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SUMMARY 
Influence of lateral injected stream, perpendicular to the axis of regular conical nozzle with 
circular cross section, is analyzed both in subsonic and transonic three-dimensional, turbulent, 
viscous flows. Turbulence effects are introduced by the formulation based on turbulent kinetic 
energy. Influence of second fluid component will be analyzed by the application of volume of 
fluid mixing model. Application in development of machines and equipment for food industry 
was also analyzed. 
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1. THEORETICAL POSTULATION 
1.1. Conservative Form of the Navier–Stokes Equations 

Referring to [1], [2], [3], [4] and [5]  the equations can be written as follows: 

                                   (1.1.1) 

or 

                                                                                            (1.1.2) 

With the introduction of the total stress tensor , while  being unit tensor, one can 
write the flux vector  as 

      (1.1.3) 

and finally the Navier–Stokes equations as 

                                                                              (1.1.4) 

It is assumed that a perfect gas constitutive relation is valid, while a Newtonian fluid is defined 
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by the two viscosity coefficients  and : 

                                                                    (1.1.5) 

For fluids where the Stokes relation  is valid, the shear stress defined by the 
equation (1.1.5) becomes 

                                                               (1.1.6) 

The temperature  is related to the conservative variable  by the expression 

                                                                                (1.1.7) 

where ,  and  are the specific heat under constant volume, total and internal energy per 
unit mass, respectively. One should have in mind that the term  in equations (1.1.1) 
and (1.1.3) represents the heat conduction flux. 

1.2. Boundary Conditions 
The no-slip condition is expressed by  at solid walls. For the temperature, either the 
wall temperature is fixed at solid walls , or the heat flux is determined by the physical 
conditions , where  is the wall heat flux. For an adiabatic wall . 

At a solid boundary with a no-slip condition, the momentum equation projected on the normal 
direction reduces to , where  refers to the normal direction. For thin 
shear layers at high Reynolds numbers, this relation can be replaced by the boundary layer 
approximation , which can be used as an acceptable alternative for the pressure 
boundary condition. Conditions on the normal derivative  and , are 
more appropriate, having in mind that there is no absolute and universal rule for the selection 
of boundary conditions. 

1.3. Mixing Model 
The tracking of the interfaces between the components is accomplished by the solution of a 
continuity equation for the volume fraction of one or more of the components [6]. For the -th 
component, this equation has the following form: 

                                                                                                     (1.3.1) 

where  is the -th fluid’s volume fraction in the computational cell. The source term  on 
the right-hand side of equation (1.3.1) is zero for the volume of fluid model. A nonzero 
source term should be used for models with mass transfer, cavitation model, etc. 
The volume fraction equation will not be solved for the primary component; the primary-
component volume fraction will be computed based on the following constraint: 

                                                                                                                    (1.3.2) 

The properties appearing in the transport equations are determined by the presence of the 
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components in each control volume. 

In a -component system, the volume-fraction-averaged density takes on the following form: 

                                                                                                                  (1.3.3) 

All other properties (e.g., viscosity) are computed in this manner. 
1.4. Turbulence Model 

The Reynolds averaged Navier–Stokes equations are derived by averaging the viscous 
conservation equations (1.1.1) over a time interval, chosen to be large enough with 
respect to the time scale of the turbulence fluctuations 

                                    (1.4.1) 

where “  ” denotes density-weighted averaged property, 

                        (1.4.2) 

while  is a turbulent eddy viscosity coefficient, and  is the kinetic energy of the 
mean flow per unit mass. 
Turbulence model for the analysis of the viscous effects of turbulent flow, developed by 
Prandtl [7], [8], [9]and [10] and Kolmogorov [11] and [12], is used in this approach. 

                                            (1.4.3) 

where , while ,  and  denote fluctuation velocities, and  
is the mean flow velocity in  direction. 

