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This paper is dedicated to the establishment of a general procedure of forming the optimal 
control problem of variable-,�!!	 ���������,��	 ��
���,��	 ,
��������	 !�!�
,!�	 /�
�
	
reactions of constraints are present in differential equations of motion. Dimensions and 
structure of a configuration space depend on the number of reactions of constraints that are 
��
	 !���
��	 ��	 ���	 ���
�
!��	 �4
4	 ����	 ��
	 �
������!	 /��!
	 ,������"
!	 ��
	 !���
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��,�������!	 ��
	 ���!�"
�
"4	 5�	 ���!	 6�6
��	 ��
	 6���
"��
	 
����
!	 ��
	 "��
��	 �66����tion of 
8���������;!	 ,�<�,�,	 6�����6�
	 ���	 ��
	 !�!�
,!	 /���	 ��,��
"	 phase state. Attention is 
particularly focused on discussing various modes of realizing the control by combining the 
active control forces and subsequent imposition of ideal holonomic mechanical constraints. 

��chistochronic motions play an important role in this type of pro��
,!�	�
���!
	��	��
,	
the control of motion can be  �
���=
"	
<���!��
��	/���	�"
��	���!������!4 The paper provides 
���

	 
<�,6�
!	 ��	 ���!	 ,
���"	 �66���������	 /����	 ��
 related to the realization of the 
brachistochronic motion of mechanical systems.  

 
 
1. Introduction  
 
In the theoretical field of optimal cont����	��
	,�����	�6��,�=�����	�� !�!�
,!	/���	��,��
"	
phase state has been discussed in detail [1-+>�	 ���	 ��
	 ,���ematical models of those 
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restrictions imposed (theorems 22-&+�	?1]) is being solved. The immediate applications of 
such solving procedure of mechanical system control problems are sensible if the phase 
limitations belong to some subjective requirements (insurance against undesirable 
�
�������	��	��
	!�!�
,!�	���	
<�,6�
B4	
���	�f the motion of mechanical system is limited 
��	 ,��
����	 ���!������!�	 ��
��	 ��"
6
�"
��	 ��	 ��
	 ��������	 ��
	 ���!������	 �����s /�����	
�����"���	��	��
	6���
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	,
�����
"�	/���"	�
,���	E��"den” in the solutions for optimal 
control. Another important fact�	 /hich is not considered in the mathematical theory of 
�6��,��	 ��������	 �!	 ��
	 "���
�
��
	 �
�/

�	 ������,��	 ��"	 ���������,��	 ,
��������	
cons������!�	 
�
�	 ������ some authors refer to holonomic constraints as all phase 
limitations. 
The constraint reactions in 6��������	6����
,!	6�
!
��	��
	���"	��	��
	!�!�
,	/���	�!
���	��	
harmful consequ
��
!�	 ��" thus it is necessary to have a possibility of influencing their 
behaviour during the motion control process. Therefore� ��	 ���!	 6�6
��	 ��
	 ,���
,������	
model of a m
��������	 !�!�
,	/���	�
	/����
�	 ��	 !���	a /��	!�	�!	 ��	6����"
 the explicit 
presence ��	���!������	�
������!4	��
�
���	��	��
	���!�"
������	��	���	���!������	�
������! is 
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 and dimension of the configuration !6��
	 /���	 "
6
�"	 �6�� 
/����	��"	��/	,���	��	��
,	��
	the object of our interest. 
This paper is dedicated to the establishment of a general procedure of setting the problem of 
optimal control of mechanical systems in /��!
	 "���
�
�����	 
G������! a section of 
constraint reactions figure. ��
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!
�����	��	 ������,��	 ���!������!	 /��� figure in the equations of mechanical systems. The 
procedure applied in this paper enables the direct application of Pontryagin’s maximum 
6�����6�
�	 ��
�
���
	 ��
	 �6��,��	 �������	 6����
,	 !������	 6���
"��
	 ��!
��	 /���	 not be 
discussed herein.  
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�/

�	 some bodies in the system or even the force in the 
intersections of bodies themselves. The solution is found then for a number of examples 
related to the control by the help of mechanical constraints at various optimality criteria 
[10-$*>�	��/
�
��	��
	��!
!	/���	��,��
"	�
������s of constraints are not considered. 
This paper considers further generalization to the rheonomic systems and variable-mass 
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	�6��,��	�������	6����
,	 �!	 !
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of realizing the control by combining active control forces and subsequent imposition of 
ideal holonomic mechanical systems.   
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method enabled this paper’s authors and their collaborators to solve a number of optimal 
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references [23-+L>4	A more detailed presentation of other authors’ results is also found in 
?$�-22]. We briefly emphasize the fact that in the cited references by other authors there are 
no considerations of the problems concerning variable-,�!!	!�!�
,!	��"�	
<�
6�	 ���	?�+>�	
rheonomic systems have not been considered. It is noticeable that nonholonomic 
,
��������	 ���!������!	 ��
	 6�
!
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�!	 ?�L-+%>�	 /����	
���������	�
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	 �6��,��	 ,�����	 ��	 �	 6������
. This paper provides three examples illustrating a 
general method developed herein. 
�
�����	 +	 !��/!	 ��
	 �
���=�����	 ��	 �������	 ���	 ��
	 ��!
	 ��	 �	 ���������,��	 ��
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mechanical system ?$+>4	�/�	,�"
!	��
	6�
!
��
"�	�������	��	�����
	����
!	��"	/������	�he 
action of active forces. 
A general procedure of determining brachistochronic motions for the case of a variable-
,�!!	!�!�
,	�!	6�
!
��
"	��	?$%>�	��"	��
	
