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We present a fixed point result in quasi b-metric spaces. Our result generalizes recent fixed point results obtained by Aleksi¢ et al.,
Dung and Hang, Jovanovic et al., Sarwar, and Rahman and classical results obtained by Hardy, Rogers, and Ciri¢. Also, we obtain a
common fixed point result in b-metric spaces. As a special case, we get a result of Ciri¢ and Wong,

1. Introduction

The notion of a generalized contraction was presented by
Ciri¢ in his dissertation [1]. In [1], Ciri¢ proved the first
fixed point result for this class of mappings, which was pub-
lished in [2]. Ciri¢ also published several papers on general-
ized contractions, such as for multivalued mappings in [3],
on common fixed point of not necessarily commuting map-
pings in [4], for probabilistic metric spaces in [5, 6] and fixed
point result of Meir-Keeler type in [7]. For further historical
remarks of the papers of Ciri¢, see [8].

In 1973, Hardy and Rogers [9] proved a result of fixed
point on metric space, which was extended to common fixed
point result by Wong [10].

The results of common fixed points of Wong [10] and
Ciri¢ [4] are independent. More concepts of common fixed
points can be seen in [11, 12].

Also, Fréchet in the paper [13] introduced a class of metric
spaces which are included in the class b-metric spaces. First,
fixed point result in a b-metric space was presented by Bakhtin
[14] and Czerwik [15] (for more on b-metric spaces see
[16-23]). In the last few decades, many generalizations of a
metric space appeared in literature. For some historical aspects

of various generalizations of a metric space, the reader may
refer to [24].

In this paper, we present a fixed point theorem for a
mapping defined on a quasi b-metric space which general-
izes recent fixed point results obtained by Aleksi¢ et al.
[16], Dung and Hang [18], Jovanovi¢ et al. [25], and Sarwar
and Rahman [22]. Further, we obtain a result of common
fixed point on a b-metric space. Our result generalizes the
classical results presented by Ciri¢ [4] and Wong [10].

2. The Quasi b-Metric Spaces

We start with definition of quasi b-metric spaces, which was
introduced by Shah and Hussain [23].

Definition 1. Let X be a nonempty set, d : X x X — [0,+00)
and s € [0,400). Then, (X, d,s) is a quasi b-metric space if

(1) d(u,v)=0ifand only if u=v
(2) d(p, &) <sld(u,v) +d(v,&)], for all y,v,&e X

Clearly, (X,d, 1) is a quasi metric space.
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Remark 2. Let (X, d, s) be a quasi b-metric space and d(u,
v)=d(v,pu) for all y,veX. Then, (X,d,s) is a b-metric
space.

Lemma 3. Let (X, d, s) be a quasi b-metric space. Then, s > 1.

Proof. Let y,v € X. Then, d(u,v) <s[d(u,v) + d(v,v)] = sd(
V). So, s> 1.00 O

Remark 4. Let (r,) be a sequence of nonnegative real num-
bers such that r,, , <r, and lim, ,, r,=0. A quasi b
-metric space is a topological space with {B, ()}, as a
base of neighborhood filter of the point y where B, (¢) ={

veX:d(pv)<r,}.

Definition 5. Let (X, d,s) be a quasi b-metric space and a
sequence (u,) € X.

(1) Sequence (u,) is a left Cauchy sequence, if d(u,,

Y,,) — 0 as m, n — +0co

(2) A quasi b-metric space (X,d,s) is left complete if
every left Cauchy sequence converges to some y €
X

Definition 6. Let (X, d, s) be a quasi b-metric space and the
sequences (4,), (v,) in X be such that lim, ,  u, =u
and lim v, =v. A mapping d is sequentially continu-

m—>+00 " n

ous if lim, ,, ., . d(u,v,)=d(uv).
We will use the following lemma in our main results.

Lemma 7 (see [26]). Let (X, d,s) be a quasi b-metric space
and (u,) € X. If there exists A € [0, 1) such that

d(#n’”nﬂ) SAd(Hn—l’#n)’ (1)
forall neN, then (u,) is a left Cauchy sequence.

3. A Fixed Point Theorem in Quasi b-
Metric Spaces

Let X + ¥ and f : X — X be a given mapping. Then, y* € X
is a fixed point of mapping f if f(u*) = u*. Let y, € X, and
consider the sequence (y,) defined by p, = f"(4,), i.e., (u,
) is a sequence of Picard iterates of mapping f at point .
Now, we present our first result, which generalizes recent
fixed point results obtained in [16, 18, 22, 25] for generalized
contractive mappings defined on b-metric spaces.

