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We present a fixed point result in quasi b-metric spaces. Our result generalizes recent fixed point results obtained by Aleksić et al.,
Dung and Hang, Jovanović et al., Sarwar, and Rahman and classical results obtained by Hardy, Rogers, and Ćirić. Also, we obtain a
common fixed point result in b-metric spaces. As a special case, we get a result of Ćirić and Wong.

1. Introduction

The notion of a generalized contraction was presented by
Ćirić in his dissertation [1]. In [1], Ćirić proved the first
fixed point result for this class of mappings, which was pub-
lished in [2]. Ćirić also published several papers on general-
ized contractions, such as for multivalued mappings in [3],
on common fixed point of not necessarily commuting map-
pings in [4], for probabilistic metric spaces in [5, 6] and fixed
point result of Meir-Keeler type in [7]. For further historical
remarks of the papers of Ćirić, see [8].

In 1973, Hardy and Rogers [9] proved a result of fixed
point on metric space, which was extended to common fixed
point result by Wong [10].

The results of common fixed points of Wong [10] and
Ćirić [4] are independent. More concepts of common fixed
points can be seen in [11, 12].

Also, Fréchet in the paper [13] introduced a class of metric
spaces which are included in the class b-metric spaces. First,
fixed point result in a b-metric space was presented by Bakhtin
[14] and Czerwik [15] (for more on b-metric spaces see
[16–23]). In the last few decades, many generalizations of a
metric space appeared in literature. For some historical aspects

of various generalizations of a metric space, the reader may
refer to [24].

In this paper, we present a fixed point theorem for a
mapping defined on a quasi b-metric space which general-
izes recent fixed point results obtained by Aleksić et al.
[16], Dung and Hang [18], Jovanović et al. [25], and Sarwar
and Rahman [22]. Further, we obtain a result of common
fixed point on a b-metric space. Our result generalizes the
classical results presented by Ćirić [4] and Wong [10].

2. The Quasi b-Metric Spaces

We start with definition of quasi b-metric spaces, which was
introduced by Shah and Hussain [23].

Definition 1. Let X be a nonempty set, d : X × X ⟶ ½0,+∞Þ
and s ∈ ½0,+∞Þ. Then, ðX, d, sÞ is a quasi b-metric space if

(1) dðμ, νÞ = 0 if and only if μ = ν

(2) dðμ, ξÞ ≤ s½dðμ, νÞ + dðν, ξÞ�, for all μ, ν, ξ ∈ X

Clearly, ðX, d, 1Þ is a quasi metric space.
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Remark 2. Let ðX, d, sÞ be a quasi b-metric space and dðμ,
νÞ = dðν, μÞ for all μ, ν ∈ X. Then, ðX, d, sÞ is a b-metric
space.

Lemma 3. Let ðX, d, sÞ be a quasi b-metric space. Then, s ≥ 1.

Proof. Let μ, ν ∈ X. Then, dðμ, νÞ ≤ s½dðμ, νÞ + dðν, νÞ� = sdð
μ, νÞ. So, s ≥ 1.☐

Remark 4. Let ðrnÞ be a sequence of nonnegative real num-
bers such that rn+1 ≤ rn and limn⟶+∞rn = 0. A quasi b
-metric space is a topological space with fBnðμÞgn∈ℕ, as a
base of neighborhood filter of the point μ where BnðμÞ = f
ν ∈ X : dðμ, νÞ < rng:

Definition 5. Let ðX, d, sÞ be a quasi b-metric space and a
sequence ðμnÞ ⊆ X.

(1) Sequence ðμnÞ is a left Cauchy sequence, if dðμn,
μmÞ⟶ 0 as m, n⟶ +∞

(2) A quasi b-metric space ðX, d, sÞ is left complete if
every left Cauchy sequence converges to some μ ∈
X

Definition 6. Let ðX, d, sÞ be a quasi b-metric space and the
sequences ðμnÞ, ðνnÞ in X be such that limn⟶+∞μn = μ
and limm⟶+∞νn = ν: A mapping d is sequentially continu-
ous if limn,m⟶+∞dðμn, νmÞ = dðμ, νÞ.

We will use the following lemma in our main results.