<�,6�
	���,	����	6�6
�	�!	!��/�	��	�
�����	%4 
We have demonstrated the procedure of realizing the control exclusively by the help of 
constraints realized in this ��!
	��	��
	�������	/������	!��66���	��	�	,�����	centrode on the 
fixed one. 
�
�����	N	�
�
�!	��	��
	��!
	/�
�	��
	�
������	��	���������,��	���!������	�!	��,��
"	��	��
	
problem of brachistochronic motion of the Chaplygin sleigh. In optimal motion the reaction 
of the blade is positioned on its boundary in one section of the motion interval. Here too the 
motion is realized by imposition of an additional ideal holonomic constraint. 
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2. Problem statement 
 
��
	 ��������
"	 ,�����	 ��	 �	 ��
���,��	 ,
��������	 !�!�
,	 /���	 �
!��������!	 ��	 �	 �
�����	
number of reactions of ideal mechanical constraints is considere"�	!�	��
��	6�
!
��
	!����"	
be ensured in differential equations of the motion of a system. Those holonomic constraints 
/��!
	 �
������!	 ��
	 ���	 !���
��	 ��	 �
!��������!	 !����"	 �e eliminated from consideration�	
/��ch is achieved by establishing the configuration space on those constraints. The number 
of dimensions n  of such space equa�!	 ��
	 "���
�
��
	 �
�/

�	 ��
	 �����	 ��,�
�	 ��	 ��
	
system coordinates and the number of elimin��
"	���!������!�	 respectively the sum of the 
��,�
�	 ��	 HQ�!	 ��	 ��
	 !�!�
,	 ��"	 ��
	 �����	 ��,�
�	 ��	 ���!������!	 /��!
	 �
������!	 ��
	
considered. In that space the configuration of the mechanical system is determined by 
generalized coordinates 1 2R � � � Bnq q q q� � . U
��	��	�	�
�
���	��!
�	��
	!�!�
,	��!�	������� 
�  variable-mass particles  
 R B� $� �m m t� � �� � � �  (1) 

/��!
	 6������
!	 ��
	 
<6
��
d ( 0)m� �� or gained ( 0)m� �� to the system by relative 
velocities 
 R � � B 4rel relv v q q t� ��

� � �  (2) 
Hereafter ��	/���	�
	���!�"
�
"	���� (1) and (2) ��
	���/�	��������!. 
The ���
���	
�
���	of the rheonomic system has the form 

 0
1 R � B R � B R � B � � $�444� 4
2

i j i
ij iT a q t q q a q t q a q t i j n� � � �� � �  (3) 

U
�	��
	!�!�
,	,��
	��	��
	��
�"	��	���/�	6��
�����	����
!	/���	6��
�����	
�
��� 
 R � B �q t� � �  R�) 
��"	 �
�	 ��
	 !�!�
,	 �
	 ��!�	 ���
"	 �6��	 ��	 ���������	 ���/�	 ���6��
�����	 ����
!�	 /��!
	
generalized forces are  
 R � � B � $� � 4w w

i iQ Q q q t i n� �� �  R+) 
In the configuration space there figure the mechanical constraints that are intentionally left 
to consider their reactions. Let the motion of the system be limited by r  ideal independent 
nonholonomic rheonomic mechanical constraints 
 � 	� R � B '� $�444� �i

ib q t b q t q r
 
 
� � ��  R%) 
and p  ideal independent holonomic rheonomic mechanical constraints 

 R � B '� $�444� 4q t p�� �� �  (7) 
��	��
	��!�!	��	/����	��
	���"�����!	���	�
������
!	��
	������
" 

 0.i
i q

tq

� �� �
 

� �




�  RL) 

The change in the mass of the system causes the occurrence of reaction forces varF�
�

that in 
the system of generalized coordinates have the form 

 var var

1 1
R � � B 4rel

i i i

r r
Q q q t F m v

q q
� �

� � �
� �� �


 

� �


 

� �
� �� �� �� �  (9) 
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5�	 �""�����	 ��	 ,
�����
"	 ����
!	 ��"	 �
!��������!�	 ��
	 !�!�
,	 �!	 !���
cted to the action of 
k active control forces F�

�
�	that is 

 
1

.
k

c
i i

r
Q F

q
�

�
� �



�



�

��
 (10) 

Differential equations of motion of such variable-mass system in the form of Lagrange’s 
equations have the form  

 varw c
i i i ii i i

d T T Q Q R Q
dt q q q


 
 
�
� � � � � � �


 
 

�

�
 (11) 

/�
�
	�
�
����=
"	����
!	 

 var var

1
R � � B 4i ii

r
Q q q t m v Q

q
�

� �
��



� �



�
� �

�� � �  (12) 

��
	 
<6�
!!���!	 ���������	 �
�
	 /��� var
iQ  are a consequence of the form of differential 

equations (11). They are annulled by the same expressions on the left-hand side of those 