Theorem 8. Let (X,d,s) be a left complete quasi b-metric
space and a mapping f : X — X. If there exist a, 3,y € [0,
1] such that a+ f+y <1, f<y and

() < o max {d(y) V) djo fu) (v, f), W LIE

+yd(fu,v),

d(p. fv) +d(fp V)} +,8d(%fv)

(2)
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for any u,v € X, then for any u, € X sequence of Picard
iterates (u,) defined by mapping f at u, is left Cauchy
sequence. Moreover, if f is sequentially continuous or d is
sequentially continuous, then, f has unique fixed point yu* €
X and p, — p* as n — +0o.

Proof. Let u, € X be arbitrary and (u,,) sequence of Picard
iterates defined by f at y,. Then

(1> bnsz) = A(fttys fltpan)

d(u, n +d n Mn
< o () 0 i) Ay ), 2 ) St )|

+ﬁw A (b thys)

d > Pn +d n+1> Fn d > Pn
< & max {d(m,mH),d(Mwmz), (o 1) . (tyro +2)} B (/Ansﬂ +2)

< amax {d(p,, 1) Ao o)+ Py i) + B (B> i)

(3)
If d(ph, 1) < A1 foy)» then,
(1 == B)d(pys1> Hyr) < BAd(thys i) (4)
which implies

B

d(tun+1’ #n+2) ES md(”n’ #n+1) < d(lun’ ”n+1)' (5)

So, d(u,» ;) = d(W,, > 4,,,) which implies
(1 _ﬁ)d(/’lnﬂ’tunﬂ) S (“+/"))d(yn’[’lﬂ+l)' (6)

Hence, we get that

a+ﬁd

06+y (Mn’auwrl) :)‘d(lun’ylﬁl)’

(7)

o+
d(f’{nﬂ’ aun+2) < ﬁ; d(nun’ [’in+l) <

where A =a + B/a+y < 1. So, by Lemma 7, we obtain that
() is left Cauchy sequence. It is convergent because (X, d
,s) is left complete. Thus, exists y* € X such that y* =lim
u,.0 O

Case 9. Let a mapping f be a sequentially continuous.
Then

w=limy, =limfu, = fu". (8)

Case 10. Let d be a sequentially continuous.
Then

e

d > Pny *
#p MU tna) i, ),

©)
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which implies

limd(fu,, fp*) <lim {a{d%,/d*),d(#ﬁfﬂ*), d(”"’f”*);d(f”"’”*)}

B ”“ M”*Z) +yd(fp, 1) |-
(10)
So, we get that

d(limy,,, fp*)) < lim[a max {d(limp,,, p”), d(limps,,, limp,,,, ), d(p”, fur*)s
d(limp,, fu”) + d(lim#w#")} . ﬁd(#n, Hi2)

2s 2s
+yd(limg, ), p5")).

(11)

Hence,

d(p", fu") < a max {d(M*’H*)) A’ @) d(u" fu")s 3

d(w, o . oo
+B% ryd(p', @) = ad(u’, fu).

d(u*, fu) +d(#",!4*)}

(12)

It follows that y* = f(u*) because « € [0, 1). Finally, sup-
pose that there are two fixed points of mapping f, i.e., fu*
=u*, fv* =v*. Then, we get

vy =i o)z de v ) o v, LA

YD v < (o By ).

(13)
which implies that y* =v*.

Corollary 11. Let (X, d,s) be a left complete quasi b-metric
space and a mapping f : X — X. If there exist a € [0, 1) such
that

d(fnfv) < ad(p, v), (14)

for any u,v € X, then for any u, € X sequence of Picard
iterates (u,) defined by mapping f at u, is left Cauchy
sequence. Moreover, if f is sequentially continuous or d is
sequentially continuous, then, f has unique fixed point yu* €
X and p, — p* as n — +0o.

Example 12. Let X = [0, 1] and mapping f : X — X defined
by fu=wp/2,peX. Let d : X x X —> [0,400) defined by

(=v> u>v,
d(pv)=< (u-v)!, u<wv, (15)
0, U=v.

