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Introduction

Gauss QF:
1
/(f):/_ W(t)F(¢) dt = waf)JrR(f) (1)

n nodes (&), 2n — 1 degree of exactness

Gauss-Legendre QF: associated with Legendre weight function.

Error:
When f is an analytic function, the remainder term can be represented as
a contour integral with a complex kernel.

Davorka Jandrli¢ (UBG) QF Error Estimates AAA2023 2/1



Error term

n

L 1 f(z)Qn(t)
(110 = 10 - U0 = 5 e @
where .
Q4(2) = cn H(Z —&i) (cn #0),
i=1
e &; roots of of the corresponding orthogonal polynomial

Qn(t)

e [; fundamental functions of Lagrange interpolation.
e as set Q,(t) we considered 7,(t) = P,(,O’O)(t) (special case of Jacobi
H (avﬂ)
polynomials Py ""’(t)) =
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Rulf) = I(Fiw) = D wif(€) = 5 j[ Kzw)f(z)dz,  (3)
i=1 !

where
I(f;w) = /1 w(t) f(t)dt, w;= /1 w(t) li(t) dt,

—1 -1
and the kernel K,(z) = K,(z; w) can be expressed in the form

Z;w 1 n
Kn(z;w) = 'ng(n('z)), on(z;w) = /_1 w(t) SZ?_(? dt, zeC\[-1,1].

The integral representation (?7?) leads directly to the error bound

Ro() < D (Tgrx\Kn(Z”) (Té"rx‘f(z)’) / £

where /(I') is the length of the contour.
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Choice of the contour - Bernstein ellipse

A common choice for the contour I is

1 .
p:{ze(C: z:i(u+u_1),u:pe’0, 0§9<27r}.

Bernstein ellipses p ¢ [1,2.5]

foci at the points F1 os

06
0.4

e sum of semi-axes p > 1

02y

e major semi-axes 1(p +p~1)

. . 1 71 -04 :
e minor semi-axes 3(p —p ') o

08
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Inspired by work:

[ H. WANG AND L. ZHANG, Jacobi polynomials on tha Bernstein
ellipse, J. Sci. Comput. 75 (2018), pp. 457—A4A77.
)

e Jacobi polynomials P,(,O"B considered

e Jacobi weight function w(t) = (1 — t)*(1+t)?, «,B> —1.
Problems:

e convergence rate of spectral interpolation

e spectral collocation method for solving integral and differential
equations.

Results:
e explicit representation of P,(,O"B)(t) in the variable of parametrization,
e the extrema of |P,(,a’ﬂ)(z)| on the B.E.
e refined asymptotic estimate E=y

=/
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Results that could be adopted from general case:

k
aﬁ) Zd|n 2k|nu - y Z=

where, in the case o = ﬁ > —1,

22ar(n+a+1)r<k+”+1 >r< LS >

din = kin ~k e
fon = ﬁr(n+2a+1)r< 5 )r( ) Ma+1/2)
0, n-
(6)
Trigonometric representations of (?7?):
n
P{?) (cos ) = do p + 2 Z d.n cos(k0). (B
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Properties of the Chebyshev polynomials of the first and

second kind

sin((n+ 1)0)

Tn(cosB) = cos(nf), Un(cosh) = g , n>0 (8)
Representations of them when z € £,
z=21(u+ut),u=pe®0<0<2n)

1 N h un+1 _ u—n—l
Ta(z) = 5(“ +u™"), Un(z)= T u—u 1 (9)
1
pn(t)
dt 1 10
| etz (o)
£

with the p, being any one of the Chebysev polynomials of degree n, can i |

be computed explicitly
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Modulus of the kernel

e The kernel is given by K,(z) = (3, z¢[-1,1],

e mp(z) = Qu(z) is the Legendre polynomial of degree n

25 dncoskd | sind
(z)/lwdt/”(; e ) =23 dy [0 (1)
on2) = z—t  Jo z —cosf N prd kn lo z—cos®
a=0£=0
(n+ k-1 (n—k—-1)I!
TN ATl , n—k even,
din = (n—+ k) (n— k)l (12)
0, n—k odd,
£l
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[@ S. E. NOTARIS, Integral formulas for Chebyshev polynomials and the
error term of interpolatory quadrature formulae for analytic functions,
Math. Comp. 75 (2006), pp. 1217-1231.

