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The subject of the paper is the temperature distribution in the thin metallic
ferromagnetic plate influenced by moving linear high frequency induction heater.
As a result of high frequency electromagnetic field, conducting currents appear
in the part of the plate. Distribution of the eddy-current power across the plate
thickness is obtained by use of complex analysis. The influences of the heater
frequency, magnetic field intensity and plate thickness on the heat power density
were discussed. By treating this power as a moving heat source, differential
equations governing distribution of the temperature field are formulated.
Temperature across the plate thickness is assumed to be in linear form.
Differential equations are analytically solved by using integral-transform
technique, Fourier finite-sine and finite-cosine transform and Laplace transform.
The influence of the heater velocity to the plate temperature is presented on
numerical examples based on theoretically obtained results.
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Introduction

The rigorous phenomenological magneto-elastic theory for ferromagnetic materials
based on the large deformation theory and the classical theory of ferromagnetism has
developed at the end of sixties. Since the general nonlinear theory was complicated, Y.W. Pao
and C.S. Yeh[l] derived a set of linear equations and boundary conditions for soft
ferromagnetic elastic materials. They applied linear theory to investigate magneto-elastic
buckling of an isotropic plate. General information about the theory of magneto-thermo
elasticity were presented in monograph by H. Parkusv [2].A great contribution of a research
in this scientific field was given by W. Nowacki. He discussed various dynamic problems of
thermo-elasticity induced by moving heat sources [3]. Thermo-elastic vibrations of thin plate
subjected to one moving heater was theoretically obtained and presented in [4].

The influence of the magnetic fields in a rotating media was considered in [5]. Sharma
and Pal investigated the propagation of a magnetic-thermo-elastic plane wave in
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homogeneous isotropic conducting plate subjected to uniform static magnetic field [6]. The
influence of the impulsive electro-magnetic radiation on the temperature, strain and stress
fields in thin metallic plate was discussed in [7] based on the linear temperature distribution
across the plate thickness. The similar theory for thick plates with appropriate nonlinear
distribution was presented in [8].

Because of some disagreement in analytical and experimental results, the methods of
numerical analyses were involved in consideration of the magneto-elastic problems [9]. A
coupled thermo-mechanical finite element model of friction stir welding was developed using
program Abaqus and presented in [10]. A mathematical model for the temperature field
developed during high frequency induction heating together with the experimentally obtained
results were established by Shen, Yao, Shi and Hu [11]. Temperature distribution in a
thinmetallicplate subjected to law-frequencyelectromagneticfield was solved in analytical
form as the interior Dirichlet boundary problem and presented in [12].In the numerical study
of the three-dimension heat conducting problem with a moving heat source, Douglas-Gunn
alternating implicit method was applied in [13].

Basic equations

The problem considered in the paper shows one type of interaction between
electromagnetic and temperature field in a solid ferromagnetic plate. It is assumed that the
plate material is elastic, isotropic, soft ferromagnetic, possessing a good electric conductivity.
Many nickel-iron alloys used for building the magnetic circuits of motors, generators,
inductors, transformers have these features.

As a result of time changing electromagnetic field conducting currents appear in
electric conductors. This problem is mathematically described by the system of Maxwell’s
equations [1,2]

oti=7+%2 otk =— B 4B =0, divB=0, @
ot ot

with the relations for slowly moving media and modified Ohm’s low[2]

D=eo(K+ixB), B=p(Hi-ixD),J=olK +iixB) @

The following notation is applied: H — intensity of magnetic field, K — intensity of
electric field, B — magnetic induction, D — electric induction, J — current density, u —
deflection, ¢ — magnetic permeability,oc- electric conductivity, g, — dielectric constant of
vacuum, t —time.

Cartesian coordinate system is sustained so that x; and x, are the axes in the middle
plate surface and xs is perpendicular one.

The power of the conducting currents represents one type of volume heat source in the
plate. So, system of equations describing temperature field in a plate is [14]

, 1 . w J? .
Vi—=0, [0-muj j=——, W=Wg +Wy +—, (j=123) (3)
K ’ Ao c
where « is the coefficient of thermal intensity, 7 is the coupling between the temperature and
the deformation fields, Ao is heat conduction coefficient, V2 is Laplace operator and &, is the
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time derivative. Temperature field is presented as @ [C, K] = T-To where Ty is the
temperature of the plate in its natural state.