Lemma 7 (see [26]). Let ðX, d, sÞ be a quasi b-metric space
and ðμnÞ ⊆ X. If there exists λ ∈ ½0, 1Þ such that

d μn, μn+1ð Þ ≤ λd μn−1, μnð Þ, ð1Þ

for all n ∈ℕ, then ðμnÞ is a left Cauchy sequence.

3. A Fixed Point Theorem in Quasi b-
Metric Spaces

Let X ≠∅ and f : X⟶ X be a given mapping. Then, μ∗ ∈ X
is a fixed point of mapping f if f ðμ∗Þ = μ∗. Let μ0 ∈ X, and
consider the sequence ðμnÞ defined by μn = f nðμ0Þ, i.e., ðμn
Þ is a sequence of Picard iterates of mapping f at point μ0.

Now, we present our first result, which generalizes recent
fixed point results obtained in [16, 18, 22, 25] for generalized
contractive mappings defined on b-metric spaces.

Theorem 8. Let ðX, d, sÞ be a left complete quasi b-metric
space and a mapping f : X⟶ X. If there exist α, β, γ ∈ ½0,
1� such that α + β + γ < 1, β ≤ γ and

d f μ, f νð Þ ≤ α max d μ, νð Þ, d μ, f μð Þ, d ν, f νð Þ, d μ, f νð Þ + d f μ, νð Þ
2s

� �
+ β

d μ, f νð Þ
s

+ γd f μ, νð Þ,
ð2Þ

for any μ, ν ∈ X, then for any μ0 ∈ X sequence of Picard
iterates ðμnÞ defined by mapping f at μ0 is left Cauchy
sequence. Moreover, if f is sequentially continuous or d is
sequentially continuous, then, f has unique fixed point μ∗ ∈
X and μn ⟶ μ∗ as n⟶ +∞.

Proof. Let μ0 ∈ X be arbitrary and ðμnÞ sequence of Picard
iterates defined by f at μ0. Then

d μn+1, μn+2ð Þ = d f μn, f μn+1ð Þ
≤ α max d μn, μn+1ð Þ, d μn, f μnð Þ, d μn+1, f μn+2ð Þ, d μn, f μn+1ð Þ + d f μn, μn+1ð Þ

2s

� �

+ β
d μn, f μn+1ð Þ

s
+ γd f μn, μn+1ð Þ

≤ α max d μn, μn+1ð Þ, d μn+1, μn+2ð Þ, d μn, μn+1ð Þ + d μn+1, μn+2ð Þ
2

� �
+ β

d μn, μn+2ð Þ
s

≤ α max d μn, μn+1ð Þ, d μn+1, μn+2ð Þf g + βd μn, μn+1ð Þ + βd μn+1, μn+2ð Þ:
ð3Þ

If dðμn, μn+1Þ < dðμn+1, μn+2Þ, then,

1 − α − βð Þd μn+1, μn+2ð Þ < βd μn, μn+1ð Þ, ð4Þ

which implies

d μn+1, μn+2ð Þ ≤ β

1 − α − β
d μn, μn+1ð Þ < d μn, μn+1ð Þ: ð5Þ

So, dðμn, μn+1Þ ≥ dðμn+1, μn+2Þ which implies

1 − βð Þd μn+1, μn+2ð Þ ≤ α + βð Þd μn, μn+1ð Þ: ð6Þ

Hence, we get that

d μn+1, μn+2ð Þ ≤ α + β

1 − β
d μn, μn+1ð Þ < α + β

α + γ
d μn, μn+1ð Þ = λd μn, μn+1ð Þ,

ð7Þ

where λ = α + β/α + γ < 1: So, by Lemma 7, we obtain that
ðμnÞ is left Cauchy sequence. It is convergent because ðX, d
, sÞ is left complete. Thus, exists μ∗ ∈ X such that μ∗ = lim
μn.☐

Case 9. Let a mapping f be a sequentially continuous.
Then

μ∗ = limμn = limf μn = f μ∗: ð8Þ

Case 10. Let d be a sequentially continuous.
Then

d f μn, f μ∗ð Þ ≤ α max d μn, μ∗ð Þ, d μn, μn+1ð Þ, d μ∗, f μ∗ð Þ, d μn, f μ∗ð Þ + d f μn, μ∗ð Þ
2s