                                                                (1.4.4) 

where  is a Prandtl number for turbulent kinetic energy. The equation (1.4.4) having in 
mind that , for turbulence in the vicinity of a wall the energy equation 
reduces to the form 

                                                       (1.4.5)

After the elimination of  from the dissipation term by introducing the definition of , the 
equation (1.4.5) can be expressed in the form of the equation 

                                                                                               (1.4.6) 

which is referred to as a “local-equilibrium” turbulence model. 
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Additional turbulence models (Spallart-Allmaras,  based and Reynolds stress models) 
have been described for practical reasons in [6] and [9]. 

Figure 1. Subsonic Pressure Distribution 

2. RESULTS OF NUMERICAL ANALYSIS 
Dependence of the main flow properties in divergent regular conical nozzle, with circular cross 
section, on lateral stream injected perpendicular to the nozzle axis through the circular hole 
placed on the nozzle wall and located at the half distance between intake and outlet section, has 
been analyzed. Diameters of the intake and outlet section were  and , 
respectively. The injection hole diameter was . Finite volume method (FVM) 
has been performed in computation of three-dimensional viscous, turbulent, 
compressible subsonic and transonic flow of ideal gas. Viscous model, applied in the 
computation, has been described in the computation, has been described in the section 
1.4. 

Figure 2. Supersonic Pressure Distribution 
Lines of constant pressure in the nozzle symmetry plane in the case of one and two component 
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subsonic flow have been presented in the Fig.1. In all cases the same boundary conditions 
have been applied. Flow at inlet section of mass flux  has been 
disturbed by the lateral injection stream . Uniform pressure 
distribution of  and stagnation temperature  at the inlet 
section have been assumed. For the outlet section uniform pressure distribution 
of  has been prescribed. Calculated pressure distribution of one 
component air flow has been shown in the Fig.1a, while Fig.1b and Fig.1c  illustrate 
pressure distribution of two component flow with the primary air and secondary 
oxygen component, and air and hydrogen component, respectively. In both cases 
fluid’s volume fractions were .  

 (a)                                                                         (b) 
Figure 3. Wall Pressure Distribution

 

Performed computation has confirmed almost insignificant influence of lateral stream injection 
on flow separation and pressure distribution  in all three analyzed cases, compared with 
main flow without lateral injection, except in the zone close to the injection hole, as can be 
concluded from the Fig. 3a 

Results of analysis for the internal one component transonic air flow are presented in the Fig. 2, 
for the same nozzle geometry as used in subsonic flow analysis, with inlet mass 
flux , lateral injection mass flux , uniform pressure 
distribution, both at the inlet and lateral hole section  and constant 
stagnation temperature  over the sections. For the first flow case pressure contours 
in the symmetry plane are shown in the Fig. 2a, for outlet pressure , while for 
the second case of transonic flow (Fig. 2b) constant value  has been prescribed 
for the outlet pressure. In the second case, illustrated in the Fig. 2b, the strong oblique shock 
wave occurs near the location of lateral flow injection and effects of flow separation 
downstream of the hole position, measured along the nozzle axis, are significantly multiplied, 
as one can verify from the wall pressure distribution (Fig. 3b). 
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3. CONCLUSION 
Influence of the lateral injected stream, directed perpendicular to the nozzle axis, both in 
subsonic and transonic, turbulent, viscous, three-dimensional, one and two component flow is 
analyzed in this paper. Comparison between the results of numerical computation of subsonic 
one component flow case and “equivalent” (same geometry and boundary conditions) two 
component flows shows that there is not significant difference in pressure distribution between 
these cases and flow separation occurs in very limited zone. Numerical analysis, applied to the 
transonic flow, shows steeper variations of the flow variables, including pressure distribution, 
than in the subsonic case, having in mind that there is strong influence of the shock wave in the 
mixing zone. Derived results shown in this paper have potentially wide application in 
development of new technologies, both in bio-technical systems and in food processing 
industry.  
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