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† Alessandro Ossicini was born in Rome, on 9th September, 1921. He died in

Rome, on 17th October 1999 at the age of 78 years, after a period of serious illness.

He grew in a ten people family (parents, two brothers and six sisters), but he lost

his father in 1936 at the age of 15. He often remarked that the study of Mathematics,

was for him, like finding another source of security. Those were the years of the

Fascist dictatorship, in Italy, and all the family was strongly involved against it,

for their ideals of justice and freedom. For these ideals he fought and later he was

awarded a medal for Partisan activities in 1943-44. During the Partisan war he knew

Vittoria Borgogno, also involved in the same group of freedom fighters, his future
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wife. A beautiful report of the pre-war and war period can be found in the book of

his elder brother Adriano Ossicini[1].

In December 1944, just after the freeing of Rome in June, he got his first-class

honours degree in Mathematics and Physics at the University of Rome ”La Sapienza”,

and immediately later, in the difficult period of the reconstruction after the tragic

events of the Second World War , he firstly started his teaching activity at the junior

high school, at Veroli and, since 1955 in Rome. However he was still able to continue

his academic studies concerning Special Functions, under the guidance of Giovanni

Sansone. At that time Sansone was director of UMI (Unione Matematica Italiana)

and Professor at the University of Florence.

From the economic point of view they were very difficult years. After the marriage

(1946) he became father of a large family (four daughters and four sons), nevertheless

all of us, his children, remember these years as years of happiness and serenity.

His studies and consequenty all the obtained results allowed him, in 1958, to get

the University teaching qualification in Mathematical Analysis (he discussed a theme

involving the Fundamental Theorem of Algebra) and then, in 1966, to be the winner

in the competition for the chair of Numerical Analysis at the University of L’Aquila.

In 1967 he obtained the transfer to the chair of Complements of Mathematics at the

Faculty of Engineering of the University of Rome “La Sapienza”, where he carried

out an intense teaching and scientific activity up to the end of his tenure, in 1991,

collaborating with several colleagues of the Institute of Applied Mathematics (the

current Department of Mathematical Methods and Models for Applied Sciences) and

in particular with Prof. Aldo Ghizzetti, Prof. Francesco Rosati and Dr. Maria Renata

Martinelli.

His long research activity led him to publish over 70 works which can be mainly

found in the MathSciNet. Alessandro Ossicini’s studies concern various topics, includ-

ing the following themes (the numbering refers to the list of works, that is included

at the end of this document):

• Non trigonometrical Fourier series, orthogonal polynomials and special func-

tions: cfr. [24]-[31]-[33]-[43]-[44]-[45]-[46]-[47]-[48]-[49]-[50]-[51]-[52]-[53]- [54]-



9

[55]-[56]-[57]-[58].

• Laplace transforms and applications: cfr. [23]-[36].

• Partial differential equations: cfr. [32]-[37]-[38]-[39]-[40]-[41]-[42].

• Singular integral equations: cfr. [21]-[22].

• Quasi-periodic functions: cfr. [29].

• Approximation theory, quadrature rules and applications: cfr. [12]-[15]-[16]-

[18]-[19]-[20]-[25]-[26]-[28]-[30]-[34]-[35].

• Moment problems: cfr. [8].

• Evaluation of integrals and asymptotic behavior of integral transforms: cfr.

[5]-[27].

• Ipergaussian quadrature rules and s-orthogonal polynomials: cfr. [2]-[3]-[4]-[6]-

[7]-[9]-[10]-[11]-[13]-[14]-[17].

He was particularly proud of the two monographs written in collaboration with

Aldo Ghizzetti :Quadrature formulae (Academic Press, New York, 1970) and Trasfor-

mate di Laplace e calcolo simbolico (UTET, Torino, 1971).

In 1994 he obtained the early retirement, because of the serious illness, which had

worsened his health state. He spent his last years of life constantly nursed by his wife

and encircled by his sons, daughters, and grandchildren.

Now we would like to add some words, related to the human qualities of our father.

Our father had a reluctant character, but endowed of deep and tenacious feelings and

the constant commitment to carry out his institutional tasks at his best. He was

good and generous and possessed a deep religious faith. We have encountered and

still often encounter old students of his. They all remember and appreciate him for

his fatherly understanding and for the enthusiasm he transmitted, regarding studies

and Science in general. A great part of his colleagues speak of him as an exemplary

model.
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We remember his constant presence near us, he took care of us, both in our life

and in our studies. We all, sons and daughters, completed our University studies

(some in Mathematics or Physics). Our personal story with Science is a story of love.

This love was born hearing our father speaking of Nature, Maths, and Life.

‡ It is about 10 years as I work in the theory of quadrature formulas with multiple

nodes and corresponding orthogonal polynomials. This part of the paper refers to the

research achievements and significance of the work of Professor Alessandro Ossicini

in that field of mathematics. During the period of almost 40 years he given many

important results. Some of them will be mentioned here.

More than 100 years after Gauss published his famous method of approximate

integration there appeared the idea of numerical integration involving multiple nodes.

