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INTRODUCTION

Nonstationarity within Markov model of queuing theory
can be the consequence of:

1. Convenient initial conditions through system analysis

2. Application of variability of intensity of unit arival
and/or variability of intensity of unit serving within the
system. Initial conditions have, in certain cases, very spe-
cial importance to this nonstationary model, which is the
subject that will be discussed later.

In the literature (for example Newell (1971) [4], Cooper
(1981) [1]), presence of the nonstationarity caused by the
initial conditions is often stated and the analytical solution
of changes of condition probabilities in the due of time for
the most simple model for birth-and-death process
(M/M/1) is given as well, while the solutions for more
complicated models have been stated rarely, because of
complexity of the mathematical apparatus and obtained
solutions. The example of the analytical solution for vari-
ability of condition probability in the due of time for the
model M/M/1/c can be found with Kleinrock (1975) [3],
and the model with accumulated units with Vukadinovic
(1988) [6].

-The influence of the nonstationarity caused by variable
intensities of unit arrivals, i.e. intensity of serving, to the
system behaviour can be found in papers written by Green,
Kolesar and Svoronos (1990) (2], as well as by Zmi¢ and
Bugaric (1993) [7].

The initial conditions during the analysis of models of the
queuing theory are limited to setting up of certain initial
values to the corresponding condition-probabilities. Re-
garding that, following conditions can be defined:

1. Defined (one) probability of the system condition has
initial value 1, while all other probabilities have value 0.
In practice, during the system analysis, it means that if, at
the beginning, probability of zero condition has value 1,
and all other condition probabilities value 0, the system,
at the starting point, is empty. If there is a possibility that,
at the beginning of the analysis of system probabilities,
system could be in 1 condition (equal to one), and all other
probabilities are equal to zero, that means that there is one
unit at the starting point, and that system begins to work
when the first unit comes to it. Generally speaking, when
at the beginning of the analysis. the probability of condi-
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tion n of the system equals toone, and all other probabilities
equal to zero, there will be n unit at the starting point.

2. Two or more condition probabilities (in general case all
condition probabilities) has the appropriate values at the
beginning. The special case originates when the initial val-
ues of the system probabilities are equal to the stationary
probabilities of the system condition. In that case, this form
of the nonstationarity disappears, i.e. from the very begin-
ning of the analysis the system works in the stationary
regime.

Nonstationarity caused by the different initial conditions
asts for a certain period of time, and then disappears when
the system enters the stationary working regime. In theory,
the system enters stationary working regime when work-
ing time tends to eternity. However, for the practical ap-
plication of Markov models of queuing theory (precise
enough for engineering calculations), the system enters
stationary working regime after determinate final time.

In this paper, the criterion for detennination of the duration
time of the nonstationarity caused by initial conditions dur-
ing the system analysis, i.e. interval of time after which
the system enters stationary working regime, as wellas the
influence of this form of nonstationarity to the charac-
teristics of the system, will be shown.

Change of time intensity of the unit arrival to the system,
i.e. intensity of unit serving in general case can be shown
as a continual function of the time or as a gradual function
through convenient histogram. From the aspect of the in-
fluence of the initial conditions to the achievement of the
stationary working order of the system, it is interesting to
discuss graphic survey (presented by the bars) of the
changes of intensity of arrival, i.e. serving of the units. By
the transition from one time interval where stands deter-
minate intensity of arrival or serving, all probabilities of
condition have certain values, which represent initial con-
ditions for the following time interval, where stands some
other intensity of serving or arrival of the units. The sug-
gested criterion for the determination of duration time of
nonstationarity caused by initial conditions, in this case
can be used for determination whether the system in the
interval in which stands the given constant intensity would
enter the stationary working order or not.

The determination of the time period of duration of non-
stationarity caused by initial conditions would be shown
on multiserver model of the queuing theory with complete
help between the servers, batch arrival of the units to the
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system, limited waiting queue and cancellation regarding
the whole group. The above mentioned model of the queu-

ing theory has originated as the synthesis of the following
model of the queuing theory:

- multiserver system with batch arrival of the units to the

system and infinite waiting queue (see Kleinrock (1975)
[31, Cooper (1981) [1]).

- multiserver system with complete help between the serv-
ers and finite waiting queue (see Vukadinovi¢ (1988) [6).

The shown model of the queuing theory, with slight
changes, has been used for project of a river terminal for

the bulk cargo unloading, made for the Metallurgical com-
plex in Republic of Serbia.

