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Abstract: Contact stress and deformations in the thrust ball bearing with a contact angle of 90 ° are 

considered in this paper. Ideally, an external axial load of this kind of bearings should be centric, but in 

reality, this force may act eccentrically. As a result, the load distribution between balls is inequal. The 

most unfavourable case is when the axial force intersects the radius vector of one of the balls. The load,  

contact stress and contact deformation of this ball are greater than the load of all rest of the balls and 

greater in the case of equal load distribution. It limits the load-carrying capacity of a real bearing, 

compared to the theoretical static load rating. Analyzes have shown that considered thrust ball bearings 
do not lose operational ability at low speeds, even if there is some load eccentricity when an external 

axial load is not more than 30- 40%  of static bearing capacity. Otherwise, additional bearing capacity 

analyzes are required.  
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1. INTRODUCTION 
 
The thrust ball bearings can only withstand a pure axial 
load. Thereby single-row deep groove ball bearings of 
series 511, 512, 513 and 514, consisting of one row of 
balls and two washers - shaft washer and housing washer, 
transmit axial load in one direction. 
The rotation speed of thrust ball bearings is limited, 
because at higher angular velocities, due to centrifugal 
force, the friction between the balls and the cage increases 
[1]. That is why these bearings are used in power 
transmissions, which transmit high torques at low speeds. 
They are also used in bearing arrangements of rotary 
cranes and crane hooks, in various types of rotary stands 
and rotary table feeders, generally for supporting vertical 
shafts. These bearings do not withstand radial loads. If a 
radial load component acts in the support, a radial bearing 
should be mounted together with an axial bearing in the 
bearing arrangement. 
Ideally, the thrust ball bearing should be subjected to a 
centric load. This means that the direction of the axial 
force coincides with the bearing axis. Then the load 
distribution between rolling elements is equal, ie. all balls 
transfer the same part of the external axial load. However, 
very often in practice, for various reasons, the external 
load direction is shifted from the bearing axis by some 
value, called eccentricity. The reasons for eccentricity 
could be low manufacturing accuracy of the shaft and the 
housing, as well as improper installation.  

The load distribution between rolling elements of the 
eccentrically loaded thrust ball bearing is unequal, and the 
degree of inequality depends on the eccentricity. 
Eccentrically loaded ball bearing, as an issue recognized 
in practice, is also considered in the theory of rolling 
bearings [2]. The load distribution of an eccentrically 
loaded thrust ball bearing is mathematically described 
using Rumbarger integrals [2,3]. This is a well-known 
methodology applied in the conventional theory of load 
distribution between rolling elements of thrust ball 
bearings. However, although there is a mathematical 
model of load distribution in the thrust ball bearing, which 
takes into account the eccentricity, the standard 
recommendations for the calculation of thrust ball 
bearing’s static load rating [4], as well as dynamic load 
rating and rating life [5] are not included. In these 
relevant and official documents, which are adhered to by 
bearing manufacturers, designers, end-users and 
university literature, the load ratings and rating life of 
thrust ball bearings are considered under the assumption 
of centric axial load. Also, a centric axial load is assumed 
in papers dealing with other types of thrust bearings, as 
well as with other phenomena (tribological, energy losses, 
etc.), [6-11]. In the case of eccentrically loaded thrust ball 
bearing, the accurate mathematical description of the load 
distribution is important for obtaining the exact load of 
every single rolling element in the bearing. Then load 
carrying capacity, as well as the service life of the entire 
bearing can be determined with great reliability [12-16]. 
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An additional torque load occurs in the eccentrically 
loaded axial bearing. The influence of the torque on the 
load distribution between the rolling elements and on the 
service life of the axial ball bearing was analyzed in [18]. 
In this paper, contact stresses and deformations in an 
eccentrically loaded ball bearing with a contact angle of 
90° and operating with rotational frequencies n ≤ 10 rpm 
will be analyzed in a slightly different way, by 
introducing two new quantities - load factor and 
eccentricity factor. 
 