1 Q i
B Ti(t) | :/ cos k@ sin 6 1
lk—/lz_tdt, (13a) k= st df (13b)

(121
le = T(2) log 2 Z’ = 21“(2) (I > 1), (14)
=1

with the principal value of the logarithmic function
logz =log|z| +iargz (—m <argz <m) —
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Expressions for modulus of the kernel

Inserting relation z = (u+ u)~1/2 (Ju| > 1) in (?7),

[*5]

k —k k—2j+1 —(k—2j+1)
u“+u z+1 rufTETE
I, = I -2 15
k 2 %L1 Z} 2 —1 (15)
J:
Note that
1 1)/2+1 1+ut)? 1+ut
Ing+ :log(u+u )/2 + ~log (+u ) ~2log tu
z—1 (u+u1)/2-1 (1 —1)2 1—ut
(16)
Since
(o] o0
—1Yu1 E _1
log(1+u~! Z 1 log(1—u~ Z 1 (lu™* < 1),
j=0 0
It follows that
: L_]\
z+1 ST
I =4 ) (1
%1 Z 2j+1 17
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i

k [ee) 2 k2]+1_+_ k2+1
=2 ey — | @
=2 (o4 ) X z ot |9

It holds
(2j +1)u=%1 ut 3u~3 _a
_4 = —4 k (
Z 21+1)2 [k2—1+k2—9 +o(u™), av
=
= 2_]U 2u~2 4u=* _5
_4Zk —4[k2_4+k2_16}+o(u ), k o
(19)
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On the basis of (??), we have

2)=23" dialk. (20)
k=0

" diom 1 " diom 1 1
pzm(z):_w(Z 4/2—1'E+3Z 412 -9 u3)+o(u4> (oo

(21)
and
m m
dir12me1 1 d214+1,2m+1 1
Loy 2AL2mil 2
pam+1(2 (; @+12-4 @2 ;(2l+1)2—16 A Te
(p—00), m

which together with
n
2) =) dinant" 2 = dnpt” + dn2nt" 0 (u"2) (p > 08)2
— -V
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m
Z A21+1,2m+1
(21 +1)2—-16
mood u2+2,:"? d +O(%)
2141, 2m+1 2/+1,2m+1
32 et et bl e __ ST e
Z (21+1)? /23(2/+1)2—4
K z) = . =
2m+1( ) d2m+172m+1u2m+3 2 " dgm_172m+1 Yo <1)
Dm+12m+1 p
(24)
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The second factor in the kernels in (??), (??) is of the form

f+A+oG>

u2+B+o(%)

I(p,0) = (p — 0),

where A and B are different real numbers, u = peie, and

I(p,0) = 1(p,0 + ).
For each X € R we have

1
f+X+o<>
P

2
= p? (p2 +2X cos260 + o (p_l)) (p — o0).

g
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For large enough p, we are interested in the situation when

s N

5.6) = 0% +2Acos26 + o (pfl)(p_m) p> —2A+o0 (pfl)(p_)oo)
o) = p? +2Bcos20+0(p71)(,00) ~ PP —2B+0(p71)()ss00)
m 3m .
—‘/(p,2)‘—‘/(p,2>‘ if A<B 6el0,2n)
(25)
(26)
2 ~1 2 “1

p-+2Acos20 + o (p - p-+2A+o0(p -

P2 +2Bcos29+o(p*1)(p_>oo) - p2+2B+o(p*1)(p_>oo)
=[l(p,0) =l(p,m)| if A>B 6¢€]l0,2m)
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That means
(p2 +2Acos20 + o (p_l)(pﬁoo)) (p2 —2B+o (P_l)(p%oo))
- (p2 —2A+o0 (p‘l)(p_mo)) (p2 +2Bcos20 + o (p_l)(p_m)) <0

for each 0 € [0,27) if A< B.
Analogously, if A > B we have

(p2 +2Ac0s20 + o (p—l)(p%o)) (p2 +2B+o (p‘l)(,Hoo))
— (P28 0 () ) (P 2Be0s 20 (07 ) <O

for each 6 € [0, 27).
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The expressions on the left-hand sides of the sign < in the previous two
inequalities are of the form

2(A — B)(1 + cos26)p® + o(p) (p—o0)

and
2(B = A)(1 — c0s20)p” + 0(p)  (p-s00);

when A < B and A > B, respectively.

