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Abstract

One approach to the optimization of a thin walled cantilever I-beam subjected to constrained torsion is
considered. The aim of this paper is the determination of the minimum mass i.e. minimum cross sectional
area of structural thin-walled I-beam elements for given loads, material and geometrical characteristics.
That is why the area of the cross section is assumed to be the objective function. The displacement
constraints are introduced: allowable angle of twist and allowable angle of twist per unit length. The
starting points during the formulation of the basic mathematical model are the assumptions of the thin-
walled beam theory from one side and the basic assumptions of the optimum design from the other.
Applying the Lagrange multiplier method, the equation of the second order, which solutions represent the
optimal values of the ratios of the parts of the chosen cross section, is formed. The obtained results are used
for numerical calculation applying The Finite Element Method.
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1. Introduction

In most structures, it is possible to find the elements in which, depending on loading cases
and the way of their introductions, the effect of constrained torsion is present and its
consequences are particularly evident in the case of thin-walled profiles. Thin-walled open
section beams are widely applied due to their low weight in many structures. Thin walled beams
have a specific behavior and because of that, their optimization represents a particular problem.
During the process of dimensioning of a structure, beside requested dimensions which are
necessary to permit to the particular part of the structure to support the applied loads, it is also
often very important to find the optimal values of the dimensions. Very often used types of cross
sections, particularly in steel structures are the I-sections.

2. Definition of the problem
The considered cantilever beam, of the length / is subjected to the constrained torsion because
of the fact that its one end is fixed and the other free end is loaded by a concentrated torsion

moment M. The cross section (Fig. 1) is supposed to have flanges of mutually equal widths and
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thicknesses b= b3, t)= t;. The aim of the paper is to determine the minimal mass of the beam or,
in another way, to find the minimal cross-sectional area

A= Ay, (M

for the given loads and material and geometrical properties of the considered beam.

In the considered problem the cross sectional area will be treated as an objective function and
it is obvious from the Fig. 1 that

A=>bt;, =123 ()

where b; and ¢ are widths and thicknesses of the parts of the considered cross section.

Fig. 1. I - cross section

3. Constraints

Only the displacement constraints will be taken into account in the calculations that follow.
The ratio

Z:bz/bl (3)

will be the optimal relation of the dimensions of the considered cross section.

The considered displacement constraints are allowable angle of twist and allowable angle of
twist per unit length, denoted by @ and 6, respectively.

The flexural-torsion cross section characteristic [2, 4] is given by the expression

k=.GlI, /El, 4
where:
- I, - torsion constant,
- I, - sectorial moment of inertia,
- E - modulus of elasticity and
- G - shear modulus.

3.1 Displacement constraint - allowable angle of twist

In the case when the allowable angle of twist 6 is taken as the constraint, the constrained
function can be written in the form (5) [2, 4]
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Omax :Q(Z)ZW[I_WJSQO (%)
Gl; kl

or in the form (6)

GI, Kl
Ml

¢1:kl—Thkl— 0030. (6)

3.2 Displacement constraint - allowable angle of twist per unit length

If the allowable angle of twist per unit length €, is taken as the constraint, the constrained
function can be written in the form (7) [2, 4]

. . M .
Opax =0 (1)=—| 1 <6, (7
GI,\  Chi
or (8)
?, :Chkz[1—e(;G1f]—1so. ®)
M

4. Lagrange multiplier method

Lagrange’s Multiplier Method [1, 3, 5-9] is the clasical approach to constraint optimization.
Lagrange multiplier, which is labeled as A, measures the change of the objective function with
aspect to the constraint. Applying this method to the vector depending on two parametersb; , (i =

1, 2), the system of equations (9) of the form ¢ (b;)=0, (i=1,2),

0
—(4+29)=0, i=12, ©)
0b;
will be obtained and after the elimination of the multiplier 4, it will become (10)

0409 _04 359
0b; 0b; 0b; 0b;
5. Analytical approach

, (i#ji=1,j=2). (10)

The torsion constant and the sectorial moment of inertia for the considered I-section [2, 4] are
given by the expressions (11) and (12) respectively

1
1 =tn ey (1n
3
1
I,=—b{ b3 1, (12)
2
where:
l//ztz/tl (13)

is the ratio of thicknesses of the parts of the cross section.
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Applying the Lagrange multiplier method, after the differentiation of the expression (10) with
respect to the variables b, and b,, the expressions (6) and (8) take the form (14) and (15),
respectively:

