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This paper considers and analyzes the constructive-graphical stability of
the mapping methods in the general collinear fields based on Laguerre's
points of the absolute involution mapped. The ill-conditioned and
corresponding unstable zones for this mapping method are defined and
some alternative procedures for their correction are proposed. As the
result of this analysis, the stabile and well-conditioned general
collineation mapping methods, which can be used in the design of the
projective transformations software algorithms, are created and
explained. The exposed analysis is a contribution to the theory of
computational and projective geometry; moreover, it makes the mapping
procedures in software models of general and perspective collinear fields
more accurate and effective.
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1. INTRODUCTION

Every mapping method can be characterized by the
accuracy and errors caused by the imperfection of the
technical instruments by which it is practically and
effectively performed. All collinear mapping method
use the intersections of straight lines and, without regard
whether the realization of this operation is graphical or
numerical, it is possible to discuss about its stability and
precision, and analyze the alternative procedures which
will make this projective transformation more stabile
and accurate. This paper considers the constructive-
graphical stability of the well known mapping methods
in the collocate collinear fields based on Laguerre's
points of the absolute involution mapped (the fields
foci).

Despite the fact that algebraic criteria for the
determination of the matrices stability are numerous and
well known, analysis of the collinear mapping stability
is obtained directly in this paper, by the geometrical and
constructive-graphical — procedures. The essential
presumption of this consideration is that the instability
of the mapping realization is practically caused by the
extremely small intersection angle of the points radus
vectors.

2. BASIC TERMINOLOGY AND DEFINITIONS

Definition 1: The method of the collinear mapping from
the field P, to the field P, is stable in particular zone Q,
of the field P,, if the small changes of its parameters
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correspond to the small shifts of the points mapped. In
contrary, the method of the collinear mapping is
unstable in particular zone €, of the field P,.

Definition 2: The method of the collinear mapping from
the field P, to the field P, is well-conditioned in
particular area Q; of the field P, if that mapping
method is stable in the associated area O, of the field P,.
The method of the collinear mapping from the field P,
to the field P, is ill-conditioned in particular area Q2 of
the field Py, if that mapping method is unstable in the
associated area (2, of the field P».

Definition 3: If the collocate collinear fields possess
area in which some mapping method is stable, this area
is the stability zone of those mapping method. The area
of the collocate collinear field associated with the
stability zone is well-conditioned zone of those mapping
method. The ill-conditioned zones are areas in some
collinear field outside of the collinear field well-
conditioned zones.

If the collinear mapping method is interpreted by
the algebraic equations and realized by the arithmetic
operations, the conditions of the stability of that
mapping method can be expressed by the algebraic
language, in well known matrix form. In that sense, the
mathematical concept of the matrix stability, as well as
the concept of ill-conditioned and well-conditioned
matrices and systems of linear equation are defined.

3. THE MEASURE OF LOCAL ABSOLUTE AND
LOCAL RELATIVE ERROR

The principal parameters of the collinear mapping
method based on Laguerre's points of the absolute
involution mapped are: homogenous coordinates of
Laguerre’s points and the angular coordinates of the
fields points. Let us presume that the angular
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coordinates of the points in the field P, are determined
with some errors, and that this errors cause the errors of
the angular coordinates (¢ and ) of the mapped points
in the field P,. Also, let us presume that the absolute
value of all errors is not greater then some particular
number €. It is necessary to evaluate the alteration of the
points mapped position in function of this number &.
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Figure 1. The measure of the local absolute and local relative
error of the collinear mapping method based on fields foci

As is shown on Figure 1., the Laguerre’s points (or
fields foci) F,; and F,, are defined in the field P,, as
well as the set of mapped points whose radius vectors
intersect in constant angle o. It is clear that this set of
points belongs to the pair of equal radii circles that
intersect in Laguerre’s points Fy; and F,,. From the fact
that angular coordinates are determined with error tg, it
can be concluded that the points mapped belong to the
area of the square whose sides are formed by the radus
vectors with angular coordinates (¢ *+ €) and (y * &).
For this reason, the square areas I[1(o, vy, L, €) represents
the measure of local absolute error, in function of
angular coordinates ¢ and v, the foci distance 1,, and
error €. The measure of the local relative error of the
mapping method p(@, v, /, €) can be represented by the
ratio:

H((ps \VaZZag)
A((P, \V:lz)

in which A(@, vy, 1) is the area of the triangle formed by
the radus vectors of the points mapped. Since the
distance /,, error € and intersection angle o are constant
in one, particularly defined, pair of collocate collinear
fields, the measure of the local relative error p is only
function of the angular coordinate ¢:

p((p’\'I71278) =

>

I(e) . (a
A@)’

From the fact that this function of local relative errors is
approximately constant for all (pe(OO, 180°%), it can be
concluded that the elliptical pencil of circles whose base
points are the fields foci F,; and F,, represents the
geometrical loci of nearly constant relative errors of the
mapping method based on Laguerre’s points of the
absolute involution mapped.

p(@)= =const. ; , =const.; & = const. ).
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4. THE MEASURE OF THE INTEGRAL MAPPING
ERROR

The vertices of the squares whose area II(@)
represents the measure of local absolute error of the
mapping method belongs to the same elliptical pencil of
circles whose base points are fields foci F,; and F,. As
is shown on Figure 1., all mapped points belong to the
circular lunettes A; i A, whose area I'T(A):

TI(A) = TI(A)) + TI(A)

decreases if intersection angle (alpha) increases. The
following inequalities can be formulated from the same
Figure 1.:

II(A) <T, , aelay, (180" —ay)] ,
I[I(A) > 11, , o € (—0lp,0),
I1, =11,(l,,¢,0,) = const.