The last two inequalities hold always, except when in their left-hand sides
e =m/2and § =371/2 (A< B)
@ or # =0and § =x (A > B), respectively.

Davorka Jandrli¢ (UBG) QF Error Estimates AAA2023 19/1



i” d21.n i” d2/,n
prs 42 —9 d, > prs 42 —9 n
D, =3 =2 — 2 - - - (29)
Z” d2/.n dn,n Z” d2/.n 2n—1
47 —1 47 —1
=0 =0
if nis even, and
d2/+1 n i d2111,n
b _ I:O 2/—|— — 16 - dn—2,n I:O 2/+ 1 — 16 n
n — b
= d2/+1 n dn,n i G'2/+1 n S 2n—1
—~ (21 +1 —~(2/+1
(30)

if nis odd (if D, #0), i.e.

1) if D, < 0, then the modulus of the kernel should attain its maximum at

6 = 7/2 (and 6 = 37/2);

. - . feiod
2) if Dy > 0, then the modulus of the kernel should attain its maximum at,

60 =0 (and 0 = 7).
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Conjecture

It is conjectured that the maximum modulus of the kernel K,(z) is
attained at = 7/2 (and 0 =37 /2), i.e.
] _
K (ii(p —p 1)) ‘ :

max|Kn(2)| = max  |Ka(2)] =

for p > p*, i.e. for p large enough.
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Figure: |K3(z)| in the cases p = 1.5; 2; 3, respectively.
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Explicit expressions for the modulus of the kernel

In this section we will present the analytical representation of the modulus
of the kernel Kn(z). Since the kernel is given by

_on(z) A+IB
Knlz) = )~ cxiD

the explicit representation of its modulus can be expressed by

VA? + B2
VC2 4+ D?

Therefore it is easy to compute the modulus |g,(2)| = VA2 + B2.

|Kn(2)] =

=/
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Explicit expressions for the modulus of the kernel

[k+1]
T,
o) = 2) ke =2Y o, | Tt -4 30 T

j=1

S" 24y (Re(Te)Re(lo) — Im(Ti)Im(lo) + Re(S))
k=0

A

n

+ i Z/,th,,(Re(Tk)/m(lo) + Im(Ti)Re(l) + Im(S)) .
k=0

B

B v—1 7+1 1, (y—1)2+4
Im(lp) = arctan (6) —arctan <6> - Re(h) = ) In (y+1)2+02 3

=/
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Explicit expressions for the modulus of the kernel

With introduced substitutions

-1 _ -1
Y= pYp cosfand 6 = 2L sing.
1 1 kg pk kK—p*
T, = 5 (uk—l— uk> — p—;pcosk9+i.\p2psink0.
Re(Ty) Im(Ty)
[%]/ Ti—2j+1(2)
S—_ k;?f“l = Re(S) +i-Im(S).
=
(3] | [ k2 g (k24
Re(S) = — - cos(k —2j+1)6 |,
21 2
4] . | =
1 k—2j+1 _ —(k—2j+1)
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Explicit expressions for the modulus of the kernel

lo =2log ifﬂ:i (Jul > 1) for n odd (it is analogous when n is even)

" " " " ° 2j 1
Z)—zkz;) dk,nlk—skz;) dk,njz_; k2—(2j)2 ﬁ ZUZ/

with

Finally, we derive

o0 oo i—1
lon(2)] = Z c2p—41 + 222 cicjp—2=% cos 2(i — j)6.
i=2 j=1

g
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Explicit expressions for the modulus of the kernel

