Hindawi

Advances in Mathematical Physics
Volume 2020, Article ID 2840482, 7 pages
https://doi.org/10.1155/2020/2840482

Research Article

Hindawi

A Common Fixed Point Theorem for Nonlinear Quasi-
Contractions on b-Metric Spaces with Application in

Integral Equations

Zoran D. Mitrovi¢®," Ivan D. Arandelovi¢©),> Vesna Misi¢,> Abdollah Dinmohammadi ),

and Vahid Parvaneh ()’

ve, 3

'Faculty of Electrical Engineering, University of Banja Luka, Patre 5, 78000 Banja Luka, Bosnia and Herzegovina

2Faculty of Mechanical Engineering, University of Belgrade, Kraljice Marije 16, 11000 Beograd, Serbia

*Faculty of Transport and Traffic Engineering, University of East Sarajevo, Vojvode Misica 52, 53000 Doboj, Bosnia and Herzegovina
4Department of Mathematics, Buein Zahra Technical University, Buein Zahra, Qazvin, Iran

5Department of Mathematics, Gilan-E-Gharb Branch, Islamic Azad University, Gilan-E-Gharb, Iran

Correspondence should be addressed to Abdollah Dinmohammadi; mathdin@yahoo.com

and Vahid Parvaneh; zam.dalahoo@gmail.com

Received 12 June 2020; Revised 4 September 2020; Accepted 14 September 2020; Published 29 September 2020

Academic Editor: Sergey Shmarev

Copyright © 2020 Zoran D. Mitrovi¢ et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

In this paper, we present a common fixed point result for a pair of mappings defined on a b-metric space, which satisfies quasi-
contractive inequality with nonlinear comparison functions. An application in solving a class of integral equations will support

our results.

1. Introduction

In 1974, Ciri¢ presented the first fixed point result for quasi-
contractive mappings. This Ciri¢’s theorem is one of the most
general results with linear comparison function in classical
metrical fixed point theory (see [1, 2]). The existence and
uniqueness of fixed point for mappings defined on metric
spaces, which satisfies a quasi-contractive inequality with a
nonlinear comparison function, were considered by Danes
[3], Ivanov [4], Arandelovi¢ et al. [5], and Bessenyei [6].
Alshehri et al. [7] proved a fixed point theorem for quasi-
contractive mappings, defined by linear quasi-contractive
conditions on b-metric spaces. Common fixed point general-
izations of Ciri¢ result was obtained by Das and Naik [8],
with linear comparison functions and by Di Bari and Vetro
[9], with a nonlinear comparison function.

The notion of symmetric spaces, which is the oldest and
one of the most important generalizations of metric spaces,

was introduced by Fréchet [10]. He used the name E-space
for a symmetric space. In the last 50 years, many authors
(see [11-16]) called them semimetric (in German halb-metr-
isher) spaces. Now, the term symmetric space is usual. After
1955, the term semimetric space is widely used to denote a
symmetric space in which the closure operator is idempotent,
which started the papers of Heath, Brown, Mc Auley, Jones,
and Burke (see [17, 18]). Fixed point investigation was started
by Cicchese [19] and Jachymski et al. [18] on semimetric
spaces and by Hicks and Rhoades [20] on symmetric spaces.

In [10], Fréchet also considered the class of E-spaces with
regular écart which include the class of b-metric spaces.
Important examples of b-metric spaces are quasi-normed
spaces introduced by Bourgin [21] and Hyers [22] and spaces
of homogeneous type which have many applications in the
theory of analytic functions (see Coifman and Weiss [23]).
First, fixed point results on b-metric spaces were presented
by Bakhtin [24] and Czerwik [25].
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In this paper, we present a common fixed point result for
a pair of mappings defined on a b-metric space, which sat-
isfies a quasi-contractive inequality with a nonlinear compar-
ison function.