The heat generates in unite volume and unit time (heat source intensity) W (x,,X,,X;t)
consists of three parts: intensity of external heat source Wg, hysterisis losses Wy and Joule’s
heat. If one assumes that the temperature changes linearly across the thickness of the plate,
temperature field H(xl, X5, x3,t) can be described using two values, andz as

0%, Xp, X3, 1) =70 (X, X, 1) + X371 (X, X5, 1) 4)

If equation (3) is multiplied with x; (k=0.1) and integral of it is made through the plate

thickness, the results are two partial differential equations describing temperature field in a
plate as [14]

h h
2 2
(Vf_latj(TO)—’_l % :_M, (Vf_%_latjrl—i_% XS% :_12\N1
K hloxs | n h4 h2 « | o |0 heA
2 2
h
2 K
W, (%, %5,t) = fhW(xl,xz,x3,t)~x3 -dxg , (k=0, 1), (5)
2

where h is the plate thickness and Vlz is two-dimension Laplace operator defined as
0% 82
=t —
2 2
o OXp
Presented differential equations have to be completed with the appropriate set of
boundary and initial conditions.

vi

The power of the linear frequency electromagnetic heater

In the part of a plate size dxcxh the magnetic field occlusions and time changing
induction prompts conducting currents and Joule’s heat losses. In order to calculate heat
power next approximations are involved and applied (fig. 1):

m——

X3

X; d

Figure 1. Linear frequency inducting heater in Cartesian coordinate system

e the component of magnetic induction By; can be neglected compared to By,
e because of the skin-effect, the component B,zis small compared to B,,.
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Electromagnetic field in the plate material has only Hy,andK,;components so Maxwell
equations are

rotH, =K,
rotK, =-0,B,,

It is assumed that all field components vary in time t as exp(jot), where o is the

(6)

appropriate angular frequency. Using symbolic-complex method (H = ﬂej“’t) the following
equation is

o%H
_2)(2 +7'at'HX2 =0
3

V=jopo,  y=Q+))-Jounf =+ ik, (7)
where f [Hz] is appropriate frequency. The solution of equation (7) has the form
&°H
a—zxz +7-0; - Hy, = gley(h/Z—xs) +(_:2e77'(h/2*><3) (8)
X3

Coefficients C,,C, can be obtained based on boundary conditions

H = Ho, (x3=h/2)
10, (x3=-h/2)
)
eh .e’h
Ql:_HO—e, QZZHO—e_ (10)
2S-h-y-h 2S-h-y-h
The solution for the magnetic field intensity is
Sh-y-(h/2-
H =y (12 (11)
Sh-y-h
Conducting currents and Joule's heat power W(x3) are defined with the relations
oH Ch-y-(h/2-
J,, =—2=-H, Al %) (12)
6)(3 Sh‘j/'h
35| K2-HZ Ch-2k-(h/2 2k-(h/2
W(x3):1- S| _K°-Hg (h/2+x5)+cos2k-(h/2+x;) (13)
2 o o 2Ch-2k -h—cos2k -h

Based on relation (5); appropriate power WJ [W/mz] can be presented in the final form

W h}\ZN(X i, = KHG Sh2kh+sin2kh  kH{
0= 25 V38T 26 Ch2kh—cos2kh 2o

k
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. hi2 .H?2 . i .H?2

W= W(x3)-dx=k Hg  Sh-2kh+sin2kh =k Hg o (14)
_hi2 20 2Ch-2k-h-cos2k-h 20

Heat power intensity depends on magnetic permeability, electric conductivity,
magnetic field intensity, plate thickness and frequency. Diagram in fig. 2 presents heat power
in soft ferromagnetic material conductivity 7.7 10° S/m and relative magnetic permeability
500. The thickness of a plate is sustained to be 5 mm on the square of 100 mm?.

2500
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C = o r 1t -~ -'-“-: e T i _-——-- —
wEEe s
0 e e T o
0 2 46 5 10 1 5 " 4 .
Magnetic field intesity [kA/m] Plate thickness [mm]

Figure 2. Heat power as a function of magnetic Figure 3. Factor fy as a function of thickness and
field and frequency frequency

The influence of the plate thickness is represented in factor fi from the relation (14). As
it is shown in fig. 3, for high frequencies the value of fy is 1, because of the skin-effect.