Similarly, in order to calculate

Imn(2)] = | ko d‘n,2k|7nu"_2k| =/ C2 + D? with o = 3 =0, we need
to express its real and imaginary parts

(N 1
2
dn—2k,n (P"izk + Pf("72k)) cos(n—2k)§ +dyn, n even,
k=0
C = n—1
dn—2k,n (p"fzk + pf(”fzk)) cos(n — 2k)0, n odd,
k=0

[*7]
D= Z dn—2k,n (p"*zk — p*("fzk)> sin(n — 2k)6.
k=0

g
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Numerical results

According to the previously introduced notation, under the assumption
that f is analytic inside &, .., the error bound of the corresponding
quadrature formula can be optimized by

[Rn(F)] < ra(£),

where, according to (??) with [ = &,

ro(f) = inf [ggé;:)(max yKn(z)|) (Lneag: |f(z)|>] .

P*<p<Pmax ZEgp

1 _ 3 _ 5 _
K(gp)§27ral <1—4312—64314—256316>,

where a; = (p + p~1)/2. e |
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Error bound r,(f) reduces to

. 1 _ 3 _ 5 _
tr) = ot o (1o o= et - Zear®) (maxlkatal ) (maxlr(a) |

We made several tests and compared them with respect to the exact
(actual) errors.

Example ( fl(Z) — e°

The function f; is entire and it is known that

cosh(wby) —
max|f1(z)| = e° ' , b= (P — P 1)/27 Pmax = +00.

ze€p
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ecos(wz)

w = 1 results

Example 1 - fi(z) = e :

Table: Error bounds r,(f;), actual errors (Error) and exact value of integral (1)

Davorka Jandrli¢ (UBG)

QF Error Estimates

AAA2023

(n,w) ra(f1) Error Popt L

(2,1) | 7.328 (00) | 1.592 (00) | 2.071 | 21.7719..

(5,1) | 2.289 (-02) | 5.849 (-03) | 2.560 | 21.7719...

(6,1) | 6.700 (-03) | 7.669(-04) | 2.661 | 21.7719..

(7,1) | 4.622 (-04) | 9.527(-085) | 2.747 | 21.7719...

(8,1) | 1.195(-04) | 1.131(-05) | 2.821 | 21.7719..

(9,1) | 7.364 (-06) | 1.291(-06) | 2.884 | 21.7719...

(10,1) | 1.738(-06) | 1.423(-07) | 2.941 | 21.7719...

(11,1) | 9.894 (-08) | 1.523(-08) | 2.992 | 21.7719...

(13,1) | 1.166 (-09) | 1.611(-10) | 3.078 | 21.7719...

(15,1) | 1.237(-11) | 1.558(-12) | 3.150 | 21.7719... -
(25.1) | 5.573(-22) | 5.046(-23) | 3.410 | 21.7719... £3
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Example 1 - f(z) = e, w = 2 results

Table: Error bounds r,(f;), actual errors (Error) and exact value of integral (1)

1.921 | 14.0805... Fy

(n,w) ra(f1) Error Popt L,
(3,2) | 4.812 (00) | 2.477 (00) | 1.145 | 14.0805...
(6,2) | 1.086 (00) | 1.251(-01) | 1.621 | 14.0805...
(7,2) | 2.028 (-01) | 4.261(-02) | 1.657 | 14.0805...
(8,2) | 1.448(-01) | 1.401(-02) | 1.691 | 14.0805...
(9,2) | 2.488 (-02) | 4.474(-03) | 1.722 | 14.0805...
(10,2) | 1.650(-02) | 1.391(-03) | 1.751 | 14.0805...
(11,2) | 2.666 (-03) | 4.224(-04) | 1.774 | 14.0805...
(13,2) | 2.570 (-04) | 3.661(-05) | 1.816 | 14.0805...
(15,2) | 2.273(-05) | 2.955(-06) | 1.859 | 14.0805...
(17,2) | 1.872 (-06) | 2.245(-07) | 1.861 | 14.0805...
(18,2) | 1.050(-06) | 6.065(-08) | 1.901 | 14.0805...
(19,2) | 1.449 (-07) | 1. 618( 08) | 1.909 | 14.0805... k=4
)