Taking any system of n distinct points {τ1, τ2, . . . , τn} and n nonnegative integers

m1,m2, . . . , mn, and starting from the Hermite interpolation formula, Chakalov in

1948 obtained the quadrature formula

∫

supp dλ
f(t) dλ(t) =

n∑

ν=1

mν−1∑

i=0

Ai,νf
(i)(τν) + R(f), (1)

with dλ(t) = dt on the support [−1, 1], which is exact for all polynomials of degree at

most
∑n

ν=1 mν−1. In that time it was been interesting how to determine the nodes τν

such that (1) be a quadrature of Gaussian type, i. e., a quadrature with the maximum

degree of exactness.

For the quadrature formula (1), with dλ(t) = dt on [−1, 1] and mν = 2s + 1, ν =

1, 2, . . . , n, the answer is given by P. Turán in 1950. Those formulae are called Gauss-

Turán quadratures. The nodes τν are the zeros of the polynomial πn,s which is known

as s-orthogonal.

The case with the weight function dλ(t) = w(t) dt on an interval [a, b] has been

investigated by Italian mathematicians Ossicini et al., and also by Chakalov, Stroud,

Stancu, Ionescu, Pavel, etc.

In the more general case, for a given sequence of nonnegative integers σ =

(s1, s2, . . . , sn) the corresponding quadrature formula (1) with mν = 2sν + 1, ν =
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1, 2, . . . , n, has the maximum degree of exactness N − 1 (N = 2
∑n

ν=1 sν + 2n) if and

only if the nodes τν , for which

τ1 < τ2 < . . . < τn, (2)

are the zeros of the so called σ-orthogonal polynomial πn,σ. This generalization of the

Gauss-Turán quadrature formula (for dλ(t) = dt on (a, b)) to rules having nodes with

arbitrary multiplicities was derived independently by Chakalov in 1954 and Popoviciu

in 1955. Because of that those formulas are called the Chakalov-Popoviciu quadrature

formulae. The existence of such quadrature rules was proved by Chakalov, Popoviciu,

Morelli and Verna, and existence and uniqueness (the first time!), subject to (2), by

Ossicini (with Ghizzetti) [16].

The proof of existence and uniqueness of the s-orthogonal polynomials πn,s which

have n distinct real zeros which are all contained in the open interval (a, b) was given

by Turán. It was also proved by Ossicini using different methods [35] (see also [25]).

In the case w(t) = 1 of Legendre s-orthogonal polynomials, where the normaliza-

tion factor is taken to have πn,s(1) = 1, Ossicini (with Ghizzetti) [31] proved that

|πn,s(t)| ≤ 1 and ∫ 1

−1
[πn,s(t)]

2s+2 dt =
2

1 + (2s + 2)n
.

It would be interesting to determine this value for other classical weights.

In 1930 Bernstein showed that the Chebyshev polynomials of first kind are s-

orthogonal on [−1, 1] for each s ≥ 0. Ossicini (with Rosati) [14] in 1975 found three

other measures for which the s-orthogonal polynomials can be identified as Chebyshev

polynomials of the second, third, and fourth kind.

Considering the set of Jacobi polynomials Ossicini (with Rosati) [3] showed that

the only Jacobi polynomials which are s-orthogonal for a positive integer s are the

Chebyshev polynomials of first kind.

In 1978 Ossicini (with Rosati) [11] given the proof of convergence in the Gauss-

Turán quadratures for f ∈ C2s[a, b].

Some properties of Cotes numbers in the Gauss-Turán quadrature, some inequal-

ities related to zeros of s-orthogonal polynomials, as well as density of the zeros of
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s-orthogonal polynomials, were investigated in 1981 and 1992 by Ossicini (with Rosati

and Martinelli) [9], [4].

In 1968 Ossicini [28] studied the remainder term in Gauss-Turán quadrature for-

mulas. An influence function is introduced, its relevant properties are investigated,

and in classes of functions ACN−1[a, b], BN [a, b], CN [a, b] the error estimates are given.

In 1975 Ossicini (with Rosati) [14] found the contour integral representation

R(f) =
1

2πi

∮

Γ

%n,s(z)

[πn,s(z)]2s+1 f(z) dz, %n,s(z) =
∫ b

a

[πn,s(t)]
2s+1

z − t
dλ(t),

where [a, b] ⊂ int Γ and f is an analytic function in int Γ ∪ Γ. Taking as Γ confocal

ellipses Ossicini et al. [2] considered two special Chebyshev measures and determined

estimates for the corresponding remainders, from which they proved the convergence

and found the rate of convergence of the corresponding Gauss-Turán quadratures.

Up to now only one book [25] on the results to the theory quadratures with

multiples nodes and corresponding orthogonal polynomials has been published. This

one was been written by Ossicini (with Ghizzetti) in 1970.

The results of Professor Alessandro Ossicini have been developed, continued, cited,

by many known mathematicians. I mention only several of them: B. Bojanov, W.

Gautschi, C. Michelli, G.V. Milovanović, Y.G. Shi, D.D. Stancu, etc. His results

are cited in numerous papers, books, etc. He left a deep trail in the fields of his

researches, and, especially, made the important theoretical progress in the theory of

quadrature formulas with multiple nodes.
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