........... —..f=1Hz

100 — —f£=10Hz
g - .-f=20Hz
£ 80
Aa_c S - - -f=50Hz
2 0 \Q;~ ---------------------- £70 He
'§ 40 \ —f=100 Hz
2 = £200 Hz
& ol R
‘ﬁ -
=

1 2 - 5

2 3
Plate thickness [mm]

Figure 4. Heat power density as a function of thickness and frequency

For the electro-magnetic frequencies higher than 1 kHz heat power density doesn’t
depend on material thickness and skin-effect is dominant. It is presented in fig. 4 for magnetic

field intensity of Ho=5 kA/m. Based on previous discussion, heat power Wl* defined in (5)3
can be calculated using Dirac o -function as

h/2 hi2 |k.H2 k.-H?2
W= | W(x)x-dxg= | KBy 5(X3_h)dxs=hk—Ho (15)
~h/2 _hi2 20 2 4c
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Temperature field in the plate induced by moving high frequency heater

Let the thin steel plate be under the influence of the temperature field caused by the
high frequency heater moving at a constant velocity v along the edge x;=0 shown in fig. 5. Let
the thermal initial and boundary conditions be assumed in the form

A (16)
OX3 xomt h
2

e|t=0 =0, 6| -

The position of the heater is shown in fig. 5. The equations (5) can be written in the form

(Vf—ﬂk—%atjrk: f(k) - Wk~6(xl)l'[(x2 Vt][H(t)—H(t—a/v)] (17)

0, k=0
Pk = E K=1" k=01
h2
b
x3| | a
N
d °© X
b

J n
X

Figure 5. The plate under the moving inducting heater

H(*) denotes the Heaviside function and II(*) is a pulsation function. To solve
equations (17) subjected to the initial and boundary conditions (16) is used finite cosine
Fourier transform in xjdirection and finite sine Fourier transform in direction X,. Note the

transformed function as 1 ,,, k =0.1 and apply in calculation the next integrals

b

[8(%)-cos(ey, - % )dx =1, (18a)
0
a_(x,—v-t). : sin(a, -d/2)
sin - X, )dx, =dsin Vet)————=. 18b
({H( d j (o %z )t (om-v-1) a,-d/2 (18)
Differential equations (17) become
1 Kocod e sin(ay, -d/2)
(Anm+ﬂ|f+;atjrk’nm:_ﬁ'}0‘h W, sin(ay, -v-t) ——m "] o2 [H (t-a/v)]
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2 2
Ay =0 +a? :(%j +(mj k=0.1 (19)
a

Using Laplace transform defined by integral

L-L[F(t)]=F"(p)=1] f(t)-e ™ -dt (20)
0
and applying partial integration, we have
a
L[ﬂnU%VW)+4(t—EIF%—”mepv__iﬁLl___ (21)
v 2 %
P +(ctp -V)
Boundary conditions give transformed forms of the temperature functions to and t;

. aV m P> | sin(ay,-d/2)
2—k,nm:Ck' 1_(_1) € V:|'—,
| )]{

p2+(am~v)2][p+zc(Anm+,Bk oy -d/2

Based on the inverse Laplace transform denotes as L™, next function is given as

-1 oy -V

[ P? (o V) |- [P+ (A + )]

K(A"m +ﬁk)'5in(am 'Vt)_am -V-COS(Otm ‘Vt)+05m 'Ve_tK(A“erﬁk)

=l (n,m,t)-H(t),

I (n,m,t)= (23)
(O‘mv)2 + Kz (Anm + ﬁk )2
Using well-known relation
L et (p)|=f(t-a)-H(t-a) (24)
the solution is obtained in the next form
sin(a, -d/2 m
Tyenm = Ci 'W-[Ik (n,mt)-H(t)—(-1)" -l (nmt—a/v)-H(t —a/v)}
k=0.1 (25)
Inverse Fourier transforms give next analytical solution
7 =%- i [Tk,Om + 2§ Ty nm -COS(anXl)} -sin(emX, ), k=0.1 (26)
m=1 n=1

or
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23%c .M.PK (0,m,t)+2§jIk(n,m,t).cos(anxl)]sin(amxz).H(t)_