G������!�	/�
�	"���
�
��������	/���	�
!6
��	��	��,
	�!	"��
. 
Generalized reactions of constraints iR have the form 

 i i iR b
q




�

� �

� �

� �



 (13) 

/�
�
 
�  and ��  represent multipliers of mec�������	���!������!	R%B	��"	RN). Z�/
�
��	�!	

the directions of ideal constraint reactions N�
�

 are defined by the constraints themselves�	
the generalized reactions can be expressed in the form 
 R � B � $�444�i iR d q t N p r�

� �� � �  R$�)  

/�
�
 R � Bid q t� ��
	���/�	��������!	����	"
���
	��
	"��
�����!	��	�"
��	���!������	�
������!. 
The quantities N�  represent the projections of each reaction to its eigendirection in 
particular. Such a manner of introducing the ideal constraint reactions into the equations of 
,�����	�!	����
��
��� because all limitations of constraint reactions can be imposed only by 
their projections N� . 

Such procedure can be also applied to control forces F�
�

�	
!6
������	��	���!
	!�!�
,!	/�
�
	
the directions of control forces are defined by the system configuration. Then 
 R � � B � $�444� �c

i iQ c q q t F k�
� �� ��  R$+B 

/�
�
 R � � Bic q q t� � ��
	���/�	��������!	����	"
���
	��
	"��
�����!	��	�������	����
! F�
�

 in the 
configuration space. The quantities F� are the projections of forces to those directions. 
�����
��	 /
	 ���	 �����"��
	 ��
	 �
����! 1 2R � � � BkF F F F� � and 1 2R � � � Bp rN N N N �� �  

from corresponding vector spaces kV and p rV � . The boundaries of those vectors 
determine the sets FU  and NU from corresponding spaces such that: 

 � 4k p r
F NF U V N U V �� � � �  R$%B 

5�	�	�
�
���	��!
�	��
!
	!
�!	���	�
	���!�ant or variable. The sets 
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 * **:NU N N N� � �� �  (17)  
and 
 * **^ �FU F F F� � �� �  R$L) 

/�
�
	 ��
	����"���
!�	 "
!�����
"	�� *( )  and **( ) � are constant represent an example of 
constant sets. 
5��	�n addition to the c��!������!	R%B	��" (7)� �����/���	��,�������!	��
	�,6�!
"	��	��
	!�!�
, 
 
 R � � B '� $�444� � �q q t s p r s n�� �� � � � ��  (19) 
/���� do not represent mechanical constraints�	 ��
	 !tructure of (11B	/���	���	�
	���nged. 
���!	����	��"����
!	�	�������	"���
�
��
	�
�/

�	,
�������� constraints and limitations (19). 
They only represent the required integrals of differential equations (11). 
Let the optimality of the system motion in the interval 0 1�t t� �� �  be required by the condition 

 
1

0

0 R � � � � B ��� 4
F

N

t

F Ut
N U

J F q q F N t dt
�
�

� �� �  (20) 

The state of the system on the interval ends �!	6�
!
��
"	/���	,������"  
 
 0 0 0 1 1 1R R B� R B� � R B� R B� B '� $�444� � �q t q t t q t q t t z n�� �� � �� �  (21) 
/���	���
�	 0t  and� in a general case� undetermined 1t . 
U
�	��
	!�!�
,	�
	�����������
�	�4
4	let �,���	��
	����/���
	����
s ( )F F t�  exist such that 
sat�!��	 ����
!	 �
!��������!	 R$%B�	 ��"	 ��!
"	 ��	 /����	 /
	 ���	 ������ the solutions of 
differential equations (11) that satisfy end conditions (21) and equations of constraints (%B� 
(7) and (19).   
Solving the problem of optimal control of a variable-,�!!	 ,
��������	 !�!�
,�	 /��!
	
differential equations are (11B�	���!�!�!	��	"
�
�,�����	��
	�������	����
!	 ( )F F t� and the 
!�!�
,	,�����!	����
!6��"���	��	��
,�	!�	����	��
	condition of optimality (20) is satisfied. 
_�	��
	!�,
	��,
�	��
	���"�����! R%B� (7B� ($%B� (19B� and (21) are satisfied. 
 
 
3. Solution of the optimal control task  
 
The previously defined problem should be formulated in a form convenient for the solution 
by applying the method of the optimal control theory. For that purpose� let us introduce 
n dimensional control vector R � Bu F N� and 2 1n �  dimensional state vector 

1R � � Bnx q q q �� �  /�
�
	��
���,��	����"����
	 1nq � satisfies 
 
 1 1

0 0$� R B 4n nq q t t� �� ��  (22) 
Differential equations (11) ���	�
	/����
�	��	�	�������������	���,�	��"	��	��
	��!�!	��	���!�	
/
	���	��!�	������	state equations that are linear for controls  
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 2 1� R B R B � $ � � � $�444� �i n i n i i ij n
jx x x f x f x u x i j m n� � �� � � � �� � �  (23) 

/�
�
 

 var � $�444�
R B � 4

� $�444�

im j
mi ij m w ij

jm j j jj j im j k
m

a c j kTf a a q a Q Q f
q q a d j k n�

 �
 
� !� � � � � � � � "

 
 � �!#

�� � �   R&�) 