Frequent stops, i.e. pauses during working period of the
terminal (impossibility of working of crane - server)
throughout the winter caused by bad weather conditions
(rain, ice, snow), as well as frequent discharges of the Sys-
tem because of bad scheduling for arrival of composition
of barges (batch arrival), has ori ginated the need for analy-
sis of the nonstationarity caused by initial conditions of
the system (Zmic (1986) [8]).

Our findings are:

1) Suggestion of criterion for determination of duration

time of the nonstationary regime of the system caused by
determinate initial conditions;

2) Determination of influence of the nonstationarity caused
by initial conditions to the characteristics of the system, as
well as determination of the time interval of the continuous
work of the system after which disappears the influence
of this form of the nonstationarity to the characteristics of
the system.

3) Presentation of the new model of queuing theory, in
which the novelty is in cancellation for the whole group
of units, if the whole group can not step in the waiting
queue.

1. METHODOLOGY

1.1. Determination of duration time of the nonsta-
tionarity caused by initial conditions

Physicality of the suggested criterion for determination of
duration time of nonstationarity caused by initial condi-
tions, because of possibility of obtaining of relatively sim-
ple analytical expressions for changes of condition prob-
abilities in the unit of time, will be shown on the most
simple model of birth-and-death process, whose graph of
the condition is shown on figure 1.
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Figure 1 M/M/1 model
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Differential equations that describe condition changes of

this system has the following form (Newelt (1971) (4],
Cooper (1981) [D: (n

Po) =~ A-pot) + BRI Py(t) = Apy(t) - popy (1);

}vhere: A -amival rate, p -service rate, p;(t) -probability of
i-units in the system at time t (i=0,1).

Since, in general case, the probabilities of the system con-
ditions are exponential functions of time p,()=f(t,A-e")
(wWhere: A=const, i=0,1), at the moment when t—w and
when A=const and p=const, system of the differentiat
equations will transit to the system of algebraic equations

(because p;(t)—)O, when t—), i.e. the system will transit

to the stationary working regime. The algebraic equations
have the following form: (2)

O=-X:po+u-p; O0=A-py—p-p;;

By the solution of system of the differential equations, with
the convenient initial conditions, changes of condition
probabilities in the time unit are obtained, while by the
solution of algebraic equations are obtained the prob-
abilities of system conditions in the stationary working
regime. As was stated before, after long enough period of
work, the system transits from the nonstationary to the
stationary working regime. The change of condition prob-
abilities during the time is asymptotic. The condition prob-
abilities, obtained by solution of the system of the differ-
ential equations (1) during the time, are asymptotically
coming close to the stationary values of the probabilities

obtained by solution of the system of algebraic equations
2).

The exact criterion for determination of moment of the
transition of the system from the nonstationary to the sta-
tionary working regime does not exist. It is possible only
to determine approximate time interval in which system
transits from the nonstationary to the stationary working
regime. The approximate time moment, up from which we
can expect that the system is in the stationary working
regime, precise enough for engineering calculations, can
be obtained on the basis of difference of the condition prob-
abilities in nonstationary and stationary working regime.
The moment when that difference is less then some other
given value can be taken for the moment of entering of the
system to the stationary working regime.

The suggested criterion is based on the relative error of
probability differences. The moment when the absolute
values of the relative error of the all probability differences
are less then for example 5% is the moment of the entering
of the system to the stationary working regime, and the
time interval from the beginning of the work of the system
until that moment represents duration time of the nonsta-
tionarity caused by initial conditions during the system
analysis. The criterion has the following form: (3)

[ -—
si=h"() Pll‘10055%; zaV ie (0, 1)
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where: p;(t) system condition probability at time t obtained
by solution of system of differential equations (1), P; i-
probability of stationary system condition obtained by so-
lution of system of the algebraic equations (2).

Solution of the system (1), depending to the initial condi-
tions have the following form:

_ 1 pPO(O) = P](O) —(A+HL .
POt — 1 ¢

_ P _ p-po(O) 5 pl(o) (ARt
P1 (t) = E l+p c B
while the probabilities of the stationary working orderhave
the following form:

= J_ b< = _L.
Po= 155" P Top:
where p=)/p is offered load.

If we change the expression that represents the solution of
the system (1) and (2) to the expression (3), the times of
continuous work of the system are obtained. After those
times the relative error of the given probability at that mo-
ment and in the stationary working regime will be less then
demanded criterion limits (5;).

1
Gy [IP’PO(O) - p.(O)IF‘
3o

1

1 &l
1po(0) — —p'Pl (o)l
TS D —
while the time of reaching the stationary regime is obtained
as:

togat = max{tl, t2}

The approximate moment of reaching the stationary re-
gimeof the systemorder dependson limits of the suggested
criterion. As the limits of the criterion are narrower, period
needed for reaching the stationary regime is longer.