� �

+ β
d μn, μn+2ð Þ

2s + γd fμn, μ∗ð Þ,

ð9Þ

2 Journal of Function Spaces



which implies

limd f μn, f μ∗ð Þ ≤ lim α d μn, μ∗ð Þ, d μ∗, f μ∗ð Þ, d μn, f μ∗ð Þ + d f μn, μ∗ð Þ
2s

� ��

+ β
d μn, μn+2ð Þ

2s + γd f μn, μ∗ð Þ
�
:

ð10Þ

So, we get that

d limμn+1, f μ∗ð ÞÞ ≤ lim α max d limμn, μ∗ð Þ, d limμn, limμn+1ð Þ, d μ∗, f μ∗ð Þ,f½
� d limμn, f μ∗ð Þ + d limμn+1, μ∗ð Þ

2s

�
+ β

d μn, μn+2ð Þ
2s

+ γd limμn+1, μ∗ð Þ�:
ð11Þ

Hence,

d μ∗, fμ∗ð Þ ≤ α max d μ∗, μ∗ð Þ, d μ∗, μ∗ð Þ, d μ∗, f μ∗ð Þ, d μ∗, fμ∗ð Þ + d μ∗, μ∗ð Þ
2s

� �

+ β
d μ∗, μ∗ð Þ

2s + γd μ∗, μ∗ð Þ = αd μ∗, fμ∗ð Þ:

ð12Þ

It follows that μ∗ = f ðμ∗Þ because α ∈ ½0, 1Þ. Finally, sup-
pose that there are two fixed points of mapping f , i.e., f μ∗

= μ∗, f ν∗ = ν∗. Then, we get

d μ∗, ν∗ð Þ = d fμ∗, f ν∗ð Þ ≤ α d μ∗, ν∗ð Þ, d μ∗, μ∗ð Þ, d ν∗, ν∗ð Þ, d μ∗, ν∗ð Þ + d μ∗, ν∗ð Þ
2s

� �

+ β
d μ∗, ν∗ð Þ

2s + γd μ∗, ν∗ð Þ ≤ α + β + γð Þd μ∗, ν∗ð Þ:

ð13Þ

which implies that μ∗ = ν∗.

Corollary 11. Let ðX, d, sÞ be a left complete quasi b-metric
space and a mapping f : X⟶ X. If there exist α ∈ ½0, 1Þ such
that

d f μ, f νð Þ ≤ αd μ, νð Þ, ð14Þ

for any μ, ν ∈ X, then for any μ0 ∈ X sequence of Picard
iterates ðμnÞ defined by mapping f at μ0 is left Cauchy
sequence. Moreover, if f is sequentially continuous or d is
sequentially continuous, then, f has unique fixed point μ∗ ∈
X and μn ⟶ μ∗ as n⟶ +∞.

Example 12. Let X = ½0, 1� and mapping f : X ⟶ X defined
by f μ = μ/2, μ ∈ X: Let d : X × X ⟶ ½0,+∞Þ defined by

d μ, νð Þ =
μ − νð Þ2, μ > ν,
μ − νð Þ4, μ < ν,
0, μ = ν:

8>><
>>:

ð15Þ

Since, ða + bÞ2 ≤ 2ða2 + b2Þ and ða + bÞ4 ≤ 8ða4 + b4Þ, for

all a, b ∈ℝ, we obtain that for d holds

d μ, ξð Þ ≤ 8 d μ, νð Þ + d ν, ξð Þ½ �, ð16Þ

for all μ, ν, ξ ∈ X. Also, dðμ, νÞ = 0 if and only if μ = ν. So,
ðX, d, 8Þ is a quasi b-metric space. Note that dðμ, νÞ = dðν,
μÞ does not hold in the general case. In this case, all the con-
ditions of Corollary 11 are valid, and we conclude that the
mapping f has a fixed point.

4. A Common Fixed Point Theorem in b-
Metric Spaces

Now we obtain a common fixed point result for mappings
defined on b-metric spaces. Our result improves the classical
results presented by Ćirić [4] and Wong [10].

