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PHOBLEM STATEMEN1

!
We considcr a system the state of w hich | ina \p ILL Xis

dclmcd byann- dimension veetor x= ('(I Xy x) The
veetor equation of the controlled motion of quh a sys-

tem ,ms the form 0[

\:: f(x.cou), xeX, uel. ceW (h
whete: u= (up, Ua, <o 1) is an r-dimension control vee-
tor,o=(c’,c” anm-dimensionvector of constant
parameters uf lhc system, U a domain of permitted
controls and W a domain of permitted parameters, We
wiil hissume that the vector function [(x, ¢, u) and its
derivativesin termsof all variablesare defined and con-
tinuous in UxW. Let the initial state of the system in
the mulllpllul) be !
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L r “ — r(p up

ql,\,, [_x(lo). c]: 0. o=1lp. . rank ( (CJ p (2)
zmd;mc final state in the mulliplici'\'

! |

: i s — (« \IY ( \'/ |

@p ’_.\'(l,). c] =0, p=1l.q. rank fk RS ] =q (;)

|
Let us set up the task to determine controlsu®e U, and
conslant parameters ¢* €W that. along the trajectory
of the system which is moving from the state (2) into
the Tmlc (3), the lumllmml

| 'I\

J:= L{x(l,). c] +j I‘,“:’ (x. ¢ u)dt o 4

i 5 1
i 0

z\llains a minimal valuc.
THE SOLUTION OF THE PROBLEM

We will apply Pontryagin's maximum principle [2]. The
task, however has (o be brought to such a form that the
thegrem of the miasimum pr inciple is directly z\pph(.l-
bie. 1o this end we propose to introduce new variables:
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‘.ixn mel .f u,dt (5)
i t .

where:
{08 M) =0, X" ™y -g [\u )JJ =0 (0)

Thus we obtain vectors: x= (X x™ i+l

(i 1,n), (v=1,m)and U= (u,.u,), (= I, r). On the

)

~basis of (5) and (6) we can write these equations:

X" = (X 0) = U u) g,

‘{n- Y=, "\n-m« L_ U { (7)

which, together with (1), give the svstem

K=& T) ReX, Gel. (8)

Therefore, we have reduced the problem to the con-
sideration of the motion of the system in an n+m-+2-

dimension space X under the influence of an r+1-di-

mension control vector ue U.

‘Lhe initial and final states of such a system in the space

- X, inview of (2), (3) and (6). arc lnmlul in the multi-

plicitics:

(F[fu‘,)} =1 Pn [f(l(,)] =) &0 l(l(,)j =0 (9

‘, \]7[;(11)]: ;\,v‘,[i‘u,)} =0, X" ™ ty)-g [?(tg]:()}.(lu)

‘The functional (4), referring to (3) and (6) has the form
of

1
1= P& Ea (11)
}

‘The formof the equations (8), conditions (9), (10) and
the functional (11) permits a direct application of the
maximum principie.

Pontryagin’s function has the formof

W= TR D). ! (12)

I T ~ o R]
where 77= (g 20 Xppgns *gamet) i an n+m+2-dimen

sion vector.
According to the thecorem of the maximum principle it
is ncecessary that there should exist such a veetor func-




tion 77 (t) difterent from zero, the solution of the Cui-
tions ‘

e K i3
Po 5= 5 o § )
o% £t

as to satisty the following conditions:

@) HETUT ) = sup WO, (14)
u !

b) 7., == const. <0, - (15)

¢y conditions of transversality in the initial and final

states are satishied, i.e.:

5 5, e X
(,‘.ox)l = (), N ax | =0 (16)
oK), =0 i J ( 17
L DX =\l o~ O =): 1

(4 ¢ k)l‘ ox Ox ( )

1
By iniroducing the lunction
=D 00k cou) + 2400 (%, couy, . (18)
we can write the function (12) in a developed Torm:
H= 10+ hu,+7 | Uy (19)

R

Now, the equations (13) obtain the form:

. on
Ag=00 b5 —- 1
| OX
ox
= b - 9
;’n Vo Ge¥ T 0. : (=0)

The termu, is not limited (-

<u,<x), thus, from (14)
we have :

o

L=,

(llu()

A M) = sup 200, ¢ u ). Lo(21)

u. U
Referring to (19), from (21) we have

b s e B 78 o> i (22
Mpime1 = Ao = cOnsL20. (22)

‘The conditions of transversality(16) and (17), hu.mm,
in mind (22), hd\’L the formof:

(’.0\ o et )l Zi() ‘
X eV o= 23

[ PR 73 0. ' (23)

vl“ )
v)i'/o \0\"(”'\ /n-\')m' ) =0
/-
W o Oy .