Restrictions to state variables R%B�RLB	��" (19) can be then integrated 
 
 R B '� $�444� 4x p r s$% $� � � �  R&+) 
H���
�
��������	��
,	/���	�
!6
��	��	��,
�	��	�����"���
	/���	"���
�
�����	
G������!	R&*B�	/
	
obtain equations 
 R � B '�x u$& �  R&%B 
/�ere initial condition (22) should be added to end ���"�����!	 R&$B	�!	/
��	 �!	���"�����! 
(%B� (7)�	RLB	��" (19) at initial time moment 

 � 	0 0 0 0 0R B� R R B� B R B '�i
ib q t t b q t t q t
 
� ��   

 0 0R R B� B '�q t t�� �
0( )R B '�i

x x ti q
tq

� �� �
�


 

� �




�  (27) 

 0 0 0R R B� R B� B '4q t q t t�� ��   
All mentioned conditions on the interval boundaries can be represented in the form 
 0 1R R B� R BB '� $�444� & $ 4x t x t z p r s' '( � � � � � �  R&L) 

��
	 �
����	 ��	 ����/���
	 �������! u from the vector space n k p rV V V �� ) �	 considering 
R$%B�	belongs to the set U �	����	�! 
 .nu U V� �  (29) 
Additionally�	 ��
	 ����/���
	 �������!	 ,�!�	 ��!�	 !���!��	 ��
	 �
������! R&%B4	 ��
	 ����/���
	
controls on the interval 0 1�t t� �� ���
�	 ��	 �	 �
�
���	 ��!
�	 ��,��
"	 ��������!�	 6�
�
/�!
	
���������!�	/���	�	����te number of discontinuities. 
The optimality criterion (20) obtains the form 

 
1

0

0 R � B ��� 4
t

u Ut
J f x u dt

�
� ��  (30) 

��
	�
������!	R&*B�	R&+B�	R&LB�	R&KB	��" R*'B�	/���	�	!6
����
"	�������	��,
	,�,
�� 0t �	define 
fully the problem of optimal control in the form convenient for immediate application of 
8���������;!	 ,�<�,�,	 6�����6�
4	 5�	 ���!	 �
���"�	 ��!
"	 ��	 R&*B	 ��"	 R*'B�	 ��
	 ��������	 �!	
formed  
 0

0 2 1R � B R R B R B Bn i i ij
i n i j nH f x u x f x f x u* * * *�

� �� � � � �  (31) 
and�	based on it and the relations R&%B�	the conjugate system of equations 

 0 '�const* � �   � $�444� & $ �g g g
H g n
x x

$

$* +
 
&
� � � � �


 

�  (32) 

/�
�
 $+ are multipliers corresponding to the relations R&%B4	 5�	 �,���	 ��
	 ����/���
	
controls (29) there exists optimal control ( )opt optu u t� �	 the solutions ( )opt optx x t�  and 
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( )opt opt t* *�  correspond to it�	so that the maximum principle generates the conditions on 
the optimal trajectory 
 R � � B !� 6R � � B 4opt opt opt opt opt

u U
H x u H x u* *

�
�  (33) 

��
	 �
������!	 �����/���	 �,,
"���
��	 ���,	 ���!	 ���"�����	 �
6�
!
��	 ����	 ��
	 �
�
!!���	
conditions for extremal solutions R � Bext extu u x *� �	 �,���	 /����	�6��,��	��
!	 !����"	�
	
sought. 
Note that in differential equations (23) and relations R&%B	the controls figure linearly. Then�	
if the subintegral function 0 R � Bf x u  of the functional (30) is also linearly dependent of 
�������	 ��	 "�
!	 ���	 "
6
�"	 ��	 ��	 ��	 ����	 ��
�
	 ,��	 �����	 !�������	 �������!	 ��	 !�,
	
subintervals.  
w
	���
	��	
<�,6�
	��	�	��!
	/�
�	����/���
	�������!	�
����	��	�	���!����	!
�	 
 * **: j j jU C u C� �  R*�B 

��"	 /hen minimization of the interval 0 1�t t� �� � is conditioned�	 �4
4	 /�
� 0 R � B $f x u � . It 
�����/!	��
�	���,	R**B	����	 

 

*

� ��!�������
**

� R B '

R � B� R B ' �

� R B '

ij
j n i

ij
j ext n i

ij
j n i

C f x

u u x f x

C f x

*

* *

*

�

�

�

 �
!
!� �"
!

�!#

 R*+B 

/�
�
	�	!6
����	6����
,	�!	����	/
	"�	���	���/	��	�"����
	��
	!�������
	��	the control for 
time subintervals� and singular controls are determined by the help of a special theory of 
singular optimal controls [+K]. ��
	��
���	��!�	,��
!	��������
	��
	#
��
�	���"�����!	?%'>	
��	!�������	���
����!	�!	/
��	�!	���"�����!	���	��
	�����������	��	!���ular and nonsingular 
sections [%$]. 
Note that there is a possibility that some controls iu  do not have imposed constraints (29)�	
i.e. they belong to an open set. Let such controls be 1k . 5�	����	��!
�	������	����	�ccount that 

the functions R � Bx u$ $& � & linearly depend here of the control�	 it is ��/��!	 ���, 1k  of 