Since, (a+b)* <2(a*+b*) and (a+b)* <8(a* +b*), for

all a, b € R, we obtain that for d holds
d(p,§) <8[d(uv) +d(v, &)l (16)

for all y,v,&eX. Also, d(p,v) =0 if and only if u=v. So,
(X,d,8) is a quasi b-metric space. Note that d(p, v) =d(v,
u) does not hold in the general case. In this case, all the con-
ditions of Corollary 11 are valid, and we conclude that the
mapping f has a fixed point.

4. A Common Fixed Point Theorem in b-
Metric Spaces

Now we obtain a common fixed point result for mappings
defined on b-metric spaces. Our result improves the classical
results presented by Ciri¢ [4] and Wong [10].

Theorem 13. Let (X, d,s) be a complete b-metric space and
the mappings f, g : X — X. If there exist a, 3 € [0, 1] such
that o+ 23 < 1 and

d(fu, gv) <« max {d(% V) d(p fu), d(v, gv),

+ﬁd(f/:>V>)

d(p, gV);Sd(fﬂ, V)} +ﬁd<#,55V)

(17)

for any u,v € X, then for any u, € X sequence of Picard
iterates (u,) defined by gof at u, is left Cauchy sequence.
If f and g are sequentially continuous or d is sequentially
continuous then f and g has unique fixed point which is
unique limit of all Picard sequences defined by go f.

Proof. Let u, € X be arbitrary and (u,) sequence defined by
Honer = flhy, and py,, = giy,,,,- Then

A(tae1> Honsz) = Ao Goapr) < & max {d(phy,s 1) Aty Fa)s Aoir> Gt )>

. A(ty GHaner) + Ata Boer) +B Aty flhir) +B A(f o Baner)
2s s s

A(fa> Hansr) + A1 i)
< @ max {d(HZn’”2n+1)’d(l’t2n+l’#2n+2)’ 2 el P 2l

d(fy> Hs)
+ ﬁ% <amax {d(py, 1) A(Hanirs o) }

+ B (s onir) + BA(Basr> Haea)-

(18)
If d(phys ane1) < d(pyi15 ) then
(1= a=B)d (1> bansz) < Py 1) (19)
So, we get that

B

A(yp1> anss) < md@‘zw Honer) < A(Uo i)

(20)
therefore, d(u,,, ty,,1) =

( ﬁ)d(n"lnﬂ’ Aun+2)

>d(py,,15 Mypyr) Which implies

(a+ B)d(pas Hapsr)- (21)



Hence, we get that

a+f
A(Hypi15 Bonsr) S 1-B A(f Hasr)- (22)
So, we obtained
A(Wyi15 Bonss) <A (U s )> (23)

where A = a + /1 — 8 < 1. Further, we have

At Banar) = A( Gty fha) = A(f iy, G2 1)
<amax {d(py, 1> ty,)> Aty ft12)s Ahas-1> Gla1)>

Ao SHan) * Aty GH211) | g W Olzncr) | g A B )
2s s s

A(#a> 1) + Aty 1> oy
< @ max {d(ﬂzn—l’!‘2n>’d<!"zn’f"2n+1)> (t 2“)2 (1o )

Aty 1> thon
+ BM < amax {d(py, Uyi1)s AMyirs Hanea)

+ B (i thay) + B (s o)
(24)
If d(py, 1> ty,) <d(ph,> ) then
(1= a=B)d(ty» Hapir) < B (b 15 M) (25)

which implies
B
Ay By ) < md(ﬂzn’ Hon1) < APy o ty)> (26)

therefore, d(u,, > t,,) > d(u,,, 4,,,,) which implies that

Ay Banir) < 0d(py, 15 o) + BA(pgy 15 o) + BA(Hys Bapir)-
(27)

Therefore, we obtain

(1 _ﬁ)d(/’lZn’”lel) < (a+ﬁ)d(ﬂ2n—l’/’l2n)' (28)

It follows
a+pf
Ay Bops) < [y A(fy_1> tha)- (29)
So we obtain,
d(n"lZn’ AMZnJrl) < Ad(MZn—l’ AuZn)’ (30)

where A =« + /1 — § < 1. Hence,

d(nun’nun+1) SAd(l’ln—l’ Mn)’ (31)

for each positive integer n. So, by Lemma 7, we obtain that
() is a Cauchy sequence. It is convergent because (X, d, s
) is complete. Therefore, there exists £ € X such that &=
limy,.00 |
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Case 14. Let f and g be sequentially continuous functions.
Then, we have