From this formulas, it can be concluded that area I1(A)
represents the measure of the integral error of the
collinear mapping method based on the fields foci. It is
essential to note that lunettes area I1(A) can become
infinitely large if intersection angle o is less than one
particular value oo. This means that error of the
practical realization of the collinear mapping can be
immeasurably large in those interval of intersection
angles. From this considerations, one can draw the
conclusion that reciprocal value IT'(A) of area IT(A)
represents the measure of the constructive and
numerical stability of the collinear mapping method
based on Laguerre’s points of the absolute involution
mapped. Angle o is critical intersection angle of the
mapped points radius vectors, and its numerical value
depends on quality of the technical instruments by
which the collinear mapping is effectively performed.

5. THE ANALYZE DEDUCTION

The following deductions can be drawn from the
exposed stability analyzes:

1. Every circle from the elliptical pencil of circles
whose base points are the fields foci L,; and Lo,
represents the geometrical loci of constant local relative
errors p of the numerical realisation of the mapping
method based on Laguerre’s points of the absolute
involution mapped.

2. There are exactly two circles in the elliptical pencil
whose base points are the fields foci L,; and Ly, which
correspond to the critical value of intersection angle of
the mapped points radius vectors. This circles represent
the stability zone limit of the mapping method based on
the collinear fields foci, and are named as circles of
critical stability for those mapping method.

3. Circles of critical stability in the collinear fields P,
and P, are projectively associated to the pair of
hyperbolas in the fields P, and P, respectively, which
represent the hyperbolas of critical conditioned mapping
method based on Laguerre’s points of the absolute
involution mapped.

Pair of collocate collinear fields P; and P,, and
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hyperbolas of critical conditioned mapping method
based on the fields foci are shown on Figure 2., as well
as the instability zones and associated ill-conditioned
areas. Those hyperbolas correspond to one particular
value of critical angle o, and one particular value of
error by which the polar coordinates of points radius
vectors are determined. As is clearly shown on Figure
2., two ill-conditioned zones of the mapping method
above mentioned exist in the field Py, the first of which
comprises the vanishing line r; and the second one the
principal normal line n;. The pair of ill-conditioned
zones of the same mapping method exists in the second
field too, bat they comprise vanishing line g, and the
principal normal line n,. The most important
consequence of this considerations is that the collinear
mapping method based on fields foci can not be applied
in those ill-conditioned areas, and the alternative, well-
conditioned mapping methods must be accomplished
and performed in above mentioned zones.

I

HYPERBOLAS OF CRITICAL
CONDITIONED MAPPING
METHOD IN THE FIELD P,

CIRCLES OF CRITICAL
STABILITY IN THE FIELD P,

Figure 2. Hyperbolas of critical conditioned collinear
mapping method based on fields foci and projectively
associated circles of critical stability

5. THE ALTERNATIVE MAPPING METHODS

On Figure 3., a pair of general collinear fields, their
vanishing lines 1y, q,, and fields foci Ly, L5, Ly;, Ly, on
the corresponding fields principal normals n; and n, are
shown. It is evident that projectively associated points
A, and A, belong to the straight lines s; and s,, which
are respectively parallel to the vanishing line ry, and q,
in the collinear fields P, and P,. From this facts and the
theorem of the projectively associated points of the
corresponding principal normal lines, the following
equation can be formulated:

n.&:]1.12/4 R

n, & — distance of the projectively associated points
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from the corresponding field vanishing lines,
[, — distance between fields foci F;; and F,,
I/, — distance between fields foci F,; and Fy, .

Figure 3. Alternative collinear mapping method

This hyperbolical function of coordinates 1 and & can be
directly applied in the ill-conditioned zones of general
and perspective collinear fields mapping method based
on Laguerre's points of the absolute involution mapped.
Point A; on the straight line s, that is parallel to the
principal normal line n, is shown on Figure 2, as well as
the radius vector of the point A; p;;=L;;-A,, its distance
n from the line n;, and angular coordinate ;. The
distance & between mapped point A, and vanishing line
q, is determined in the field P, by the above mentioned
hyperbolical function, and the position of the radius
vector p,;, associated to the radius vector py;, is found
from the fact that the angular coordinates @, is equal to
the angular coordinate ¢;. The mapped point A,
represents the intersection point between line s, and
radius vector p,;. Since the intersection angle between
lines s, and p,; is approximately equal to the right angle
for the points located very close to the principal normal
line n,, this mapping method posessess a great stability
in the mentioned area. This collinear transformation
become unstable for the points which are extremely fare
from the principal normal lines, and very close to
vanishing lines. From the above, it can be concluded
that this alternative mapping method possesses stability
precisely in those zones in which the classical
procedure, based on fields foci, is unstable.