Duration times of the nonstationary regime caused by in-
itial conditions, by the application of the suggested crite-
rion, will be determinate for the multiserver system with
batch arrival of the units, complete help between the sery-
ers, limited waiting queue and cancellation of the whole
group, which are the subject that will be discussed in the
next chapter.

4.2. Multiserver model with batch arrival of units
to the system, complete help between the serv-
ers, limited waiting queue and cancellation of the
whole group

When there exists only one unit within the system, it would
be served by all servers (if it is possible physically), when
there are two units, one half of the servers would serve the
first, and the other half the second unit, etc. That way. the
servers would be equally disposed for the unit serving,
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Figure 2. General graph of system condition
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until the moment when the number of units does not reach
number of the servers, when each server would serve one
unit.

In the case that group of units finds all the servers free, it
would be accepted into the system on the following way:
if the number of servers is higher or equal to the number
of units, the whole group would be accepted immediately
for serving, while the number of units in the group is higher
then the number of servers, as many unit as there are servers
would be accepted, while all other units would stand into
the waiting queue. In the case when all servers are busy,
and the number of vacant places in the waiting queue
higher or equal to the number of units in the group, the
whole group should be placed into the waiting queue. In
the case when all servers are busy and the number of vacant
places in the waiting queue less then the number of units
in the group, the whole group would be cancelled. The
condition of the system should be detenninate on the basis
of the number of the units within the system. The general
condition graph is shown on figure 2.

System of the differential equations which describes
change of system condition probabilities in the time has
the following form: (4)

c

Polt) = = A(t)-po(t) + [E u;(t)] ¥ 0K
i=1

() = — [M0) +Z 10)-p(D) +[Z] lli(t)] Pt ®
i=l i=

fork=1,2,...,(r-1),

pe() == [M1) +Z u,-(t)l-pk(tr'[i l"'i(t)] Prea1 (£) + A1) Py (1);
i=l =1

for k=r, r+1,..., c+m-r,

P =— [2 pi(:)}pk(t»[z ui(t)] Pre1 () + MO Prr(t);
i=1 i=1

for k=c+m-r+l,..., c+m-1,
Perm(®=— [Z pi(t)}Pmm(t) + A1) Peym-Dh
i=1

where ¢ is number of servers, r number of units in a group,
m number of places in waiting queue, A(t) -arrival rate of
group at time t, j;(t) -service rate at time t for server i, pi(f)
probability that the i units are in the system at time {.

As was said before, when t—co and when p;(t)=const,
(i=1.2,....c)and A(t)=const, system of the differential equa-
tions (4) will transit to system of the algebraic equati?ns
(5), i.e. the system will transit to the stationary working

regime. (5)
=-A-potc-p-pyi
O=-(A+c-p) ptc K- Psr s
fork=1,2, ..., (r-1),
O==(@+c-P): Pe+e B Pest + A P

for k=r, r+1, ..., c+m-r,

O==c: L Pte- " Pay + 2 Pror
for k=c+m-r+1, ...,c+m-1,
O0=-c P Pepm + A Permr

By such defined model, offered load by server is defined
as:

M)
cou®’
Characteristics of the system are shown in the table 1.

Pc(t) =

Table 1: Characteristics of the system

Name Value
cHM-T
Probability of serving P =kz 0]
-0

m
Average number of units Ny (1) = Ek-pﬁ. k(t)
in waiting queue k=1
' ; N, ()
Average time that unit £, (1) = —wrg
spends in waiting queue r-A(t)
c+Hm
Average number of units No (1) = Tkepu(t
in System WS( ) k=1 pk( )
Average time that unit (D) = M
$ A1)

spends in system

1.3. Experimental strategy

Since the given model, as was emphasised before, has been
developed for analysis of the concrete, real system (butk
cargo terminal), for the reasons of simplicity, the analysis
of duration time of the nonstationarity caused by initial
conditions, as well as its influence to characteristics of the
system, will be conducted for the real condition of the un-

loading terminal Zrni¢ (1986) [8].

Duration time of the nonstationary regime was defined for
the following parameters of the system;

- number of servers (cranes) c=1,2 and 3 and for
offered loads per server identical in all analysed
cases p,=0.75,

- number of places in the waiting queue (anchorage
size) m=32,

- number of units in a group (barge composition)
r=2,4 and 6,

- limits of the suggested criterion §;<1%, i.e. 8;<5%,
- for the case when the system is empty at the begi-
nning (pe(0)=1, p;(0)=0 for i=1,2, ..., 34), but all
that does not diminish generality of the conclu-

sions.