2. Symmetric Spaces and b-Metric Spaces

The ordered pair (A, u), where A is a nonempty set and
p: A* —[0,00), is a symmetric space, if and only if it
satisfies:

(W1) p(, k) =0ifand only if i=x
(W2) (s, k) = u(x,1) for any 1,k € A

The difference between symmetric spaces and more con-
venient metric spaces is in the absence of triangle inequality,
but many notions in symmetric spaces are defined similar to
those in metric spaces. For instance, in symmetric space
(4, ), the limit point of a sequence (1,,) is defined by

limy(t,,, 1) =0 © limy, = 1. (1)

Also, we say that a sequence {1,} CA is a Cauchy
sequence, if for any given & > 0, there exists a positive integer
ny such that u(s,,,1,) < & for every m, n > n,. If each Cauchy
sequence in symmetric space (A, p) is convergent, then we
say that (A, p) is a complete symmetric space.

By

diam(A) = sup u(1, «), (2)

LKEA

we indicate the diameter of the set A.

Let (A, 4) be a symmetric space. We can introduce the
topology 7, by defining the family of all closed sets as follows:
a set AC A is closed if and only if for each 1€ A, u(1, A) =0
implies 1 € A, where

p(, A) =inf {u(1,a): a € A}. (3)

The convergence of a sequence (1,) in the topology 7,
need not imply u(1,,, 1) — 0, but the converse is true.

Let (A, u) be a symmetric space, (1,), (x,), (z,) €A and
1, k € A. We considered the following seven properties as par-
tial replacements for the triangle inequality:

(W3) limp(r,,, 1) =0 Alimp(r,, k) =0 = 1=«

(W4) limp(r,,, 1) = 0 Alimp(s,,, x,,) = 0 = limu(xk,, ) =0

(HE) limp(s,, 1) = 0 Alimp(x,,, 1) = 0 = limp(s,, x,,) =0

(CC) limp(t,,, 1) = 0 = limu(s,, k) = p(s, k)

(W) limp(s,,, x,) = 0 Alimp(x,, z,,) = 0 = limp(s,,, z,,) = 0

(OMS)  limu(t,, x,) = 0 Alimu(k,, z,) = 0 = limu(s,, z,,)
# 00;

(SC) ’}Lrgoy(tn, 1) =0 implies ,,hjgo“(l”’ k) =u(s, k)

The property (W3) has been introduced by Fréchet
[10]; (W4), (HE), and (W) by Pitcher and Chittenden
[14]; (CC) by Sims [15]; (JMS) by Jachymski et al. [18];
and (SC) by Arandelovi¢ and Kecki¢ [17]. Note that
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(W) = (W4) = (W3), (W)= (JMS), (W)= (HE), (CC)
= (W3), and (CC) = (SC) (see [17, 26]).

In [26], the authors give examples for the following rela-
tionships: (W3)=(W4), (W4)=(HE), (W4)=(CC), (W3)
=(HE), (W3)=(CC), (CC)=(W4), (HE)=(CC), (HE)=
(W3), (HE)=(W4), and (CC)=(HE). The fact that (W)
=(CC) has been proved in [27].

Definition 1. Let A be a nonempty set, 4 : Ax A — [0,00).
(A, u) is said to be a b -metric space if there exists s € [0,00)
such that

(1) u(,x)=0ifand only if 1=«
(2) u(, k) =p(x, 1) forany ,k € A
(3) p(n,z) <s[u(s, k) + pu(x, z)|for all 1, x, z € A.

Any s € [0,00) which satisfies inequality (3) of Definition
1 for all 1, k, z € A, where (A, p) is a b-metric space, is said to
be the b constant of space (A, ). It is clear that if s = 1, then
(4, u) is a metric space.

Lemma 2. Let (A, y) be a b-metric space with b constant s.
Then, s> 1.

Proof. Let 1, k € A. Then, p(1, k) < s[u(s, k) + p(x, k)] = su(1, %),
which implies that s > 1.
In [17], the following result was proved.