2. STRESS AND DEFORMATION IN THE 

BALL-RACEWAY CONTACT 
 
In the unloaded ball bearing, there is point contact 
between the balls and the raceway groove. Transferring 
the load, balls and raceways are deformed in contact and 
the contact surface has an elliptical shape. The size of the 
contact ellipse depends on the elastic properties of the 
material, the dimensions of the contact surfaces and the 
load. Contact stresses and deformations in the ball-
raceway contact can be determined using Hertz theory 
[1,2]. According to this theory, the dimensions of the 
contact ellipse can be determined, as well [17]. The 
equations for major and minor semiaxes of the contact 
ellipse at the place of every single i-th ball are: 
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where: Fi is normal load in the i-th ball-raceway contact;  
E is the modulus of elasticity of bearing’s parts; ν is 
Poisson's ratio; na, nb are functions of elliptic integrals [2]; 
ξ = Rw/R; Dw = 2Rw is the ball diameter; Rw and R are 
radii of the ball and raceway groove, respectively. 

The quantities na and nb in expression (1) are given in 
appropriate tables [2], as a function of the auxiliary 
quantity cosτ, which depends on the bearing type. For ball 
bearings, it can be determined from the expression [17]: 
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The maximal ball-raceway contact stress is given by the 
expression [2]: 
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The contact deformation in the ball-raceway contact is 
determined based on the expression [2]: 
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The CF constant in expression (4) depends on the 
bearing’s internal geometry, modulus of elasticity, and 

Poisson’s ratio. For thrust ball bearing, it can be 
determined based on the expression [17]: 
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where 2K/πna is an auxiliary quantity given in appropriate 
tables [2] depending on cosτ. 

The initial assumptions for the development of a 
mathematical model of load distribution in an axially 
loaded thrust ball bearing are: 
• balls and washers are of ideal shape and dimensions; 
• volume deformations of bearing parts are neglected; 
• the angular distance between balls is equal; 
• the bearing is statically loaded (n ≤ 10 rpm) 
• bearing load (axial force) is of constant direction and 

intensity; 
• one washer has an ideal (perpendicular) position to the 

bearing axis (no tilting) and has absolute volume and 
surface stiffness, ie. stress and deformation analysis 
will be done for the contact of the balls and the other 
washer, tilting due to the eccentric axial load. 

The axially loaded thrust ball bearing is shown in 
Figure 1. The axial force is acting at a distance e from the 
bearing axis. The most unfavourable case is when the 
axial force intersects the radius vector of one of the balls 
(the 0-th ball in Fig. 1). Centric axial bearing loading is a 
special case of loading when e = 0. 
Due to the eccentric loading, a tilting moment occurs as 
an additional load. The washer tilts by an angle θ (Fig. 1) 
causing additional contact deformations of the balls on the 
side of a force acting. The static equilibrium conditions of 
the bearing shown in  Figure 1 can be written as follows: 
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where: Z is the number of balls in the bearing; e is 
eccentricity, ie. the distance between the FA force line and 
the bearing axis; Dp is the bearing’s pitch diameter [4,5]. 

The system of two equations (6) has Z unknown 
quantities. This is load Fi of every single ball of Z balls in 
the bearing. To determine all unknown quantities, it is 
necessary to introduce additional equations for contact 
deformations. Under the centric axial load FA, 
deformations (δa) in the ball-raceway contact are equal for 
all balls. Due to the washer tilting under moment FAe 
moment, with tilting angle θ (Fig. 1), there is an 
additional contact deformation of the balls located on the 
side of the external eccentric load acting (Fig. 1). The 
balls on the opposite side are relieved (Fig. 1) and their 
contact deformations are reduced, so they are not the 
subject of consideration in this paper. The contact 
deformations of individual balls differ, depending on their 
position to the point of external load FA. 
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Based on the previous considerations, an expression can 
be written for the contact deformation at the location of 
every single i-th ball: 
 

iai  +=  (7) 

 
The contact deformation at the position of the i-th ball due 
to the washer tilting with tilting angle θ can be determined 
as follows: 
 

( )  icosi =  (8) 