relations R � B 'x u$& �  that !���	 �������!	 ���	 �
	 
<6�
!!
"	 ���	 ���
�	 �������!�	 ��"	 ���!	
obtained dependency is also linear. In differential equations (23)� then 1$�444�j n k� �  and 

mentioned 1k  relations R � B 'x u$& �  are excluded from relations R&%) and (32). 
��"	���"�����!	 R&L) are completed by corresponding transversality conditions [1]�	 so that 
their total number equals the total number of differential equations� � &n � �	/�
�
�	��	��!
!	
/�
� 1t  is not specified�	 the condition 0 0R R B� R BB 'H x t t* �  or 1 1R R B� R BB 'H x t t* �  is 
available. 
Substituting extremal control R � Bext extu u x *� into a basic system (20) and conjugate 
system R&LB�	 /
	 ������	 ��
	 �/�-point boundary value problem of the system of ordinary 
nonlinear differential equations. The difficulties in its numerical solving are a limiting 
factor in the application of the Maximum principle in optimal control of mechanical 
!�!�
,!�	��"	
���	!���
!!����� solved problem of this type certainly deserves attention. The 
����	��	 �
�
���	 ��
��
,!	��	 ��
	
<�!�
��
	��	�8
�8	!�������!	,��
!	�!	,�!�	���
�	 !

�	
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!�������!	/������	such ��
��
,!�	��"	a special problem are also multiple solutions among 
/����	�6��,��	ones too have to be sought. 
After numerical computations ?%&> /
	������	!�������!	��	�	��,
�����	���, 
 R B � R B� R B �ext ext ext ext ext extx x t t u u t* *� � �  (3%) 
therefore the procedure of determining extremal controls is completed. 
 
 
4. Realization of optimal control in systems with mechanical constraints 
 
On the basis of solution R*%B	�	in addition to the ��/	��	�����
	��	 k  control forces�	/e also 
������
"	��
	��/!	��	�����e in p r� reactions of ideal constraints 
 
 R B � R B �F F t N N t� � � �� �  (37) 
so it is evident here that the realization of optimal motion is achieved by the action of active 
control forces. Note that this paper ���!�"
�!	 ��
	��!
	/�
�	 ��
	��,�
�	��	�����
	�������	
forces equals the number of DOFs of a mechanical system�	/����	�!	��
	,�!�	��,,��	��!
	
��	,�����	�������	6����
,!�	��������	 ��
	,
���"�����	�!
"	 ��	 ���!	6�6
�	 �!	�66������
	 ��	
���
�	��!
!	�!	/
��4	  
If ��
	��,�
�	��	�����
	�������	����
!	�!	����
�!
"�	!�,
	��	��
,	���	�
	�����������	���
�	��	
satisfy extremal solutions R*%). It is even possible to have ��
	 ��!
	 /�
�	 �
/	 �����
	
forces ( )kF u t� ���  ��
	 �����"��
"�	 /����	 /���"	 �
�"	 ��	 ���	 �
������! of holonomic and 

nonholonomic mechanical constraints being equal to zero ( '� '
 �� �� � ). 
|
�!�����	 ��	�����
�	"��
�����	 �!	��!�	��	 ���
�
!��	��"	 ��	 �!	/�
��
�	�
/	 �"
��	,
��������	
constraints can be subsequently imposed on the system instead of �����
	�������	����
!�	��	
�����"���
	 /���	 R*%B�	 !�	 ����	 ,�����	 �������	 ���	 �
	 �
���=
"	 ����	 ��	 �"
��	 ���!������!	
/������	 ���	 ������	 ��	 �����
	 ����
!4	 5�	 ����	 ��!
� ��
	 ��"
6
�"
��	 �
/��	 �����"��
"	
holonomic scleronomic constraints 
 
 R B ' � $�444� $q k,- ,� � �  (3L) 
must be such that their reactions substitute the action of active control forces 

 c
i i iQ c u

q

,
�

� ,
-� 


� �



 (39) 

and lead to the conditions critical for further consideration  
 
 0.i

ic u q�
� ��  (�') 

��
�	��"����
	����	 ��
	6�/
� c i
iQ q� ��	�������	 ����
!	
G���!	=
���	/�
�
���,	��
�
	�����/!	

��
	�
!��������	��	��
	���!!	��	6����
,!	/�
�
	��	�!	6�!!���
	��	�������	���!������!	����4	���!	
class of problems also includes the problem of brachistochronic motion as a special type of 
time minimization problem ( 0 1f � ). The conditions (�') represent part of the conditions 

R � B 'x u$& � �	/�
�
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 0 0 0 0 0 0 0 0 0' � R B � R � � B R � B �i it q t q T q q t q t E� � �� ��   � 	1 1 .i iq t q�  (�$) 
5�	�
��	6����
,!	��	��
	,
��������	!�!�
,!�	����"	��"�
!� in particu����	��
	!�,6�
!�	/��	�!	
��	�,6�!
	���"
!	/����	
�!��
	����	 ��
	����
�����
!	��	��
	����
!6��"���	��,�
�	��	6����!	
��
	 ��	 �����"���
	 /���	 ��
	 6�
����!��	 "
�
�,��
"	 ������!���������	 ,�����4	 ���!	 ���	 �
	
�
���=
"	 ��	 ��	 �������
	 ��,�
�	 ��	 /��!�	 /�
�
	 ��
	 "
�
�mination of reactions of the 
constraints and multipliers alone is not of particular interest.  The choice of point can also 
be imposed by the simplest design solution. 
5�	���
�	��6
!	��	�6��,�����	6����
,!�	/�
�
	��	��
	�6��,��	����
�����	��
	6�/
� c i

iQ q�  of 
�������	����
!	�!	"���
�
��	���,	=
���	 ��	 �!	6�!!���
	��	�����"�����	�
/	�"
��	���!������!	 ��	
reduce the number of k active control forces by the number identical to the number of 
�
/��	�����"��
"	��"
6
�"
��	,
����ical constraints. 
 