Change of the system condition probability in the time,
change of system characteristics during the nonstationary
regime and the influence of duration of work of the system
to its characteristics are defined for the following case:
c=2, m=32, =6 and p_=0.75, while for the same system
and different intensities of load of the servers, certain areas
of the stationary and nonstationary regime of the systein
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work, as well as the change of system characteristics in the
stationary or nonstationary working regime have been de-
fined.

System of the differential equations (4) with convenient
parameters has been solved numerically, by using Runge-
Kutta method of the fifth order, with defined preciseness
(Scheid (1968) [5]). The original software has been written
for solution of systemn of the differential equations.

2. RESULTS OF THE ANALYSIS
2.1. Duration time of the nonstationary regime

Diagrams on the figures 3 and 4 show duration time of the
nonstationary regime for case of the empty system at the
beginning of the analysis, for limits of the given criterion

5i<1%

Figure 4: Duration time of the nonstacionary regime
8i<5%

2.2 Change of system characteristics during the
nonstationary regime

On the figure 5. change of a couple of first probabilities of
system condition during the time, i.e. change of system
condition probability in the stationary and nonstationary
working regime has been shown.
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Figure 5: Change of condition probability in the time
On the figures 6-10 changes of the system characteristics
during the nonstationary regime have been shown. On the

figure 11 areas of the stationary and nonstationary regime,
depending on offered load of the server have been shown.
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Figure 6 Change Pse in the nonstationary regime
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Figure 7 Change N in the nonstationary regime

Itis possible to approximate characteristics of the syste™
Ny, Ny, t, and t,, (Y) by the least square polynoss
approximation (Scheid (1968) [5]), as a rational functio®
of time (X) with following form:
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Figure 9 Change Nys in the nonstationary regime
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Figure 11 Work regimes

2.3. Influence of the duration time of the system
to its characteristics

The general idea of this analysis is to determine duration
time of the continuous work of the system, after which it
is possible to neglect influence of the nonstationarity
caused by defined initial conditions, i.e. to determine co-
efficients ("real state") to multiply with defined charac-
teristics of the system, if the duration time of system work
is less then needed to neglect the nonstationarity.

In the table 2 the change of the relative error of difference
of average number of units in the waiting queue (N,,) at
the given moment and at the stationary working regime
(Nys)» as well as appropriate "real state" coefficient (K)
for the case when the system was empty at the starting
moment, in dependence to the continuous working time of
the system, has been shown. By using the same method,
itis possible to determine the time after which it is possible
to neglect influence of the nonstationarity caused by initial
conditions to the other characteristics of the system.

It is clearly seen, from the table 2, that if the system works
longer then 4 -t , it is not needed to consider the nonsta-
tionarity, that originates because of initial conditions in the
case of average number of units in the waiting queue.

Table 2: "Real state” coefficients (K) for N,,,

NI \\\\ W
i

D-|54 SC-IIOG malm 162-216  216-269.7 269.7-
Time (h)

Figure 10 Change tws in the nonstationary regime

Y=__x__;
a+b-X

while it is possible to approximate the value Py, by the
least square polynomial approximation, as a square
polynom:

Y=a-X2+b-X+c.

i 1 Nu(t) = Ny s N
Worl;ymsgte?nme of ()-‘,, .100{%] K= 'N:(_‘,l’:
0.25xtyy, 56.22 0.4378
0.50x 3854 0.6146
0.75% gy 2849 0.7151
1.00xt,, 2221 0.7779
150Kty 15.13 0.8487
200Xt 11.39 0.8862
2.50Kt 4y 9.11 0.9089
300Kty 7.60 0.9240
3.50xty 6.51 0.9350
4.00xty, 5.70 0.9430
4.50Kt,, 5.06 0.9494
5.00K1y,, 4.56 0.9544
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2.4. Change of the system characteristics in de-
pendence of the server offered load

On the figures 12-16 changes of the system characteristics
in dependence to the server offered load (p =0.15+0.95),
in the stationary and nonstationary working regime of the
system have been shown. The system was empty at the
beginning of the analysis.
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Figure 12 Change Pser depending to pc
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Figure 14 Change t« depending fo pc

Figure 15 Change Nws depending to pc
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Figure 16 Change tws depending to pe

3. CONCLUSION

The empirical results shown in this paper suggest the ex-
istence of the certain laws in the system behaviour in the
nonstationary working regime caused by initial conditions.