 
The contact deformation at the place of the most loaded 
"0" ball (i = 0), due to the washer tilting can be 
determined from expression (8) and based on Figure 1: 
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Based on expression (4), the load of the i-th ball can be 
determined: 
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By substituting expressions (7) and (10) in expression (6), 
we obtain: 
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For considered thrust ball bearing, when the rotation 
speed is n ≤ 10 rpm, a new value can be introduced - the 
load factor. It is a relative load, ie. external axial load FA 
reduced to the static load rating C0: 
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For further analysis, the axial load eccentricity factor is 
introduced. It is a relative eccentricity, ie. eccentricity 
reduced to the bearing pitch radius: 
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By introducing the load factor kF, determined by 
expression (12) and the eccentricity factor ke, defined by 
expression (13), equations (11) get the form: 
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Expressions (14) are a system of two equations with two 
unknown quantities (contact deformations δa and δθ). It is 
a system of nonlinear equations that are solved iteratively, 
using some of the numerical methods. In this case, the 
MathCAD program was used for that purpose. 
 

 
 

 
 

Fig.1. Eccentrically loaded thrust ball bearing 
 

3. NUMERICAL EXAMPLE AND 

DISCUSSION OF RESULTS 
 
The following analysis is carried out for thrust ball 
bearings with bore diameter d = 30 mm, of all standard 
series: 511, 512, 513 and 514 (Table 1).  
Large and small semi-axes of contact ellipses, contact 
stress and deformations are determined using expressions 
(1)-(5). Four cases of bearing load were analyzed: 25%, 
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50%, 75% and 100% of the static load rating, ie. load 
factor values kF = {0.25; 0.50; 0.75; 1.00}. Considered 
eccentricities are corresponding to the values of the 
eccentricity factor ke = {0; 0.1; 0.2; 0.3; 0.4; 0.5}, 
including zero eccentricity loading (centric loading). 
 
Table 1.  The main parameters of thrust ball bearings 

with a bore diameter of 30 mm 

Quantity 511 512 513 514 

Bore diameter, mm d 30 

Outer diameter, mm D 47 52 60 70 

Pitch diameter, mm Dp 38.5 41 45 50 

Number of balls Z 18 12 10 8 

Angle between balls, º γ 20 30 36 45 

Ball diameter, mm Dw 6.00 7.98 10.32 15.08 

Raceway radius, mm R 3.23 4.29 5.54 8.12 

Rw/R = Dw/2Rw ξ 0.93 

Poisson’s ratio ν 0.3 

Modulus of elasticity, 
N/mm2 

Ε 2.1·105 

Static load rating, kN C0 43 51 65 122 

Auxiliary quantity cosτ 0.82 

Constant, 10-4 mm/N2/3 CF 1.28 1.17 1.07 0.95 

Constant, 105  N/mm3/2 Cδ 6.9 7.9 9.0 10.8 
 
Contact deformations caused by both external axial load 
and the washer tilting moment due to eccentricity were 
calculated by solving the equation system (14). The sum 
of these deformations is the contact deformation of the 
most loaded ball (the load distribution is unequal due to 
eccentricity). Then, using expression (10), the normal 
load of the most loaded ball was determined. 
Based on expression (1), the dimensions of the contact  
ellipse at the position of the most loaded ball are 
determined. And, finally, the maximum contact stress of 
the most loaded ball is determined from expression (3). 
Results are shown by diagrams in Figures 2-8. 
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Fig. 2. Contact deformation of the most loaded ball of the 

eccentrically loaded bearing 51106, 

depending on the load and eccentricity  
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Fig. 3. Contact deformation of the most loaded ball of the 

eccentrically loaded bearing 51206, 

depending on the load and eccentricity  
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Fig. 4. Contact deformation of the most loaded ball of the 

eccentrically loaded bearing 51306, 

depending on the load and eccentricity  
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Fig. 5. Contact deformation of the most loaded ball of the 