NOK 2() 4 (R0
Davorka Jandrli¢ (UBG) QF Error Estimates AAA2023




Example ( f-Q(Z) = ewz2, w > O)

The function £ is entire and it is known that

2 —
max|fy(z)| = €%, a1 =(p+p1)/2,  pmax = +o0.
P
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H(z) = e“Z > 0 - Results

(n,w) rn(f2) Error Popt 1,
(2,0.5) | 1.068(-01) | 2.719(-02) | 4.015 | 2.3899...
(4.0.5) | 2.060(-04) | 3.785(-05) | 6.176 | 2.3899...
(7,0.5) 1.243(-09) | 3.637(-10) | 7.481 | 2.3899...
(9,0.5) | 3.069(-13) | 7.974(-14) | 8.490 | 2.3899...
(10.0.5) | 8.098(-15) | 1.000(-15) | 8.719 | 2.3899...
(11,0.5) | 4.830(-17) | 6.938(-18) | 9.382 | 2.3899...
(15.0.5) | 4.261(-25) | 8.566(-26) | 10.930 | 2.3899...
(16,0.5) | 8.438(-27) | 6.702(-28) | 10.880 | 2.3899...

(7.1 2.059(-07) | 5.911(-08) | 5.291 | 2.9253...

(9.1) | 2.072(-10) | 5.196(-11) | 5961 | 2.9253...

(11, 1) | 1.276(-13) | 2.977(-14) | 6.640 | 2.9253...

(13.1) | L112(-16) | 2.081(-17) | 7.211 | 2.9253...

(15, 1) | L780(-20) | 3.585(-21) | 7.750 | 2.9253... g
(16. 1) | 5.755(-22) | 5.612(-23) | 7.699 | 2.9253... )
(19.1) | 2.203(-27) | 1.514(-28) | 7.810 | 2.9253...
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cos(z)

Example f3(z) = 22 ¢ > 0 and results
224+ w

For function f3(z) it holds that

max | f5(z)| = %“’1)2,
z€E, —al tw

where by = (p — p~1)/2. Here the infimum is calculated with respect to the
interval p € (p*, pmax), where pmax = w + V1 + w?. We made a couple of
experiments with intervals (p*, pmax), Which exists, and obtained in each case
effective bound.

(n,w) ro(f3) Error I, (n,w) rn(fa) Error I,

(2.0.5) | 1.281(00) | 1.031(00) | 4.3181... (2,1) 2.330(-01) | 1.090 (-01) | 1.3658...
(3.0.5) | 5.793(-01) | 4478 (-01) | 4.3181... (3.1) 2749 (-01) | 1.934(-02) | 1.3658...
(4,0.5) | 1.913(-01) | 1.643(-01) | 4.3181... (4,1) 3.741(-02) | 3.347 (-03) | 1.3658...
(5.0.5) | 7.059(-02) | 6.415(-02) | 4.3181... (5.1) 2.501 (-02) | 5.784 (-04) | 1.3658...
(6,0.5) | 2.560 (-02) | 2.441(-02) | 4.3181... (6,1) 7.203 (-03) | 9.971 (-05) | 1.3658...
(7.0.5) | 1.139(-02) | 9.370(-03) | 4.3181... (7.1) 1717 (-04) | 1.717 (-05) | 1.3658...
(8,0.5) | 5.068 (-03) | 3.581(-03) | 4.3181... (8,1) 1.316 (-05) | 2.954 (-06) | 1.3658... B
(10,0.5) | 1.004 (-03) | 5.239(-04) | 4.3181... (10,1) | 7.928 (-07) | 8.729 (-08) .
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Previously Published Results:

[] D.R. JANDRLIC ET AL., ERROR BOUNDS OF GAUSSIAN
QUADRATURE FORMULAE WITH LEGENDRE WEIGHT
FUNCTION FOR ANALYTIC INTEGRANDS, ETNA. 46 (2022),
pp. 424—A437.

