B (o1 4 g—@n+D) 1 (2/(Qn+1/2 + Q—(n+1/2))).
When g is fixed and n increases, M, (&,, w3) can be written in the form

te+o")

M; (&, w3) = o2t g~ (@nt1)

(1400 *).

5. Examples

This section contains numerical examples illustrating the quality of the bounds
[Ron1 () = R (D] < Ma(8p, wi) - max [f )], i=1,2. (5.1)
4

All computations were performed in machine precision of approximately 16 decimal digits, using MATLAB routines for
the Gauss and Gauss-Kronrod quadrature rules from [5] to evaluate |RSX, ; (f) — RS(f)| and the polynomial approximation
to evaluate X. We have optimized these bounds as functions of o.

Example 5.1.

T cos(at)

—dt.
—14/1—1t2
The function f (z) = cos(az) is entire and it is easy to see that
f @)] < cosh(a(e —0™1)/2), z€&,.

Our numerical results are summarized in Table 5.1. Numbers in parentheses indicate decimal exponents.
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Table 5.1
Optimal bounds (5.1) for Example 5.1.
a n Qopt IRSK, 1 () — RS(F)] Bound
1 4 15.9373 5.9202(—7) 2.1132(—6)
5 19.9499 1.6529(—9) 6.5906(—9)
7 27.9642 6.2172(—15) 2.0384(—14)
3 5 6.5131 8.1231(—5) 3.1780(—4)
7 9.2249 1.8097(—8) 8.4441(—8)
10 13.2579 4.9960(—15) 4.3179(—14)
8 5 2.0000 0.3818 1.2377
10 4.7913 1.3073(—6) 7.0608(—6)
15 7.3642 1.1213(—14) 1.9326(—13)
16 5 1.0560 1.2956 5.2747
10 2.0000 0.1089 0.4876
15 3.4611 3.4590(—6) 2.1978(—5)
Table 5.2
Optimal bounds (5.1) for Example 5.2.
a n Qopt IRSK. . (F) — RS ()] Bound
1 4 16.0624 1.5560(—7) 1.1248(—6)
5 20.0499 4.3080(—10) 3.4643(—9)
7 28.0357 1.3323(—15) 1.0563(—14)
3 5 6.8147 2.9570(—5) 2.4936(—4)
7 9.4396 5.9949(—9) 5.8235(—8)
9 12.0829 4.0412(—13) 4.3881(—12)
8 5 2.8638 1.4544 1.6392(1)
10 5.1939 1.4054(—6) 1.7540(—5)
14 7.1404 1.4495(—12) 8.6994(—12)
Example 5.2.

1
/ e /1 — t2dt.
-1

The function f (z) = e* is entire and |f (z)| for z € &, attains its maximum value whenz = (o + 0~ 1)/2.The corresponding
numerical results are summarized in Table 5.2.
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