 
5. Example 1: Brachistochronic motion of a nonholonomic rheonomic mechanical 
system [15] 
 
Q�	�	����	����=�����	�����	��	ice (plane , ) caught in the !
�	����
���	/���� starts to move 
����!������	��	�	!�������	���
	/ith constant acceleration a  R!

	���4	$B�	� sleigh is moving so 
that it remains in con����	/���	}	��	���

	6����!	�!	!��/�	��	���4$4	��
	���!�	�/�	6����!�	��	
the supports 2N  and 3N �	 ���	 !��"
	 ��	 ���������	 "��
�����!	 ��	 6���
	 , . The third point�	
( )M �	 �!	 ��
	6oint of contact of the vertical blade S �	 ����
��
"	/���	 !�66���	 1N �	��	 ��
	
sleigh /���	��
	6���
	 , . This point cannot move in the direction perpendicular to the flat 
surface of the blade. The configuration of the sleigh in relation to plane ,  defines the set of 
Lagrange coordinates 1 2 3R � � Bq q q �	/�
�
	 1

Cq x� �	 3
Cq y� �	��
	~���
!���	����"����
!	��	

point M �	 /hile 2q %�  represents the angle made by the axis Ox  and the straight line 
/����	�!	��
	���
�!
�����	��	��
	���"
�!	flat surface /���	6���
	 , . The mass of the sleigh is 
m  and radius of gyration �  for the central axis of inertia perpendicular to the plane of 
motion , 4	 _�!��	 ������	 ��	 ��
	 �
���
	 C  ��	 ��
	 ,�!!	 �!	 ��
	 ��!���!	 ��������	 /����	 �!	 ��
	
linear function of ��
	 ,�!!	 �
���
;!	 ��!����
	 �
�������	 /���	 ��
	 ���!����	 ��
�����
��	 ��	
proportionality b . Points C  and M  are on a joint vertical straight line. Define the 
brachistochronic motion of the sleigh. Determine the control force ( )F F t�

� �
 to be acted 

/���	��	6����	 A  ( 2CA m� ) of the sleigh so as to realize the mentioned brachistochronic 
,�����4	���/	����	��
	�������	����
	���	�
	�
���=
" by the imposition on the sleigh  �	�
/	
bilateral ideal holonomic constraint identical /��� the trajectory of the point A � obtained 
���,	�����
	
G������!	��	������!���������	,�����	R��	��	��
�
��	�	�
�/��	�!	,�"
�	/��!
	
axis is the trajectory of the point A  ��"	 �	 �
��	 ��
"	 ��	 ��
	 !�
����	 �!	 !��"���	 �����	 ��
	
�
�/���	��^	�����	�	!,����	/��
	�
��	�����	��
	����
�����	��	��
	6����	 A  a small-sized ring 
�!	!��"����	��
"	��	��
	6����	 A  of the sleigh). 
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  Figure 1. The sleigh of the iceberg. 
 
��
	���
���	
�
����	6��
�����	
�
���	��"	�
�
����=
"	"�!!�6����
	����
!	�
�" 

 

2 2
1 2 2 2 2 3 2 1

1 3
1 2 3

RR B R B R B B �
2 2
'� R B� '� �w w w

m ma tT q q q matq

Q b q at Q Q bq

�� � � � �

� � � � � � � �

� � � �

� �
 R�&B 

  /�
�
	��
	���������,��	���!������	
G������	R%) is  
 

 
3 2 1(tan ) 0.q q q� �� �  R�*B 

In this example there are not limitations of constraint reactions at the contact point M of the 
���"
	��	��
	6���
�	���	��
	��
�
	���!������!	��	�����
	�������	����
! 1 1F u�  and 2 2F u� �	
i.e. there are no limitations (29)�	 so that the reaction of nonholonomic constraint can be 
eliminated from further procedure by using one of the conditions R&%B�	/�
�
	��
	6�/
�	��	
�����
	�������	����
!	
G���!	=
���	��"	��
	�
������	R�'B	��!	��
	���, 
 
 2 2 1 2 2 2 3

1 2 2 1 2( cos sin ) ( sin cos ) 0 .u q u q q CAu q u q u q q� � � � �� � �  R��B 
End conditions (2LB	��
 

                     

1 2 3 1 2 3
0 0 0 0 0 1 1 1 1

2 2
1 2 2 2 2 3 2 1 0

0 0 0 0 0 0

3 2 1
0 0 0

'� R B '� R B � R B '� R B * � R B � R B �

RR R BB R R BB R R BB B R B �
2 2

( ) tan ( ( )) ( ) 0 .

t q t q t q t q t L q t q t L

ma tm q t q t q t ma tq t E

q t q t q t

� �

�

� � � � � � �

� � � � �

� �

� � � �

� �

R�+B 

��
	�/�-6����	����"���	����
	6����
,	��	��
	!�!�
,	��	$�	"���
�
�����	
G������!	��	��
	���!�	
���"	/���	��	�����/�	 �
�,����	 ��,
	,�,
��	/�!	 !���
"	��	 ��
	 !�������	,
���"	 ���	 ��
	
�����/���	��,
�����	����
!	��	��
	6���,
�
�!  
 