Lemma 3 (see [17]). Let (A, u) be a b-metric space. Then,
(A, ) is a symmetric space which satisfies the properties

3. Comparison Functions

Let y : [0,00) — [0,00) be a function such that y(1) = 0 if and
only if 1 = 0. Define:

(1) x € E, if and only if y(r) <r for each r >0

(2) x € E, if and only if ltir;?)((t) = x(r) for each r > 0
(3) x € &, if and only if lit;rn)((t) <x(r) forany r>0
(4) x € &5 if and only if ltirl_‘JIrlX(t) <rforanyr>0

(5) x € 2, if and only iflitfrn)((t) <rforallr>0

(6) x € Es if and only if tllrgo(t —x(t)) =00

(7) x€E¢ if and only if I-y:[0,00) = [0,00) is a
strictly increasing surjection

(8) x € Eyifand onlyif {s: (I - x)(:) <r} is bounded for
every r >0

(9) x € Zg if and only if y is monotone nondecreasing

If e N,E, then we say that y is a comparison
function.
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If y € &, then y is continuous from the right on (0, c0).

If x € £,, then y is upper semicontinuous on (0, c0).

The class of £, N5, N Z; N E has been applied in the
theory of nonlinear quasi-contractions by Danes
[18],E,NnE, NE;NEg by Ivanov [4], E,NnE; NE; NEg by
Arandelovi¢ et al. [5] and Di Bari and Vetro [9], 5,nZ, N
Z. by Arandelovi¢ et al. [5], and the class of 5, N =, N5, N
E, by Bessenyei [6].

Note that £, € =5, (8, nE;) € (E;nE,), and (5, NE)
¢ (8, N E,). Some further inclusion between different classes
of comparison functions will be presented in the next
statements.

Proposition 4. If y € £, N E, then y € E,.

Proof. For any r >0, from lti}n)((t) <r, we get that litfnx(t)
r+ r

<, because y is monotone nondecreasing. So, we obtain
that limy(¢) <, for every r>0. o
tr

Proposition 5. 5; =%,

Proof. Let y € E;. If there exists r >0 such that {1 :1— (1)
<r} is unbounded; then, for every M > 0, there exists t >0
such that t — y(¢) <. So,

himtaooX(t) ST <00, (4)

which is a contradiction with y € =s.

Let x € Z,. Suppose that there exists an increasing sequence
(t,) € (0,00) such that lim#, = co and R > 0 such that (¢, — x
(t,)) <R, for each n. Hence, (t,) S {r:1— x(1) <R}. So, {1 :1
— x(1) < R} is unbounded which implies that ye=..

Proposition 6. If y € =, then x € 2.

Proof. Let x € 5. Suppose that there exists a strictly increas-
ing sequence (t,) < (0,00) such that limt, =co and R>0
such that (¢, — x(¢,)) <R, for each positive integer n. So,

for any 1 > 0, we have 1 — y(1) < R, because there exists ¢, such
that 1 < t,, which implies that y is not a surjection. Hence,

tlim (t—x(t)) =00.0
Two following two lemmas have been proved in [5].

Lemma 7. Let y € £,NE,NZ;. Then, there exists Q € Z,N
E3NE; N Eg such that

X(1) <0 <, (5)
for each 1> 0.

Lemma 8. Let x,,-- x,€E,NE;NE;NE; Then, there
exists Q € E,N 25 N E; N Eg such that

X(1) < Q) <t (6)

for each 1<k<nand1>0.

4. Main Results

First, recall some standard terminology and notations from
the fixed point theory.

Let A be a nonempty set, and let Y : A — A be an arbi-
trary mapping.

Let A and A be nonempty sets, Y,I': A— A, and Y(A)
€ I'(A). Choose a point ¢, € A such that Y(,) = I'(;). Con-
tinuing this process, having 1, € A, we obtain 1,,; € A such
that Y(1,) =I'(1,,1). Y(s,) is called a Jungck sequence with
an initial point 1,. Note that a Jungck sequence might not
be determined by its initial point .

Let A be a nonempty set and Y, I': A—> A. Y and I" are
called weakly compatible if they commute at their coinci-
dence points.