Theorem 13. Let ðX, d, sÞ be a complete b-metric space and
the mappings f , g : X ⟶ X. If there exist α, β ∈ ½0, 1� such
that α + 2β < 1 and

d f μ, gνð Þ ≤ α max d μ, νð Þ, d μ, f μð Þ, d ν, gνð Þ, d μ, gνð Þ + d f μ, νð Þ
2s

� �
+ β

d μ, gνð Þ
s

+ β
d f μ, νð Þ

s
,

ð17Þ

for any μ, ν ∈ X, then for any μ0 ∈ X sequence of Picard
iterates ðμnÞ defined by g ∘ f at μ0 is left Cauchy sequence.
If f and g are sequentially continuous or d is sequentially
continuous then f and g has unique fixed point which is
unique limit of all Picard sequences defined by g ∘ f .

Proof. Let μ0 ∈ X be arbitrary and ðμnÞ sequence defined by
μ2n+1 = f μ2n and μ2n+2 = gμ2n+1. Then

d μ2n+1, μ2n+2ð Þ = d fμ2n, gμ2n+1ð Þ ≤ α max d μ2n, μ2n+1ð Þ, d μ2n, f μ2nð Þ, d μ2n+1, gμ2n+1ð Þ,f
� d μ2n, gμ2n+1ð Þ + d μ2n, μ2n+1ð Þ

2s

�
+ β

d μ2n, f μn+1ð Þ
s

+ β
d fμ2n, μ2n+1ð Þ

s

≤ α max d μ2n, μ2n+1ð Þ, d μ2n+1, μ2n+2ð Þ, d μ2n, μ2n+1ð Þ + d μ2n+1, μ2n+2ð Þ
2

� �

+ β
d μ2n, μn+2ð Þ

s
≤ α max d μ2n, μ2n+1ð Þ, d μ2n+1, μ2n+2ð Þf g

+ βd μ2n, μ2n+1ð Þ + βd μ2n+1, μ2n+2ð Þ:

ð18Þ

If dðμ2n, μ2n+1Þ < dðμ2n+1, μn+2Þ then

1 − α − βð Þd μ2n+1, μ2n+2ð Þ < βd μ2n, μ2n+1ð Þ: ð19Þ

So, we get that

d μ2n+1, μ2n+2ð Þ ≤ β

1 − α − β
d μ2n, μ2n+1ð Þ < d μ2n, μ2n+1ð Þ,

ð20Þ

therefore, dðμ2n, μ2n+1Þ ≥ dðμ2n+1, μ2n+2Þ which implies

1 − βð Þd μn+1, μn+2ð Þ ≤ α + βð Þd μ2n, μ2n+1ð Þ: ð21Þ
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Hence, we get that

d μ2n+1, μ2n+2ð Þ ≤ α + β

1 − β
d μ2n, μ2n+1ð Þ: ð22Þ

So, we obtained

d μ2n+1, μ2n+2ð Þ ≤ λd μ2n, μ2n+1ð Þ, ð23Þ

where λ = α + β/1 − β < 1: Further, we have

d μ2n, μ2n+1ð Þ = d gμ2n−1, f μ2nð Þ = d fμ2n, gμ2n−1ð Þ
≤ α max d μ2n−1, μ2nð Þ, d μ2n, f μ2nð Þ, d μ2n−1, gμ2n−1ð Þ,f
� d μ2n−1, f μ2nð Þ + d μ2n, gμ2n−1ð Þ

2s

�
+ β

d μ2n, gμ2n−1ð Þ
s

+ β
d fμ2n, μ2n−1ð Þ

s

≤ α max d μ2n−1, μ2nð Þ, d μ2n, μ2n+1ð Þ, d μ2n, μ2n+1ð Þ + d μ2n−1, μ2nð Þ
2

� �

+ β
d μ2n−1, μ2n+1ð Þ

s
≤ α max d μ2n, μ2n+1ð Þ, d μ2n+1, μ2n+2ð Þf g

+ βd μ2n−1, μ2nð Þ + βd μ2n, μ2n+1ð Þ:

ð24Þ

If dðμ2n−1, μ2nÞ < dðμn, μn+1Þ then

1 − α − βð Þd μ2n, μ2n+1ð Þ < βd μ2n−1, μ2nð Þ, ð25Þ

which implies

d μ2n, μ2n+1ð Þ ≤ β

1 − α − β
d μ2n, μ2n−1ð Þ < d μ2n−1, μ2nð Þ, ð26Þ

therefore, dðμ2n−1, μ2nÞ ≥ dðμ2n, μ2n+1Þ which implies that

d μ2n, μ2n+1ð Þ ≤ αd μ2n−1, μ2nð Þ + βd μ2n−1, μ2nð Þ + βd μ2n, μ2n+1ð Þ:
ð27Þ

Therefore, we obtain

1 − βð Þd μ2n, μ2n+1ð Þ ≤ α + βð Þd μ2n−1, μ2nð Þ: ð28Þ

It follows

d μ2n, μ2n+1ð Þ ≤ α + β

1 − β
d μ2n−1, μ2nð Þ: ð29Þ

So we obtain,

d μ2n, μ2n+1ð Þ ≤ λd μ2n−1, μ2nð Þ, ð30Þ

where λ = α + β/1 − β < 1: Hence,

d μn, μn+1ð Þ ≤ λd μn−1, μnð Þ, ð31Þ

for each positive integer n. So, by Lemma 7, we obtain that
ðμnÞ is a Cauchy sequence. It is convergent because ðX, d, s
Þ is complete. Therefore, there exists ξ ∈ X such that ξ =
limμn.☐

Case 14. Let f and g be sequentially continuous functions.
Then, we have

ξ = limμn = limf μn = f ξ = limμn = limgμn = gξ: ð32Þ

Case 15. Let d be a sequentially continuous. Then,

d f ξ, gμ2n+1ð Þ
≤ α max d ξ, μ2n+1ð Þ, d ξ, f ξð Þ, d μ2n+1, gμ2n+1ð Þ, d μ2n+1, f ξð Þ + d gμ2n+1, ξð Þ

2s

� �

+ β
d μ2n+1, f ξð Þ

2s + β
d gμ2n+1, ξð Þ

s
,

ð33Þ

which implies

limd f ξ, gμ2n+1ð Þ ≤ lim α max d ξ, μ2n+1ð Þ, d ξ, f ξð Þ, d μ2n+1, gμ2n+1ð Þ,f½
� d μ2n+1, f ξð Þ + d gμ2n+1, ξð Þ

2s

�
+ β

d μ2n+1, f ξð Þ
2s

+ β
d gμ2n+1, ξð Þ

s

�
:

ð34Þ

So, we get that

d limgμ2n+1, f ξð Þ ≤ α max d limμ2n+1, ξð Þd ξ, f ξð Þ, d limμ2n+1, limf μ2n+1ð Þ,f
� d limμ2n+1, f ξð Þ + d limgμ2n+1, ξð Þ

2s

�
+ β

d limμ2n+1, f ξð Þ
2s

+ β
d limgμ2n+1, ξð Þ

s

�
:

ð35Þ

Hence,

d ξ, f ξð Þ ≤ α max d ξ, ξð Þ, d ξ, f ξð Þ, d ξ, ξð Þ, d ξ, f ξð Þ + d ξ, ξð Þ
2s

� �
+ β

d ξ, f ξð Þ
2s + βd ξ, ξð Þ

< α + βð Þd ξ, f ξð Þ:
ð36Þ

It follows that ξ = f ξ because ðα + βÞ ∈ ½0, 1Þ. Further, we
have

d fμ2n, gξð Þ ≤ α max d μ2n, ξð Þ, d μ2n, f μ2nð Þ, d ξ, gξð Þ, d μ2n, gξð Þ + d f μ2n, ξð Þ
2s

� �

+ β
d μ2n, gξð Þ

2s + β
d f μ2n, ξð Þ

s
,

ð37Þ

which implies

limd fμ2n, gξð Þ ≤ lim α max d μ2n, ξð Þ, d μ2n, fμ2nð Þ, d ξ, gξð Þ, d μ2n, gξð Þ + d fμ2n, ξð Þ
2s

� ��

+ β
d μ2n, gξð Þ

2s + β
d fμ2n, ξð Þ

s

�
:

ð38Þ
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So, we get that

d limf μ2n, gξð Þ ≤ α max d limμ2n, ξð Þ, d limμ2n, limf μ2nð Þ, d ξ, gξð Þ,f
� d limμ2n, gξð Þ + d limf μ2n, ξð Þ

2s

�
+ β

d limμ2n, gξð Þ
2s

+ β
d limfμ2n, ξð Þ

s

�
:

ð39Þ

Hence,

d ξ, gξð Þ ≤ α max d ξ, ξð Þ, d ξ, ξð Þ, d ξ, gξð Þ, d ξ, gξð Þ + d ξ, ξð Þ
2s

� �
+ β

d ξ, gξð Þ
2s + βd ξ, ξð Þ

< α + βð Þd ξ, gξð Þ:
ð40Þ

It follows that ξ = gðξÞ because ðα + βÞ ∈ ½0, 1Þ.
Now, we prove that the fixed point is unique. Suppose

that there are ξ and ξ′, i.e., gξ = f ξ = ξ and gξ′ = f ξ′ = ξ′.
Then, we obtain

d ξ, ξ′
� �

= d f ξ, gξ′
� �

≤ α d ξ, ξ′
� �

, d ξ, ξð Þd ξ′, ξ′
� �

,
d ξ, ξ′
� �

+ d ξ, ξ′
� �

2s

8<
:

9=
;

+ β
d ξ, ξ′
� �
2s + βd ξ, ξ′

� �
≤ α + 2βð Þd ξ, ξ′

� �
:

ð41Þ

which implies that ξ = ξ′.

Corollary 16. Let ðX, d, sÞ be a complete b-metric space and
mapping f : X ⟶ X. If there exist α, β, γ ∈ ½0, 1� such that
α + β + γ < 1 and

d f μ, f νð Þ ≤ α max d μ, νð Þ, d μ, f μð Þ, d ν, f νð Þ, d μ, f νð Þ + d f μ, νð Þ
2s

� �

+ β
d μ, f νð Þ

s
+ γ

d f μ, νð Þ
s

,

ð42Þ

for any μ, ν ∈ X, then for any μ0 ∈ X sequence of Picard
iterates ðμnÞ defined by f at μ0 is Cauchy sequence. If f is
sequentially continuous or d is sequentially continuous, then,
f has unique fixed point which is unique limit of all Picard
sequences defined by f .

Proof. From

d f μ, f νð Þ ≤ α max d μ, νð Þ, d μ, fμð Þ, d ν, f νð Þ, d μ, f νð Þ + d fμ, νð Þ
2s

� �

+ β
d μ, f νð Þ

s
+ γ

d fμ, νð Þ
s

,

ð43Þ

and

d f ν, f μð Þ ≤ α max d ν, μð Þ, d ν, f νð Þ, d μ, fμð Þ, d ν, fμð Þ + d f ν, μð Þ
2s

� �

+ β
d ν, fμð Þ

s
+ γ

d f ν, μð Þ
s

,

ð44Þ

it follows

d f μ, f νð Þ ≤ α max d μ, νð Þ, d μ, fμð Þ, d ν, f νð Þ, d μ, f νð Þ + d fμ, νð Þ
2s

� �

+ δ
d μ, f νð Þ

s
+ δ

d f μ, νð Þ
s

,

ð45Þ

where δ = β + γ/2:☐

Example 17. Let X = ½0, 4� and dðμ, νÞ = ðμ − νÞ2, for each μ
, ν ∈ X. Then ðX, d, 2Þ is a b-metric space. Define a mapping
f : X⟶ X by

f tð Þ =
t
3 , t ∈ 0, 3½ �,
t
6 , t ∈ 3, 4ð �,

8>><
>>:

ð46Þ

for any t ∈ X. For μ, ν ∈ ½0, 3�, we have

d f μ, f νð Þ = 1
9 μ − νð Þ2: ð47Þ

For μ, ν ∈ ð3, 4�, we have

d f μ, f νð Þ = 1
36 d μ, νð Þ: ð48Þ

For μ ∈ ½0, 3� and ν ∈ ð3, 4�, we have

d f μ, f νð Þ = μ

3 −
ν

6
� �2

≤
4
9 < 1

2 d ν, f νð Þ, ð49Þ

because dðν, f νÞ = ð5ν/6Þ2 > 25 · 9/36.
For ν ∈ ½0, 3� and μ ∈ ð3, 4�, we have

d f μ, f νð Þ = μ

3 −
ν

6
� �2

≤
16
9 < 3

4 d μ, f μð Þ, ð50Þ

because dðμ, f μÞ = ð5μ/6Þ2 > 25 · 9/36.

Since conditions of Corollary 16 is satisfied for α = 3/4
and β = γ = 0. So, f has unique fixed point which is unique
limit of all Picard sequences defined by f , because d is
sequentially continuous.

Data Availability
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