                 
2

10
0 12 2

2 $N+ � $ � $ � * � $ � '� 4
�

E m m ba m L m s
m s s m

,� � ��� � � � � � � R�%B 

Fig.2 !��/!	"�����,!	��	�����
	�������	����
!	��" Fig.3 trajectories of points A and C. 
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Figure 2. Diagrams 1 1( )F F '�  and 2 2 ( )F F '� �	 1/t t' �  

 
Figure 3. Trajectories of points A and C 
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Figure 4. Control forces at point A 
 

���4�	!��/! control forces at point A�	/�
�
 

 
2
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��� �

( ) ( )

C
Ar

V
Cr

V CAq
V q q


 � �
�

�

� �
 R�NB 

and in [$+] a proof has been derived that V F
 
�  and 0ArF V. �
� �

. 
��
	!
���"	/��	��	�
���=
	��
	control of motion is a subsequent imposition to the system an 
�""�������	 �"
��	 ������,��	 ���!������	 R��	 �!	 ������!	 �
�
	 ����	 

�������;!	 �"
�	 ��	 ��
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realization of control forces by means of an ideal constraint has been utilized - the reaction 
��	����	���!������	/���	!��!�����
	��
	������	��	��
	,
�����
"	�����
	�������	����
	 F

�
).  

_�!��	��	��!	�

�	!��/�	����	��	��	�""�������	���!������	�!	/����
�	��	��
	���, 
 1 1 2 3 2 1 2 1 2R B R R � BB !�� � R � B �� ! �A A Aq y x q q q CA q x q q q CA q- � � � � � R�LB 

its multiplier 2
1 cos( )FF q� 
� �  actually represents negative projection of the reaction of 

�
/	���!������	��	�<�! yO . 
 
 
6. Example 2: Brachistochronic motion of a variable-mass mechanical system [16] 
 
The rod AB  has a mass m �	 �
����	 2L  and radii of gyration =Ci L  about an axis 

perpendicular to the rod and passing through the mass center C  of the rod ( = =AC BC L ). 
The rod moves in a uniform gravitational field in a vertical p���
	������"���	/��� the fixed 
plane Oxy  R!

	���4$B	/�
�
	 y  �
6�
!
��!	��
	�
������	�<�!	"��
��
"	�6/��"!	��"	 x  is the 
horizontal axis of a Cartesian coordinate system. The local Cartesian coordinate system 
C/�  has its origin at point C  ��"	��	�!	������
"	��	��
	��"	��	��
	,���
�	!��/�	��	���4$4	5�	
the moment 0 = 0t �	��
	"��
�����	��	��
	��"	������"
!	/���	�<�!	 x  (position 0 0A B  in Fig.1). 
  

 
 

Figure 5. Variable-mass system 
 
5�	 ���4$�	 ��
	 G�������
!	 1q  and 2q  are Cartesian coordinates of the mass center C �	 �4
4�	

1
Cx q�  and 2

Cy q� �	��"	 3q  is the rotational angle of the rod. At both ends of the rod 
��
�
	 ��
	 �/�	 �������
-mass particles A  and B �	 /��!
	 ,�!!
!	 �����
	 �����"���	 ��	 ��
	
�����/���	��/ 
 ( ) = ( ) =A Bm t m t m kt�  R�KB 
/�
�
	 k  is a specified positive constant. The expelled masses have the relative velocities 

A
relv�  and B

relv�  of the constant magnitude 

 = =A B
rel relv v v  (+') 
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/�
�
	 v  is �	!6
����
"	6�!����
	���!����4	H�����	,������	��
	�
������	 B
relv�  has the direction 

��	��
	��"�	/���
	��
	�
������	 A
relv�  lies in the plane Oxy  and has the direction perpendicular 

to the rod. 
It is needed to det
�,��
	��
	������!���������	,�����	��	��
	!�!�
,	"
!����
"	�!	/
��	�!	��!	
�
���=�����	/������	 ��
	������	��	�����
	�������	 ����
!4	��
	 �������	 ��"	 �
�,����	���"�����!	
are specified as: 
 1 2 3

0 0 0 0� ' � R B � R B � R B � ' �t q t q t q t  

 � 	 � 	 � 	2 2 21 2 2 3
0 0 0 0

3 R B R B R B � �
2
m q t q t L q t E� �

� �0 1
� �
� � �  (+1) 

 1 2 3R B � R B � � R B � 4
2f f fq t q t L q t ,  

 
The differential equations of motion in the expanded form read 
 
 � 	1 3 3

1R* & B � ��! !�� �cm kt q kv q q Q� � ���  

 � 	2 3 3
2R* & B � ��! !�� R* & B �cm kt q kv q q m kt g Q� � � � ���  (+2) 

 2 3
3R* & B � �cm kt L q kvL Q� ���  

/�
�
	 =g gj�
�� �	 g  is the acceleration of gravity. 