Lemma 9 (see [28]). Let A be a nonempty set and let Y, I’
: A — A be weakly compatible self mappings. If Y and I" have
a unique point of coincidence k=Y (1) =I(1), then « is the
unique common fixed point of Y and I'.

Now, we present our main result. Before stating the result,
we make a convention to abbreviate Y (1) and I'(1) in order to
avoid too much parenthesis.

Theorem 10. Let (A, p) be a b -metric space with b constant s
andlet Y, I : A — A be two mappings. Suppose that the range
of I contains the range of Y and that I'(A) is a complete sub-
space of A. If there exist X, X, X3 X X5 © 0:00) = [0,00)
such that

S XpS XS X3S XppS X5 €EgNE,NE;and (7)

u(Ys, Yre) <max {x, (u(I', Tx)), x,(u(I' Y1), x5 (8)
(W YK)), xy(u(I' Y)), x5(u(Y5 Tx)

for any 1,k € A, then there exists z € A which is the limit of
every Jungck sequence defined by Y and I'. Further, z is the
unique point of coincidence of Y and I. Moreover, if A=A
and Y, I" are weakly compatible, then z is the unique common
fixed point for Y and T'.

Proof. We shall, first, reduce the statement to the case y, =
~-=x- and s- y; € 5y NE; N E; N 5. Indeed, from Lemma
7, it follows that there exist functions x; : [0,00) — [0,00)
such that s- x; € Z;n&5; N E5N 5 and

X < xp (1) <w )

for each ¢ > 0 and for all 1 <k <5, whereas from Lemma 8, it
follows that there exists a real function y : [0,00) — [0,00)
such thats- y e 5)n&5;NE;N5Eg and

Xe()<x() < f,(lSkSS) for each >0, (10)
s

which implies



#(Y, Yie) <max {x(u(I', I'x)), x(u(I' Y1), x
S ((Iw, YK)), x(u(I Yie)) x (u(Y I'6)) )
(11)

Thus, we can assume that y; =y forall 1<j<5and s-
XE€E,NE,NEsNE,.

Let 4, €A be arbitrary and let (1,) be an arbitrary
sequence such that Y (1) is a Jungck sequence with an initial
point .

Let dy = p(I'yy, Yi,). We will prove that there exists a real
number r,, > 0 such that:

ro—s-x(ry) <dgandr —s- x(r) >d, forr>r,. (12)

Consider the set D={r|t—s- x(t) > d,Vt > r} which is
nonempty, since r — x(r) — 0o as r — co. Also, if g € D and
p>q imply p € D, and hence, D is an unbounded interval.
Set r, = inf D. For each positive integer n, there is r,, ¢ D such
thatr, — 1/n <r,, and therefore, thereisry > t, >r, >r,— 1/n
such that ¢, —s- y(¢,) < d,. Since y is nondecreasing, we have
s-x(t,) <s-x(r,) which implies that f,—s-y(r,) <d,.
Taking the limit as n — 0o, we get ry — s - x(r,) < d,,.

For any j>0, define 0,(1;) ={Yy | k=j,j+1,j+2,

j+n} and O(y)={Y(y)lk=jj+1,j+2,---}. Also, let
diam(A) denote the diameter of A.
Next, we prove that
(O (1)) < X(0(Opi1 (-1)))> (13)

for all positive integer k, n.
Since y is nondecreasing, it commutes with max, and for
all k <i, j<k + n, we have

M(Yti, Ylj) < X(max {M(Fl- I 4),[4(171-, Yli),[/l(Flj, Ylj), U
LR ONIR O

X (max {p (Y1), Y 1) (Yt Y1), p
(YY) (i ¥i) (Ve 1))

< x(diam(0,.; (4-1)))-

(14)
By induction, from (13), we obtain that

8(0, (1)) < X' (diam(0,1 (1. )))- (15)

For 1<i,j<n, we have Yi, Ylj €0,_
by (13)

1(1;), and hence,

u(Y, Y1) <diam(0,_; (1)) < x(diam(0,(1))) < diam(0O,,(1y)).-

(16)

Therefore, there is 1 <k <n such that
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diam(0,()) = (Yigy Vi) < - [1(YVign Yr) + i(¥iy, Y1)
<s-dy+s-diam(0, (1)) (17)

<s-dy+s- y(diam(0,(1)).
Hence, we get

diam (6, (1)) - x(diam(6, (1)) <dp,  (18)

which implies that diam(0,, (1)) <r,, and hence

diam(0(y,)) = supdiam(0,,(1y)) < 1. (19)

n

Hence, all Jungck sequences defined by Y and I' are
bounded.

