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ABSTRACT

Many systems in nature are inherently under-actuated, with fewer actuators than degrees of freedom.
However, even with reduced number of actuators, these systems are able to produce complex movements. To be
capable of performing such motions, complex control algorithms must be implemented. Classical benchmark
examples for studying problems of this kind include inverted pendulum systems. This paper deals with stability
problem of two types of inverted pendulum controlled by a fractional order PD controller. Double inverted and
cart inverted pendulum are highly nonlinear mechanical systems with one control input and two degrees of
freedom. Detailed mathematical model of both pendulums are derived using the Rodriguez method. Stabilization
of pendulum around its unstable equilibrium point is achieved by using the fractional order PD® controller, in
combination with partial feedback linearization technique. There are several methods for determining stability
region of a closed loop system, and D-decomposition is one of them. Herein, D-decomposition method is applied
to the inverted pendulum case, and determining its stability regions in parameters space of a fractional order PD
controller is presented. D-decomposition for linear fractional systems is investigated, and for the case of linear
parameters dependence. Fractional order control laws are represented by a transfer functions which are not
rational, which gives rise to a problem of practical implementation of the corresponding control algorithms. A
method for rational approximation of linear fractional order systems used in this paper is computationally
efficient, accurate, and relies on the interpolation of the frequency characteristics of the system on a predefined
set of target frequencies. The performance of the proposed method is demonstrated with experimental
verification of the stabilization control of the inverted pendulum system.

Keywords: inverted pendulum, fractional order PID control, asymptotic stability, D-decomposition technique,
rational approximations.
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AIICTPAKT

MHoru cucTeMH y IMPUPOJM Cy HEpeLyJaHTHHU Ca CTAHOBUILITA YIPaB/baiha, Tj. UMajy Mame YNPaBIbaUKUX
BEJIMYHMHA HETO CTENeHH ciiobone. MehyTiM, oBU cucTeMu CriocoOHHM Cy 3a H3BOleHE CIIOKEeHUX MokpeTa. [la ou
To Ommo Moryhe, Mopajy ce NMPHUMEHHTH CIOXKEHH YNPaBJhaukd anroputMmu. KIilacHYHM TpHMepH OBaKBHX
CHCTeMa Koje M3ydaBajy HayYHHIH Cy CHCTEMH THIIa MHBEP3HOT KJIATHA. Y OBOM pajy, IpHKa3aHa Cy [Ba THIA
MHBEpP3HOI KJIATHAa YHpaBJbaHHX IoMohy ¢pakmuoHor IIJ] perymatopa. JIBOoCTpyKO WHBEp3HO KIATHO H
JIMHEeapHO MHBEP3HO KJIATHO Cy HENMHEapHW MEXaHWYKU CHCTEMH ca jeHOM YIPaB/hauKOM BEITMYMHOM M JBa
cremeHa cnobone. Kopucrehn PoxpuroB mnpucTynm ommcaHM Ccy MareMaTHYKd Mojend oba KIIaTHa.
Crabunuzanyja KiaTHa OKO HECTAOMJIHOI IOJIOXKaja paBHOTEXKE MOCTUTHYyTa je ymnorpedoM dpakiuonor I1J1
perynaropa, y koMmOuHanuju ca TexHukoM mnapuujanHe feedback nmneapusanuje. IlTo ce Tuye noMeHa
CTaOMJIHOCTH 3aTBOPEHOI CHCTEMa yIpaBJbama, MOCTOjH BHIIE METOJA 32 HEroBO padyHame, a meroma -
pasnarama je jemHa on wux. OBne je Merona [l-pasnaramba NpUMEHCHA 3@ CIy4aj] WHBEP3HOT KJIaTHA U 3a
onpehuBame ToMeHa CTaOMIIHOCTH Yy MapaMeTpackoj paBHH (pakuuoHor perynartopa. [Ipukasana je mpumeHa
OBE METOJe 3a JHMHeapHe (pakIMOHE CUCTeMe, M 3a Ciydaj JIMHeapHe 3aBHCHOCTH H3Mel)y mapamerapa.
VY1paBibauky anropuTMH (GpaKIHOHOT THIIA CY TIPEACTaBIECHHI HepallMoOHAIHIM NPEHOCHIM (yHKIMjaMa, ycien
gera ce jaJba IpoOIIeM NPaKTHIHE UMIUIEMEHTAIMje HAaBEICHUX alTOpPUTaMa. Y OBOM pajy je IPAMEHEH METO
3a palOHANHy aNpOKCHMAIMjy JHHEApHHX (PAKIHOHUX CHCTeMa KOjH je MOTOIaH 3a MMIUIEMEHTAIHjy Ha
padyHapy, M 3aCHHBA C¢ Ha MHTEpHONanUju ()PEeKBEHTHE KApaKTEPHUCTHKE CHCTEMa Ha OCHOBY IPETXOIHO
n3a0bpaHuX KapaKTepUCTHYHUX (pekBeHnHja. EQukacHoCT oBe MeToe IeMOHCTPHPAHa je eKCIIePHIMEHTAHO Ha
HpHMepy 1abopaTOPHjCKOT HHBEP3HOT KJIaTHA.

KbyuHne peun: uHBep3HO KiaTHO, ¢paxuuonu ITMJ] ymnpaBibauku ajropuraM, acUMITOTCKa CTaOHIHOCT,
MeTona Jl-pasnarama, parjioHaIHe alpoKCHMAaIHje.
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