  
The �/�-point boundary value problem �!	!���
"	���	��
	�����/���	����
!	��	��
	6���,
�
�!^ 
 

 
2

0 2 2� $ � � $ � � *' � � $ � � $ � � K4L$ �kgm m kg mL m m kg E v k g
s ss s

 R+3) 

5�	 ��
	 
<�,6�
	 ���!�"
�
"�	 ��
	 �
���=�����	 ��	 �
�
����=
"	 �������	 ����
!	 c
iQ  has been 

achieved via reactions of constraints using fixed and moving centrodes of the rod . The 
,�����	 �
����"
	 �
6�
!
��!	 �	 ����
	 ������
"	 ��	 ��
	 ��"	 /����	 ����
!	 ��
	 ��!������
��!	
center of zero velocity of the rod. The fixed centrode represents a curve fixed in the plane 
Oxy  /����	����
!	��
	��!������
��!	�
��
�	�f zero velocity of the rod. The motion of the 
rod AB  �!	
G�����
��	 ��	 ��
	�������	/������	!��66���	��	 ��
	,�����	�
����"
	��	 ��
	 ��<
"	
one. The parametric equations of the fixed centrode are : 

 
2 1

1 2
3 3� � � �q qx q y q

q q
� �
� �
� �

 R+�B 

and of the moving one are: 

 � 	 � 	1 3 2 3 1 3 2 3
3 3

1 1� !�� ��! � � ��! !�� 4q q q q q q q q
q q

/ �� �� � � �
� �

 R++B 

The fixed centrode and the moving centrode for the positions of the rod corresponding to 
the time instances 0 = 0t  and ft  �!	/
��	 �!	 ��
	 ����
�����
!	��	6����!	 A �	 B �	 ��"	 C  are 
!��/�	��	���4%.  
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Figure 6. 
�����!�ochronic motion of the variable-mass system 

 
 
7. Example 3: Brachistochronic motion of the Chaplygin sleigh with restricted 
reactions of nonholonomic constraints [17 ] 
 
In ��
	 
<�,6�
	 ���!�"
�
"�	 the realization of time motion minimization for Chaplygin 
sleigh is achieved via the subsequent imposition of ideal constraint at the mass center C�	
���4N�	/�
�
	��
	���"
	�!	6�!�����
"	��	6���� A and has the direction of the straight line AC. 
 

 
Figure 7. The Chaplygin sleigh 

 
Differential equations of the simplified optimal control problem read 
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2 2

2
2

� ��! � � !�� � � � � � � �

$ � �c

x V y V u V a k u
V

J
k a AC

ma

�% % % � � �

� � �

�� �� �
 R+%B 

/�
�
	��
	�������	�������
	 u  represents the angular acceleration of the sleigh�	,	is the mass 
of the sleigh and cJ is the central principal moment of inertia. Note that the last differential 

G������	/�!	������
"	��	"���
�
��������	��
	���
���	
�
��� /���	�
!6
��	��	��,
	 t . Angular 
acceleration and the react���	 ��	 ���������,��	 ���!������	 ��
	 ����
"	 ��	 ��
	 �
������ 

cJ u aR� � � and here the reaction of nonholonomic constraint is limited bR N� �	 so that 
the control is restricted by relations 
 

 .b b

c c

aN aN
u

J J
� � �  R+NB 

Let the values of state variables x �	 y �	 %  ��"	���
���	
�
���	��	��
	!�
���	�
	!6
����
"	��	
the beginning of motion 

 2 2 2 2 0
0 0 0 0 0 0

2
� ' �R B � ' � R B � ' � R B � ' � R B R B � �

T
t x t y t t V t a k t

m
% ��  R+LB 

�!	/
��	�!	��
	����
!	��	!���
	�������
!	 x �	 y �	%  at the terminal position of the sleigh 
 
 1 1 1 1 1� � R B � � R B � � R B �t t x t a y t a t% %  R+KB 
/�
�
	 1t  is free. 
The brachistochronic motion problem of the Chaplygin sleigh consists in determining of the 
control u  and the state variables x �	 y �	% �	� �	 v  ����
!6��"���	��	��
,�	!�	����	��
	!�
���	
starting from initial 6�!�����	 /���	 ���
�	 �������	 ���
���	 
�
���	 0T  reaches the terminal 
position for the minimum time 1t .  
��
	 6����
,	 /�! !���
"	 ���	 ��
	 �����/���	 ����
!	 ��	 ��
	 6���,
�
�! = 2m kg �	 = 1a m �	

2 3
0 = 200 /T kgm s � 2k � �	 = / 2f% ,  and various values of bN . ���4L	 !��/!	 ��
	

dependency of optimal control on angle %  ���	 ��
	��!
	/�
�	 ��
	�
!��������	��	���!������	

reaction is 230 /bN kg m s� . For � 	 2� $N4*+$'� �b b crN N kgm s� �	 ��
	 �������	 �!	 ��	 ��
	
bang-bang type. 
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Figure 8. Optimal control ( )u u %� for 230 /bN kg m s�  
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