eccentrically loaded bearing 51406, 

depending on the load and eccentricity  
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Based on diagrams for contact deformation δ0 of the most 
loaded ("0") ball in contact with the raceway of 
eccentrically loaded thrust ball bearings (series 51106, 
51206, 51306 and 51406), shown in  Figures 2-5, it can 
be concluded that the contact deformation of the "0"-ball 
increases 2.5 times with increasing load (kF = 0.25…1) 
and 1.64 times with increasing eccentricity (ke = 0…0,5). 
Diagrams in Figure 6 shows how all deformations, due to 
axial load, tilting moment and total one, change due to 
eccentricity. Axial deformations slightly decreases, but 
tilting deformation increasing is significantly. The reason 
of that is unequal load distribution in loaded zone. In this 
case all balls in this zone additionally take part of external 
load, grater than in the case of equal load distribution, ie. 
centric loading. 
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Fig. 6. Contact deformations caused by axial load and 

tilting moment, depending on eccentricity (for thrust ball 

bearing 51206 loaded with FA =0.5C0) 
 
Based on diagrams of the maximum stress σmax,0 in the 
ball-raceway contact in eccentrically loaded thrust ball 
bearings of series 51106 (the lighter one) and 51406 (the 
havier one), shown in Figures 7 and 8, it can be concluded 
that contact stress increases with increasing load and 
eccentricity. In the thrust ball bearing under the centric 
external axial load, limited contact stress of 4200 N/mm2 
is determined by the static load capacity C0 [4].The values 
obtained in this paper, for the condition when the external 
axial load is equal to the static load capacity (FA = C0, ie. 
kF = 1), are approximately 4500 N/mm2. This is an 
acceptable deviation since this difference is influenced by 
the constant Cδ, given in Equation (10) and Table 1, 
depending on bearing parts’ material properties and 
geometry. These are also the parameters influenced by 
bearing manufacturer. Digarams from Figures 7 and 8 
show that for considered bearings, contact stress does not 
exceed 4200 N/mm2 for ke ≈ (0.3 ... 0.4) and small 
eccentricities of ke < 0.3. 
By comparing bearings of different series, from light to 
heavy one, the load of the balls is increased, but the 
maximum contact stress between the balls and the 
raceway is approximately the same for all series (Fig. 7 
and 8).  This is due to the increase of contact surfaces 
between the balls and the groove of raceway – contact 
ellipses. [17]. 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0

1000

2000

3000

4000

5000

6000

 0
,m

ax
 N

/m
m

2

kF

 ke=0

 ke=0.1

 ke=0.2

 ke=0.3

 ke=0.4

 ke=0.5

 

Fig. 7. Contact stress of the most loaded ball of the 

eccentrically loaded bearing 51106, 

depending on the load and eccentricity  
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Fig. 8. Contact stress of the most loaded ball of the 

eccentrically loaded bearing 51306, 

depending on the load and eccentricity  
 

4. CONCLUSION 
 
In this paper, deformations and stresses in the contact of 
balls with the raceways of thrust ball bearings with a 
contact angle of 90° and operating with rotational 
frequencies n ≤ 10 rpm (statically loaded axial bearings) 
are considered. Ideally, the direction of the axial load 
should coincide with the bearing axis. In reality, there are 
minor or major deviations. It leads to unequal load 
distribution when one ball is loaded more than all others. 
Therefore, both the contact deformation and the stress at 
the location of this ball are the greatest. Their values limit 
the bearing capacity of a real bearing, which is less than 
the bearing capacity of an ideal centrically loaded 
bearing. Conventional roller bearing theory and 
corresponding ISO  do not consider eccentrically loaded 
ball bearings. Analyzes have shown that the considered 
bearings 51106, 51206, 51306 and 51406 can perform 
their function smoothly at low speeds (n ≤ 10 rpm), even 
if there is semo eccentricity of the external load and if the 
external axial load is not more than 30- 40% of static load 



 

161 

rate. Otherwise, additional bearing capacity analyzes are 
required. The carried out analyzes and the obtained results 
can be the basis for further research of the loading rate of 
thrust ball bearing under eccentric external axial load, ie 
unequal load distribution between the balls. In this case, 
the contact stress at the place of the most loaded ball can 
be higher than the limit value and can cause unforeseen 
premature and excessive raceway surface damage. The 
results can be used for a more accurate assessment of the 
thrust ball bearing capacity, as well as in case studies for 
failure analysis. 
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