Now, we shall prove that our Jungck sequence is a Cau-
chy sequence. Let m > n be positive integers. Then, Y1, Y1,
€0,, ,.1(1,). Using (15) (with I = n) and (19), we get

(Y, Y1,,) < diam(0,, 1 (1)) < X" (diam(0,,,1 (1)) < X" (ry) = 0, (20)

as m,n — o0. Since Y(A) cI'(A), and I'(A) is complete, it
follows that Yy, is convergent. Let k € A be its limit.

Clearly, x € I'(A). So, there is z € A such that I'(z) = k. Let
us prove that Y(z) is also equal to . By (8), we have

u(Y1,, Yz) < x(max {u(I'e,, I'z), u(I't,, Yo, ), u(I'z, Yz), 4
(T Y2), u(I'2, Y1) })
= x(max {p (Y1, 1), (Y, 1, Yi,), p(, Yz), p
(Yo, Y2), (K, Yi,) })-

(21)

If n — 0o, then the left-hand side in the previous inequal-
ity tends to p(x, Yz), and the first, the second, and the fifth
argument of max tend to y(x, x) =0, whereas the third and
the fourth tend to p(x, Yz). Thus, we have

u(k, Yz) < y(u(k, Yz)), (22)

which is impossible, unless p(x, Yz) = 0.

Finally, we prove that the point of coincidence is unique.
Suppose that there is two points of coincidence x and «'
obtained by z and 2, ie., Yz=Tz=x and Yz' =Tz =«'.
Then, by (8) we have

y(;c, K') = y(Yz, Yz') < X(max {,u(Fz, Fz'),,u(l“z, Yz), u
. (Fz',Yz'),y(Fz, Yz'),pt(Fz',Yz) }) (23)
X(max {y(;c, K'), 0,0, y(K, K'), M(K’, K) })
(o)) <o),
unless p(x, K') =0. Since every Jungck sequence con-
verges to some point of coincidence, and the point of coinci-

dence is unique, it follows that all Jungck sequences converge
to the same limit.
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Let A=A and let Y, I' be weakly compatible. By Lemma
3, we get that «x = z which is the unique common fixed point
of Yand I.

The previous theorem extended earlier results for nonlin-
ear contractions on metric spaces obtained by Danes [3],
Ivanov [4], Arandelovi¢ et al. [5], and Bessenyei [6] and com-
mon fixed point results of Das and Naik [8] and Di Bari and
Vetro [9]. It also generalizes the fixed point theorem of
Aleksi¢ et al. [7] which proved the fixed point theorems for
quasi-contractive mappings on b-metric spaces, defined by
linear quasi-contractive conditions.

Example 1. Let A=A={0,1,2,3} be equipped with the
following b-metric p : X x X — R* by p(1, «) = |t — k.

It is easy to see that (A=A, u) is a complete b-metric
space with s =2.

Define the self-maps Y and I" by

™ ~

Il Il
TN
o [e] o (=]
() — o —_
W [\S] — [N}
— w o W

We see that I'(A) 2 Y(A).