Characteristics of the system work, in the nonstationary
regime, caused by different initial conditions differ among
themselves. Characteristics of the system work, inthe case
when system was empty at the beginning, are more cot-
venient regarding the stationary working regime, as well
as nonstationary regime caused by different initial condi-
tions. As the number of units in the system increases at the
beginning, the characteristics of the system work in the
noustationary regime become more inconvenient, because
the system was partially filled in at the beginning- The
most inconvenient case, regarding the characteristics 0
the system, is when the system is completely full at the
beginning, i.e. when the starting number of units in the
systemn is equal to the sum of number of servers and number
of places in the waiting queue (Zmic and Bugari¢ 1993)

(7).

Characteristics of the systemn work, by entrance of the sy5
tem to the stationary working regime (moment of the sy8”
tem entrance to the stationary working regime is determ”
nate by the application of the suggested criterion) d'.ﬁ’r

from the characteristics of system in the theoreticd
of the sy O i
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stationary working regime of the system (i.e. when work-
ing time of the system tends to"eternity). That difference
is included in the real state coefficient for each charac-
teristic of the system. Working time of the system, after
which it is possible to neglect influence of the nonstation-
arity to the given characteristic differs depending to the
characteristic. Generally speaking, it is possible to deter-
mine final time period of the system work after which it is
possible to neglect influence of the nonstationarity caused
by initial conditions.

Limits of the suggested criterion for entrance of the system
to the stationary working regime depend on the system.
The criterion limits by the system such as the bulk cargo
terminal, which has been analysed in this paper by shown
model where the serving time and time elapsed between
the arrival of the units are approximately couple of hours,
i.e. the reply of the system is slow, can be wider (5%). By
the system such as input/output zone of the high-bay ware-
houses where the timmes between arrival and serving of the
units are not longer then couple of seconds and where the
quick reply of the system is required, limits of the criteria
should be narrower (for example 1%).

The results obtained by analysis of the multiserver model
with batch arrival of the units, complete help between the
servers, limited waiting queue and cancellation regarding
the whole group, the fact that does not diminish the general
character of the obtained conclusions, point out that it is
needed to consider the nonstationarity caused by the initial
conditions in the future engineering calculations of the sys-
tem which can be exposed by Markov chains with constant
Poisson input and exponential service times.
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LIST OF USED SIGNS:

¢ - number of channels,

K - "real state" coefficient,

m - number of places in waiting queue,

N, - average number of units in a system,

N,, - average number of units in queue,

p; - probability i in stationary state of system,

p;(t) - change of i probability in time period,

P, - probability of servicing,

r - number of units in a group,

t,,,, - time period after which system enters the stationary
regime of work,

t,, - average time which units spends in a queue,

t,,s - average time which units spends in a system,

d; - relative error of difference of probabilities pi(t) and pi,

A - arrival rate,

H - service rate,

p. - offered load by server.
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INFLUENCE OF NONSTATIONARITY
CAUSED BY THE INITIAL CONDITIONS OF
THE SYSTEM TO ITS CHARACTERISTICS

Dj. Zrnic, U. Bugaric

In this paper the influence of the initial conditions of
the system to the characteristics of the system itself
and its changes during the caused nonstationary re-
gime, as well as time of duration of the given nonsta-
tionary regime was discussed. The criterion for deter-
mination of the duration time of the nonstationary re-
gime caused by the initial condition of the system has
been suggested. Multiserver model of the queuing the-
ory with the batch arrival of the units to the system,
complete help between the servers, limited waiting
queue and cancellation regarding the whole group has
been described as well.
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UTICAJ NESTACIONARNOSTI IZAZVANE
POCETNIM USLOVIMA RADA SISTEMA NA
NJEGOVE KARAKTERISTIKE

Dj. Zrnic, U. Bugaric

U radu je razmatran uticaj podetnih uslova rada
sistema na njegove karakteristike kao i promena
karakteristika sistema u toku, na ovajnadinizazvanog,
nestacionarog reZima. Takode je razmatrano vreme
trajanja nestacionamog reZima izazvanog pocetniin
uslovima. U tu svrhu predloZen je kriterijum za
odredivanje vremena trajanja ove vrste nestacionar-
nog reZima rada sistema. U radu je takode prikazan
viSekanalni model teorije redova &ekanja sa grupnim
dolaskom jedinica u sistem, potpunom pomoci medu
kanalima, ograni¢enim redom &ekanja i otkazom koji
se odnosi na celokupnu grupu.
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