1t
- for G,: ZG—#
Ek bb3

{— sn2i+ 990 g3 (2 - W%)}(s —dy z+ 297z -3yt )—
MI

—G—eokltf(wz—l)y/so and (14)
Ml

: Go;
foray: 2mk L ; 12 3-—Lp t13(2+l//32) (—8+4z//z—2|//3z+31//422)+
Ekbibin| M

GO,
+—0(1—y/2)y/zso. (15)
M

In the considered case when the I-beam is the object of the optimization, the equations (14)
and (15), combined with (6) and (8), are reduced to the equation (16). The equation of the second
order is obtained and its solutions represent the optimal ratios of the cross sectional dimensions
for the chosen shape

2 .
>¢iz'=0, (16)
i=0
where the coefficients ¢; are given in the form (17) - if the constraint is allowable angle of twist:
Cy = 8 N
2
-1
=2y 2—y/2+27‘/l 5 ,
- KIThkl
Kl —Thikl
ey =-3p*, (17)

i.e. in the form (16) - if the constraint is allowable angle of twist per unit length:

602—8,
2
_ ) y -1
QA= 2oV g |
|- Chl
—— (18)

5.1 The results obtained by analytical approach

The following expressions will be introduced
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po_ vi-l _yi-l
C umk T MTREL
| MTh K K ThK

ki ~Thil 1-Chil

(19)

The length of the considered cantilever beam is taken as 25 </ <200 (cm). The values (k/) are
calculated using data for standard profiles and the ratio (13) is taken as w = 0.5; 0.75; 1. The
results for the ratios (3) z=b, / b, obtained from the equations (10) are given in Tables 1 and 2:

Pl 0.75 0.5
D] 0 ]0.22[0.44]0.88]3.94]0.38]0.75] 1.5 [6.76
z[1.33]1.78]1.60]1.32]0.55]2.67]2.19]1.56]0.52

Table 1: Displacement constraint &, (Fig. 2a)

vl 1 0.75 0.5
D] 0 J0.22]0.44]0.58]437.5]0.38]0.75] 1 [750
2 1.33]1.78]1.60[1.50] 0 ]2.67]2.19[1.94] 0

Table 2: Displacement constraint 6, (Fig. 2b)

The results are presented also graphically in Fig. 2a and 2b:
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Fig. 2. The optimal ratios z for a) &, b) 6,

It is possible to draw the following conclusions (Tables 2 and 3 and Figure 2): when the
values of y decrease (i.e. the values for D i D, increase) the value z decreases. Based on the
performed calculation, the regions of optimal dimension values of the considered cantilever beam

are defined:

For displacement constraint 6:

-wy=1=D=0=z=const=1.33,
-w=0.75=022<D< 394=1.78>2>0.55,
-y=0.5=038<D< 6.76 =>2.67>22z2>0.52.

For displacement constraint &)

-wy=1 =D, =0=z=const=1.33,
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-y=0.75=022<D,<4375=1782z2>0,
-y =05=038<D;<750 =2.672z20.

The calculation shows that the optimal values of z obtained by using the criterion 6’(; are very
small for the lengts />100cm . Because of that it is possible to say that the application of this
criterion makes sense for following lengths:

- for w=0.75: 1=95cm = z2>0.45 and
-for w=0.5: [=90cm = z>0.51.

6. Application of the finite element method

Using the optimal values of z, obtained in the previous chapter by the 6, criterion, the
numerical calculation applying The Finite Element Method was done.

As the numerical example the I - section cantilever beam having the length /=100 cm, fixed at
one end and subjected to the concentrated torsion moment M = 10 kNcm at its free end (Fig. 3),
will be considered by The Finite Element Method (FEM) using the software programme
KOMIPS [10].

M T

Fig. 3. I- beam — Middle surface, load, supports
6.1 The results obtained by Finite Element Method

As the example of the numerical calculation, the standard I - section I 10 (JUS C.B3.131) is
considered. The problem is analyzed in three different ways:

a) Taking into account the initial dimensions of the standard I 10 - section: byinitial = D3initial = 5
cm, bapitial = 9,32 cm, £, = 0,68 cm, £, = 0,45 cm (it represents the initial model), the initial ratio
Zinitial = 1,86 1s obtained.