Define y, : [0,00) — [0,00) by x(t) =t — sinh™'£. One can
easily check that Y satisfies condition (8). Indeed, we have
some cases as follows:

(1) (1, x)=(0,2). Then,

#(Ys, Y)=|Y0 - Y2]* =1 <9 —sinh™' (9)
<X (I I'x))
smax {x, (u(I's T)), x, (u(Is Y1), x5
(I Yi)), xy (I Yi)), x5 (u(Y6 ITK) }

(25)
(2) (1, x)=(1,2). Then,
p(Y, Yk)=|Y1- Y2 =1<9—sinh'(9)
= X1 (u(I' I'x))
< max {y, (u(I' I'x)), X, (W(Th Y1), x5
- (I Y5))s x ((Th YR)), X5 ((Y8 Tc)
(26)
(3) (1, k) =(3,2). Then,
u(Yo, Yr)=|Y1-Y2P=1<4-sinh™'(4)

= X1 (#(I's )

<max {x, (u(I's IT'x)), X, (27)
(u(Tn Y1), x5 (1K, Yi)), X,
(u(I's YK)), x5(u(Ys Tk}

Thus, all the conditions of Theorem 10 are satisfied, and
hence, Y and I have a common fixed point. Indeed, 0 is the
unique common fixed point of Y and I'.

5. Application

The existence of the solution for the following integral equa-
tion is the main purpose in this section.

a@):af(ujwo>g(ux,a<p<x»>dx), (28)

0

where 1 € [0,00).

We will ensure such an existence by applying Theorem 10.

Let BC[0, 0c0) be the space of all real, bounded and con-
tinuous functions on the interval [0, c0). We endow it with
the b-metric

d(n, k) =sup {[i(t) = (t)|" : t€[0,00)},  (29)

where p>1.

Theorem 11. Suppose that the following assumptions are
satisfied:

(i) p,@: [0,00) =
that

[0,00) are continuous functions so

AP =sup {|o(t)|: t €[0,00)} < 1, (30)

(ii) The function f : [0,00) x R — R is continuous so that
f(bor) = f(bor)[ <o)~ 03], (31)
(iii) For all 1 € [0,00) and 0; € R

—9(b 1 05(p(x)))| < |o1(p(k)) — 02(p(K))|,

(32)

|9(b % 04(p(K)))

where g : [0,00)° x R — R is continuous.

(iv) M =max {f(1,0): 1€ [0,00)} < 00 and G=sup {|g(s
, K, 0)]: 1€[0,00)} <00

Then, the integral equation (28) admits at least one solu-
tion in the space (BC|0, 00)).

Proof. Let us consider the operator Y : BC[0,00) — BC[0,00)
defined by

(1)

Vo) =f(+ [ stratoonax). @

0

In view of the given assumptions, we infer that the func-
tion Y (o) is continuous for arbitrarily o € BC[0,00). Now, we
show that Y (o) is bounded in BC[0, o). As



o)1= ([ gt otptwpae)

0]
< f<l, JZ g6 % U(P(K)))dK> —f(B0) | +|f(50)],
(34)
we have
(1)
(] stom otowie) 00
0]
| gt ototean )
< Aljo|| + AG.
Thus,
0]
(7 stom otptwie) - 00) <Al ac.
(36)
From the above calculations, we have
1Y (o) ()] < Aljo|| + AG + M. (37)

Due to the above inequality, the function Y is bounded.

Now, we show that Y satisfies all the conditions of
Theorem 10. Let 0,, 0, be some elements of BC[0, co). Then,
we have

000 - Yo < (o[ ot m i ot )

P

([ gt oatpteyan)

0

(1)
<|[ st artpronar

0

20| P

j 915, 0,(p()) ) d

0

; (( [[" 50 Wj:“) 190 %0, (6(4)))

P
- g(b%, oz<p<x>>>|f’dr<)”")

(1)
s<p<t>>"’q(j: X210 (p()) e

- 0(p()) ")) )’

< (P x,(d(01,05))
< APy, (d(0y,0,)) < M(y, 0y),

(38)
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where M(o,, 0,) is defined by

M(oy,0,) =max {x; (s x)), X, ((5 Y1))s X5((: Y)), x4
(6 YK)), xs(u(Yi 1)}
(39)

Thus, we obtain that
w(Y(0y), Y(0,)) <M(oy,0,). (40)

Using Theorem 10, we obtain that the operator Y admits
a fixed point. Thus, the functional integral equation (28)
admits at least one solution in BC[0, c0).
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