[ A.V. PEICEV A NOTE ON "ERROR BOUNDS OF GAUSSIAN
QUADRATURE FORMULAE WITH LEGENDRE WEIGHT
FUNCTION FOR ANALYTIC INTEGRANDS” BY M. M. SPALEVIC
ET AL., ETNA. 59 (2023), pp. 89—98.

e derived effective error bounds for Gauss-Legendre QF.
e established asymptotic estimate of the kernel
e formulated conjecture which describes the behavior of the kernels

e performed numerical experiments to confirm that error bounds
obtained in this way are very close to actual.
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Preliminary Findings: Gegenbauer polynomials

e a=p€eN,
@ Weight function
omega(t) =1 — t?

P (2) Zd|’7 o nt" 2k,
@ where, in the case o = ﬂ > —1,

k 1 —k+1
22°T(n+a+1)r (+H++a> I'<n++a>

2 2
dhn = ﬁr(n+2a+1)r<k;r” +1> r (”;k +1> Ma+1/2)
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Properties of the Chebyshev polynomials of the second kind

sin((n+ 1)0) n+l n-1

sinf

Un(cos ) = vy

-1
u—u
Connection with Chebyshev polynomials was established by Notaris:

/1 Pl g, e 1.

_1ZFt

with the p, being any one of the Chebysev polynomials of degree n, this
integral can be computed explicitly

g
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Modulus of the kernel

Here, m,(z) = P,(,a’a)(z) represents the Gegenbauer polynomial of degree
n. The function g,(z) is given by the integral:

L plaa)
Qn(z):/ P (0 g 2y (34)

1 z—t

Additionally from equation:

P{*) (cos 0) = 2 Z/ di,n COS k0, (35)
k=0

Now the function g,(z) is

mn
w2 g dy,n cos ko)
on(2) = /O =

s pn2a4-1
7 cosd sinf dé (
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Considering:

(sin@)?st1 =272 Zs:(—l)s (25 * 1> sin(2i + 1)6, (37)

. S —1
i=0

«

m %a 200+ 1\ . .
W2Zk20dk7,,cosk6-2 2 Z(—l)"‘( _I_>S|n(21+1)9

[e%

_ i=0
onlz) = /0 z — cosf 4

1 v, if2a+ 1 [T sin(k+ 14 20)0 — sin(k — 2 —1)8
- 22az dk’nz(_l) (ozfi)/o z —cosf do

k=0 i=0 (38)
200 +1 '
22a Z ( > {’Hz: Ik—2i—2:|7 k> 2i+1,
= k=0 i=0
o 5 1 -
Z Z ( ot ) |:lk+2l + l21 :|7 k<2i+1. 1;_‘]
. B =Y
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The term /i in the equation is obtained from the integral expression that
appears in the previous calculations. Further, using results by Notaris, for
the expressions

Ik:/oﬂ sin(k+1)9d9:/1 Ui(?) dt, (39)

z —cosf 1z—t
it stands that
[5]

+1 U
e = Uk(2) log = —42 “’“ (2/>1),  (40)

feiod
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/k = 4(u — U71)71 |:( k+1 _ uk+1)

Z 2_j+1 JuZitl Z ZJIUI(M] ’ (41)

Ik =4 Zu2t kz 2J+1 Yuit1 Z

t=0

yk—2i+2 1

Jj=

[k+1]

k—2j+1

1 2t (k—2j+1)
11 u . (42)

t=0

Proposition
It holds that

3k + 4k —1

e |
4[k+1” T

2%k+2
4[k(k+2)u

“ D)k + 1) (k+2

4(k + 1)(k% + 2k —

)u_3] +o0(u™?), k even

k(k + 4)(k?

_4)

4) u_4] +o0(u®), k odd
(43) |
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C1 C3
on(2) ="+ 3+ o(u®), (44)

where ¢ is given by:

m a
— 1 ! i 20é+1 1 i
a= 4“; da1.2m ;( 1) (a— ; )C (1, 1), (45)

and c3 is given by:

=20 Z day ZmZ (2@—1— >c3(l, . (46)
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THANK YOU FOR YOUR
ATTENTION!