Another collinear transformation, which can
stabilize the classical mapping method, is represented
on Figure 4. It is well known that the pencil of straight
lines, which vertex is point O, is projectively
transformed, from the field P, to the field P,, into the
pencil of parallel lines that are orthogonal to the
vanishing line q,. As is shown on Figure 4., the position
of each line, which belongs to the pencil (O), is
determined in the field P; by the angular coordinate o,
and the position of the corresponding line, which
belongs to the projectively associated orthogonal pencil,
is determined in the field P, by the linear coordinate v.
The following equation describes the relation between
this two coordinates:

v=tg(p)l,/2 .

From the above, the theorem of the coordinate
orthogonal net can be formulated:

The collinear transformation of the angular coordinate ¢
and linear coordinate 1 of each point in the field Py, into
the pair of linear coordinates v and & of the
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cooresponding point in the field P,, is describet by
function:

(L Ll
(cpm)a(v,a)—(z tg((p),4n] |

Linear coordinates v and & of the mapped point
represent the coordinate orthogonal net in the field P,.
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Figure 4. Coordinate orthogonal net in the general
collinear fields

The collinear transformation of the angular coordinate ¢
and linear coordinate £ of each point in the field P,, into
the pair of linear coordinates 1 and n of the coorespon-
ding point in the field P, is describet by function:

h -l
©.8) > (1wn) (ztg(w),4_§j :
Linear coordinates p and m of the mapped point
represent the coordinate orthogonal net in the field P;.

It is important to emphasize that all finite mapped
points are determined in the exposed mapping
procedure by the intersection of orthogonal straight
lines, which means that this collinear procedure is well-
conditioned and stabile for all finite points in the pair of
projectively associated collinear fields. This mapping
method is ill-conditioned only for infinite points:

¢1—90° and n—>0  (field Py)

990" and >0 (field P,)
and consequently unstabile for points which are
extremely fare from the principal normal lines and
venishing lines. From the above, it can be concluded
that this mapping method can compensate the ill-
conditioned and unstabile collinear procedures based on
Laguerre’s points of absolute involutions mapped.
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6. CONCLUSION

This paper analyzes the stability of the mapping
methods in the general and perspective collinear fields
based on Laguerre's points of the absolute involution
mapped. All considerations are obtained directly by the
geometrical and constructive-graphical procedures. The
ill-conditioned and unstable zones for this collinear
transformation is defined and some alternative
procedures for its correction are proposed. As the result
of this analysis, the stabile and well-conditioned general
collinear fields mapping methods, which can be used in
computer graphics and object model design of the
collinear projective transformations, are created and
explained.

The exposed analysis is a contribution to the theory
of computational and projective geometry; moreover, it
makes the mapping procedures in software models of
general and perspective collinear fields more accurate
and effective.
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KOHCTPYKTUBHO NrPA®UYKA CTABUJTHOCT
NOCTYNAKA MNMPECJ/IMKABAHA Y OMNWTUM
KOJIMHEAPHUM NMOJbUMA

B. MonkoHcTaHTMHOBMA, 3. Jenu, I'. LUnHnkoBuh

OBaj pajg aHanu3upa KOHCTPYKTHBHO TIpadyuuky
CTaOMITHOCT TIOCTYNaKa MpeciInKaBama y OMIITHM 1
MEePCNeKTHBHO KOJHMHEapHUM TII0OJbMMa Koja ce
3acHHBajy Ha JlarepoBMM TaukamMa IPECIMKaHHUX
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arcoJyTHUX MHBOINYIHMja. 3a OBaj METOJ] IMpECIKa-
Bawka ofipebeHe cy 30He cinabe YCIOBJBEHOCTH U
ofrorapajyhe 30He HECTaOMJIHOCTH a, ca ILUbEM
KOpeKIyje, MPENIOXKEHU Cy U HEKU alTepPHATUBHU
HNOCTYNIM HpecinkaBawma. Kao pesynraT ose aHa-
nu3e, KpeupaH je u objalikbeH cTabwiaH u 1o6po
yCIOB/BEH METOJ| IIpeciuKaBalba KOjU CE MOXe
UCKOPHUCTUTH 3a M3Tpajiy CO(TBEPCKUX aJITOPH-
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Tama IpPOjeKTUBHUX TpaHchopmanyja. M3noxena
aHalM3a HE TIpeJCTaB/ba caMO AONPUHOCT TEOpHjU
KOMIjyTepcKe U MpOjeKTHBHE TreomMeTpuje, Beh
oMoryhaBa fa Tmpolefype IpeciuKaBama Y
co(pTBEpCKAM MoOfieNnMa ONIINTE W HEepPCIEeKTHBHE
KOJIMHealldje TIOCTaHy TauyHuje U IeJIOTBOpHH]e.
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