&=limy, =limfu, = f€ =limy, =limgu, = g&.  (32)
Case 15. Let d be a sequentially continuous. Then,

d(f£> IHans1)
< max {d<£, b A6 FE), (o 1s G

" ﬁd(HZnH’fE) + ﬁd(gl42n+1’ §) ,

2s s

A(Uy11>f8) + d(Gty11> E)}
2s

(33)
which implies

limd(f8, gu,,,,) <lim[a max {d(&, y,,,1) (8, FE)s d(ph,1> Gt i1 )>
. d(Uy,01518) + d(Gt3010 'E)} +B A(thyi1> f8)
2s 2s

+ﬁd(guz,w€)}_

S

(34)
So, we get that

d(limgy,,,;, f§) < a max {d(limp,,,, E)d(&, f8), d(limp, ., limfu, 1),

. d(limy2n+1,f§) + d(limgMZnH’ E)} + ﬁd(limﬂnﬂ’fg)
2s 2s

+B d(limgu,,,,,, 5)] )

N

(35)
Hence,
(e 18 s s {6 9,008, 78)d(e 5, LD I pae
< (a+ BAESS)
(36)

It follows that & = f& because (a + f3) € [0, 1). Further, we
have

d(u,,, d ,
S

. Bd(ﬂzzns, %) ., ﬁd(fﬂszn»f)’

(37)
which implies

dltt 99 + dfy
R S

) ﬁdwjn,eq .

(38)
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So, we get that

d(limfu,,, g§) < a max {d(limu,,, ), d(limp,,, limfy,,), d(&, g&),
_d(limp,,, g§) + d(limfu,,, f)} . ﬁd(hmﬂzw 9%)
2s 2s

d(limfu,,, f)}

+ p——"

N

Hence,

d( g8) +d(&.)
2s

d(E, g) < a max {d(&f» d(E.E).d(E gE).
< (a+ Bd(E. gE).

b G iy
(40)

It follows that & = g(&) because (a + f3) € [0, 1).
Now, we prove that the fixed point is unique. Suppose

that there are & and &', ie., gé=f&=& and gf' =f£' =&,
Then, we obtain

2s

d(6.8') =a(fE gt") ga{d(s,f'),d(g,@d(g,g), d(“)”(“)}

+ﬁ@ +ﬁd(£,s’) < (a+2ﬁ>d(5x5')-
(41)

which implies that £=¢ '
Corollary 16. Let (X, d,s) be a complete b-metric space and

mapping f : X — X. If there exist o, B,y € [0, 1] such that
a+pB+y<Iand

) 5 amax (), S v ), AL AT
() i)
(42)

for any u,v € X, then for any u, € X sequence of Picard
iterates (u,) defined by f at u, is Cauchy sequence. If f is
sequentially continuous or d is sequentially continuous, then,
f has unique fixed point which is unique limit of all Picard
sequences defined by f.

Proof. From

i ) < L), do i), o ),
d(p fv) +yd(f% V)

N N

dw. fv) +d(fu, V)}

2s

+B
(43)

5
and
At g < cma {a(v, ), do o), d ), “T AT
N ﬁd(V;fu) N yd(fr, o
(44)
it follows
e L
(sl gl
(45)
where § =3 +y/2.00 O

Example 17. Let X =[0,4] and d(u, v) = (u— v)?, for each u
,v€X. Then (X, d,2) is a b-metric space. Define a mapping
f:X—Xby

t
3 t €0, 3],
fi=13 (46
e te(3,4],
for any t € X. For p,v € [0, 3], we have
1
d(fufv) =5 =) (47)
For u,v € (3, 4], we have
1
(fin f) = 3o v). (48)
For p € [0,3] and v € (3, 4], we have
o on?_4 1
dfmfv)=(5-2) <5 <3900, (49)
because d(v, fv) = (5v/6)* > 25 - 9/36.
For v € [0, 3] and p € (3, 4], we have
_ (b Wn?_16 3
d(fwfv)=(5-3) =5 <jdwfw,  (50)

because d(u, fu) = (5u/6)* > 25-9/36.

Since conditions of Corollary 16 is satisfied for o =3/4
and f=y=0. So, f has unique fixed point which is unique
limit of all Picard sequences defined by f, because d is
sequentially continuous.

Data Availability

No data are used.
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