L‘ ')m oy \” ae¥| =0 (24)

(

In our further consideration we shall omit the first and
the last equationof the system (13). Fromthe cqu.llmn\
(13) we ()l)ld“l m relationships:
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By using the results obtained we can formulate the fol-
lowing theorem: (1), ¢* are the optimal solutions
of the problem and x* (1) the coiresponding rsolution of
the equations (1), then there must exist a lunclmn (0,

X, ¢, u) and the veetor 2. different fromzero, the mlullon
ol the equations:

|
e | |
L= 2
! OX } | (0)
! I
so that | !
i
a) 2(x", ctout = sup kT L, )0, (27)
u i 1
by 7., =const. £0 (28)
¢) conditions ol transversality (23) and (24) are satis-
fied. ‘ !
lI
J(" Ve o . 1
d) ,\.\' dus "n \“o) - /'n~\“l ). (29)
L, ‘ !

| i
This theoremis different from the theoremof the prin-
ciple of maximum, the difference being the condition
(d) which provides m additional relationship for the
determination of pammclus ¢ +, ‘

Now, atlentionshould be dmwn tothe 10!10\)\'111;> special
cases. »

[ Lct the parameters be limited by the relationships
(o0, (= I,s=m) and let lhcopllmalsolull(m(,' be

i

such that : .
Foeh=0, Fje)<0, (k=Tmij=n+15). = (30)

‘Then, the corresponding part of the relationships in
(29) is substitutes by the equations from (30). |
|

I I initial and final conditions do not depend on the
parametersc, then the relationship (79)()hmmlhc form
of !

on R ’ ‘ .
J x di=-2., [‘,\_\,] ; ‘ (31)
&) 4 i !

HTIf the initial and final conditions and the terminal
partol the functional (4) do notdepend on the parame-
ters ¢, then the relationships (29) obtain the form of

‘l > 8 !
cn
dt=0
(& &

1

o

(32)
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EXAMPLE . i :
| i
Weight having miss mis lifted by applying the moment
M=uR (julcl'=const) and munlcrwc,ig,hl m;. By disre-
burdmg incrtia of all run.unlnb nmvcal)lc parts in the
1 i |
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: Figure 1.
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system, solve the optimal problem by finding the pa-
rametar my and control u, in respect to the condition

that time ol lifting the weight to the height h should be

minimal. 5
‘

Having in mind all this, the optimal problemiis defined:
| i
! : (my—-mg+vu

/. :1,‘\' « X9 = | j\}
X1 % my #m ()]
t0.:.“' xl(l())le(l;)):(): Xl(l])zh' XZ((I)={“ (34)
4o
[ dits>inf,  Jul g T ()
0 L :
()wingiln (18), (33) and (35) we have:
_J' ; y (my; —mg+u \
7). " oy, =l 30)
g !}°+ 12+ /2 [ m+m | (0
| ‘ |
where based on (20): |
' \
;"I=;Cl' ).2='L’11+C21 (‘;7) |

1

cnndil!on (27) allows us to lind the optimal control:

|

! | ¥
u’:ri)“sign o

or, with (37):

!
by
|
{

F ¥V le-().r)
u” : [ (38)
-I' Votenyl.
wheres 25(1)=0, or:
- _' Y
hecy(t-t) . Vite [().lIJ. (39)

|
Substituting (38) in differential cquations (33), from
general solutions, and conditions (34), and the condi-
tions of continuity: |
| |
| |
X () =X (T (1) =xy(T).

we gie t: E

H
|(113,—111)g—l’|l|+21{r=l) , (40)
[(n}y —m)g — lfllf +H4lt - 2072 = 2himy +m) (1)
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Based on (31), we get:

i

Y L )

J‘ cH .o2mg-u i
f - dt=U0=>]0,. . Jdt =0
iy o (mpdm)f

N o 1

or, from (38) and (39):
(2mg - l-')r2 —(2mg + ), - I)J =0, : (42)

I'romequations (40), (41) and (42), we arrive at:
! i
o SO =

i h 5 . ’T] s T
B N g +1). y =N (2mg +F 4+ \2mg - F
g B & '

| =3
m = ; Ndmg” — 177 - m.