For the initial values #, and #, the optimal relation zypima = 1.65 is obtained from the
expressions derived in this paper.

b) The optimal dimensions of the cross section bopimal and baopiimar are obtained by equalizing
initial and optimal areas (Ainiiat = Aopiima) and by using the calculated optimal relation zpima =
1.65 (it represents the optimal model no. 1),

¢) The optimal dimensions of the cross section bjqpimar and bropima are obtained with the
assumption bagpimal = bainitial and by using the calculated optimal ratio zypima = 1.65 (it represents
the optimal model no. 3).

For each model the cross sectional area is calculated and the results are given in Table 3:
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Model z A (cm?) G (Ym)
Initial 1.86 10.99 5.05
Optimal no. 1 1.65 10.99 4.79
Optimal no. 2 1.65 11.88 3.64

Table 3: Cross sectional areas and angles of twist per unit length 6,

Applying the FEM, the angle of twist per unit length 6 is calculated for each model and the
results obtained for the cantilever I - beam of the length / = 100 cm (Fig. 4), are also presented in

Table 3.

"

a b
Fig. 4. Deformations (f,,,x=0.4cm): (a) isometric view, (b) xy — plane

Results obtained by applying KOMIPS program correspond to analytically obtained values
for the initial model of 100 cm length: 90},,1,,1},,,1.“, =5.15 %m and 6, komps= 5.05 Y.

7. Conclusions

In this paper, one approach to the optimization of the thin-walled open channel section
beams, using the Lagrange multiplier method is presented. Accepting the cross sectional area for
the objective function and displacement constrains for the constrained functions, it is possible to
find the optimal relation between the dimensions of the web and the flanges of the considered
cross section. At first, the analytical calculation is made, and the obtained results are used for the
calculations applying The Finite Element Method.

Based on the obtained results (17, 18), it can be seen that some differences exist between
coefficients ¢; calculated using criteria €, or 6’0', and minimum disagreement between obtained
values for z is observed. Optimal values z obtained by using the criterion 6, are slightly higher
than the values obtained by the @) criterion (Tables 1 and 2).

Results obtained by the Finite Element Method show that the initial and optimal model no. 1
(Table 4) have the same mass, but the optimal model no. 1 is better because the angle of twist per
unit length 6’0‘ has the lower value. Optimal model no. 2 has the lowest value of the 6’0‘, but this is
the optimum model with the highest mass. This model is the best regarding the displacement
constraints, but it is also the heaviest one. As the conclusion it is possible to say that all optimal
models are better than the initial one.

On the basis of the proposed optimization procedure it is possible to calculate the optimal

ratios between the parts of the considered thinwalled profiles in a simple way.
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Abstract

If the structure is moving then it is possible to reduce the dynamic problem to a static one by
applying D’ Alembert’s principle of dynamic equilibrium in which an inertia force equal to the product of
the mass and the acceleration is assumed to act on the structure in the direction of negative acceleration. For
free vibration, the system is vibrating in a normal mode, and it is possible to transform equilibrium equation
into a standard eigenvalue problem. Various schemes have been developed for solving eigenvalue
equations such as the one by Bishop et al. [2]. In this paper finite strip method is used in analysis of natural
frequencies and mode shapes of rectangular bending bridge plates. Point of our analysis was to calculate the
lowest natural frequencies of different types of ribbed reinforced plates, so that we could compare them and
determine which one of them is optimal. Optimal means that plate has lowest natural frequency for the
given lenght.

The finite strip displacement functions in the problem of bending

Let us observe the problem of bending of a finite strip presented in Fig. 1. The
approximative function must satisfy the partial differential equation of the 4™ order

AAw(x,y)=0. )
If both ends simply supported, the function of deflection will be presented in the form
wix,y)= Zwm(x)sin(mfzy/a), 2)
m=l1

where m represents series term, or number of the harmonic. For any single series term we can
anticipate the following polynome to represent the displacement amplitude w(x):

W(x)=Cp+Cox +C3x? +Cyx, 3)
where C;-C4 represent generalized displacements. This approximation enables the establishment
of the compatibility of displacement w and first derivates dw/dx in the nodal lines of the
discretizated structure presented in Fig. 1.

Using the condition: @ = dw/ dx, after writing the polynome (3) for the nodal lines 1
and 2 with the coordinates x=0 and x=b respectively, we obtain
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