* b KT adi2 ]
(27)
© m i 2 0 A
_2 > (-1)"-Cy -M~[Ik (Omt—-av)+23 I, (n,m,t)«cos(anxl)]sm(amxz) H(t—a/v)
ab m=1 a,d/2 n=1

k=0.1

Numerical example

Field amplitudes and current amplitudes decrease on exponential law along the plate
thickness. Skin depth decreases with increasing of frequency, conductivity and permeability
and for high frequency heaters skin-effect is significant. Numerical example is done for
the steel plate dimensions 1000x1000%5 mm. Magnetic and electric material properties are
defined in previous examples. The plate is subjected to one linear electromagnetic heater
magnetic intensity Ho=5kA/m and dimensions ¢=10 mm and d=50 mm. Other material
properties respected to steel are: heat conduction coefficient 1,=50 W/mK and coefficient of
thermal intensityx=1.4 10> m%s. In Figures 6 and 7 temperature fields for different times and
for two cases of heater velocity are presented.

ol

Temperature 6 [°C. K]

2.19E402 ... 2.B2E+02 2.28E402 ... 2.74E+Q2 2.32E+02 ... 2.78E+Q2 1.04E+02 ... 1.24E+02

1.75E+02 2 19E+02 [.83E+02 ... 2.28E+02 1.85€+02 ... ©2.32E+02 8.296+01 ... 1.04E+02

1.00E-02 ... 4.37E+01 1.00E-02 ... 4.57E+01 1.00E-02 ... 4.B3E+01 1.00E-02 ... 2.07E+01
=15s =25 % =40 s =50 s

Figure 6. Temperature field for the inducting heater velocity of v=0.02 m/s

p B

Temperature ¢ [°C, K]

2.65E402 ... 3.19E+02 2.85E402 ... 3.42E+02 2.92E+02 ... 3.50E+02 9.81E+01 ... 1.18E+02

2.12E+02 2.65E+02 2.28E+02 2.856+02 2.34E+02 . 2.92E+02 7.84E+01 ... 9.B81E+0l

1.00E-02 ... S5.31E+01 1.00E-02 ... 5.70E+01 1.00E-02 ... 5.84E+01 1.00E-02 ... 1.96E+01
=35s =50s =80 s =100 s

Figure 7. Temperature field for the inducting heater velocity of v=0.01 m/s
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As it can be noted from previous figures, plate temperature depends on heater velocity.

Time ty is defined as ty = % and nondimensional time is involved as ti .
0
Temperature intensity for the point in the middle plate surface with coordinates (xy, X,)
= (300, 500) mm is presented in fig. 8 based on defined nondimensional time and for various
heater velocities.
80 1 - v=0.5 cm/s
70
60
50
40 -
30
20
10 -
0 ‘
0 02 04 06 08 1
t'to

----- v=1 cm/s
- = =v=2 cm/s
......... =4 cm/s

Temperature [K]

Figure 8. Temperature as a function of non-dimensional time and heater velocity t,

Conclusion

Magneto-thermoelasticity has received considerable attention because of the possible
applications in detection of flaws in ferrous metals, optical acoustics, levitation by
superconductors, magnetic fusion and many other electro-mechanical devices.

Temperature field in the thin metallic soft ferromagnetic plate influenced by moving
linear high frequency induction heater was analytically obtained and presented in the paper.
The problem was described by two systems of differential equations, Maxwell’s equations
with the relations for slowly moving media and the equations governing temperature field.
Temperature field was the result of time varying electro-magnetic field and the appearance of
the eddy-current losses in one part of the plate. Distribution of the eddy-current power across
the plate thickness was obtained by use of complex analysis. The influences of the heater
frequency, magnetic field intensity and plate thickness to heat power density were discussed.
Intensity of the losses is exponential function through the thickness of the plate. The inducting
heater with high frequency was treated as a surface moving heat source because of the very
small skin depth. Temperature across the plate thickness was assumed in linear form and
appropriate differential equations governing temperature field were analytically solved by
using integral-transform technique (Fourier finite-sine and finite-cosine transform and
Laplace transform).The influence of the heater velocity on the plate temperature was
presented in a few numerical examples based on theoretically obtained results.
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