From these solutions we can conclude, that for
I2mpV3, placement of counterwicght has no signifi-
cance.

THEORETICAL EXAMPLE

Consider a controlled motion of a holonomic, sclero-

nomic mechanical systemwhich is described in a phase

space Vi, by the equations:
W = -

Ny | 4 | :
g’ = ( s - P f,l,+()§'q. P+ U, (43)
" "

where: ¢ - generalised coordinates, p,, - generalised
impulses, [T=T+V - [Hamilton's function, 1" - kinetic
cnergy, V- potential energy, QulN- non-potential gen-
cralised force, and u,, - generalised force of control.
1.ct the initial and the final state of the system be:

(Pé‘v =[<l(l(,). h(l(,)] = i), \|riq(l - pul)} =0,

We will set the following problem. Let the intensity of
the control foree be constant, i.c.

i
'y vy -2 =0 (44)

U, U

where a"Pis a contravariant metric tensor of the con-
figurationspace R". Letusdetermine the foree of mini-
mum intensity under the action of which the mechani-
cal system will pass from the initial to the final state.
‘Therefore, the functional which is to be minimized has
the formof |

J=c. ; (43)
Pontryagin’s function, referring to (43) and (44) has the
form of
L1 o1l ;

(= o

(- 2 +Q,, +u, )+

W)
q

e e
Py

(40)
aft 0
+patu,u - c )

where p(t) is an underterminated multiplier, and the
veetor 7., v is the solution of the equations:

i cwo e

Ry S = s WoEE 5 (47)

q Py,
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(3;1 iI:\c busis (»f (25) we have
uE v HEv = Cag v vP )™,
and from (31) we have |
(l -
Juvirac=1,
t,
ACKNOWLEDGMENT }
This research was supported by the MNT of Republic
of Serbia (Project No 04MO3 and 12M12)
| DETERMINATION OF CONSTANT
’ PARAMETERS OF THE OPTIMALLY ‘
i CONTROLLED SYSTEMS
f Vidkovie, A. Obradovi

The pxob(cmol the optimality of the controlled motion
was considered by making asuitable selection of some
of its constant parameters. The space of the system
vectors of states, and of the vectors of control wis
expanded by introducing the space ot vectors of the
problen is based upon well-known methods of opti-
misation.

Under consideration is also the most general case
where the parameters are limited. and where they ap-
pear in the given initial and final conditions of motion
of the systern. Additional conditions for the determi-
nation of unknown paranieters were obtained. These
conditions were considered especially for some
classes of mechanical systems, the motions of which
were described in the phase space V.
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! ODREDJIVANJE KONSTANTNIH
[ PARAMETARA OPTIMALNO

' UPRAVLJANIH SISTEMA

i

J o Vikovid, A Obradovid I

Razmatra se problem optimalnosti upravljanog [kre-
tanja sistema pogodnim izborom nekih njegovih kon-
stantnih parametara. Prostor vektora stanja sistema i
vektora upravljanja prodiren je prostorom vektom
parametava l\op, treba odrediti. Resavanje p:oblem.l
Zasnovano je na poznatim metodina optimizacije.
Razmatva se najopstifi sluc¢aj kada su parametri
ograni¢eni i kada oni figurisu u zadatim poéelnlm i

Krajnjim uslovima kretanja sistema. |
l

Dobijeni sudopunskiuslovi za ()(IlCd]IlelJL nepomw
tih parametara. Ovi uslovi su posebno razmatrani za
neke klase mehanickih \I\ltll]dCl]L‘ kluanjejeoplwno
u fuznom prostoru V,, . 5
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