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In the paper, a new form of differential equations for rigid body attitude dynamics is obtained. Three s-parameters (modified Rodrigues-Hamilton
parameters) and three angular velocity parameters are used as unknown variables. Built equations are particularly useful for analytical and numerical study
of rotational motion of a rigid body. The topological structure of configurational s-manifold for a balanced rigid body is investigated. An example of the
use of constructed equations to describe the rotational motion of a rigid body in a resisting medium is considered.
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Novi oblik jednadzbi rotacijskog gibanja krutog tijela

Izvorni znanstveni ¢lanak
U ovom je radu izveden novi oblik diferencijalnih jednadzbi koje opisuju dinamiku rotacijskog gibanja krutog (¢vrstog) tijela oko sredista njegove mase.
Kao varijable koriste se tri s-parametra (modificirani parametri Rodriga-Hamiltona) i tri parametra kutne brzine tijela. Izvedene jednadzbe su osobito
korisne za analitiCko i numeri¢ko izuCavanje rotacijskog gibanja Cvrstog tijela. Istrazena je topoloska struktura konfiguracijskog s-prostranstva za

uravnotezeno kruto tijelo. Razmotren je primjer uporabe izvedenih jednadzbi koje opisuju rotacijsko gibanje krutog tijela u otpornoj sredini.

Kljucne rijedi: dinamika, kruto tijelo, modificirani parametri Rodriga-Hamiltona, rotacijsko gibanje

1  Introduction

The studying of attitude motion of rigid body under

the action of principle moment M of external forces is
usually realized in terms of Euler angles, various variants
of "aircraft" angles or direction cosines. The wide range
of mechanical problems is connected with the studying of
rotational motion of rigid body that is such attitude
motion of the body with respect to the centre of mass C,

when the work of moment M of external disturbing
forces is small with respect to the kinetic energy of the
body’s rotational motion.

These problems are usually investigated with the use
of special variables. For example, the Andoyer (1862 +
1929) dynamical equations of rigid body attitude motion
are used widely in Beletsky-Chernousko variables
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Here A, B, C are the body’s principal central
moments of inertia, L is the absolute value of kinetic

moment L , the angles p,o determine the position of
vector L and connected with it orthogonal Cartesian
coordinate system CL,;L,L; with respect to the Koenig

coordinate system CXYZ according to Fig. 1, the Euler
angles ¢, 7, ¢ determine the orientation of the body’s

principal central axes of inertia x, y,z with respect to the
coordinate system CL;L,L;, and M,, M,, M5 are the

projections of the moment M on the axes of moving
coordinate system CLL,L;.

The usability of these equations is connected with the
constancy of vector L (that is the values L, p,o) in

undisturbed motion of the body. But the computer

simulation of mathematical models constructed with the

use of Euler angles meets the following difficulties:

1) the kinematic equations degenerate at certain values
of angles;

2) the right parts of differential equations occur complex
trigonometric functions of angles, so the integration
of these equations leads to significant increasing of
computing time.

Z

Figure 1 The coordinate system connected with vector L

The Euler-Poisson model based on the use of
direction cosines, is free of these disadvantages, but the
closed system of equations in these variables has much
higher order, so it is not convenient for computer
modelling.

The above mentioned difficulties may be avoided by
introducing new parameters. Among all kinematic

Tehnicki viesnik 21, 6(2014), 1221-1227

1221



A new form of equations for rigid body rotational dynamics

A. A. Tikhonov et al.

parameters the significant place belongs to the Rodriguez-
Hamilton parameters A;(i = 0, 1, 2, 3) [2, 3]. They
represent the components of 4-dimensional number
A=(Ay,4,4,,4), called quaternion, and connected by
B+ +5+25 =1,
Choosing these parameters and dimensionless projections
of angular velocity on principal central axes of inertia as
variables we obtain in the normal form the system of
seven differential equations (3 dynamical and 4 kinematic
equations) for finding seven unknowns.

But the Rodriguez-Hamilton parameters are not
minimal in number. The new parameters s;, s, 53 (s-
parameters) are introduced in the paper [4] for
construction of the mathematical model of the body’s
attitude motion. They possess the same advantages as the
Rodriguez-Hamilton parameters and at the same time they
are minimal in number. S-parameters may be considered
as the result of stereographic projection of 4-dimensional
sphere of quaternions, normalized with the condition

B+ +23+24=1, on 3-dimensional hyper plane,
orthogonal to the axis 04, (Fig. 2).

the normalization condition

Figure 2 S-vector as a result of stereographic projection

At the same time parameters §; may be expressed in
terms of Rodriguez-Hamilton parameters according to the
formula s; = 4;/(1- 4,) . The differential equations of the

body’s attitude motion suitable for the investigation of the
rotary motion were constructed in the paper [5] with the
use of s-parameters. Later these equations were
successfully used for the investigation of secular
evolution of rotary motion of a charged satellite in a
decaying orbit [6].

In this paper the new equations of the body’s attitude
motion are deduced. They differ from analogous
equations obtained in [5] with the use of variables
L,p,o,s,,5,,5, because instead of variables L,p,o we

use the variables w,a, f which determine the value and

direction of the body’s angular velocity vector and more
obvious in interpretation of the results of investigation.

2 The equations of motion

Let us determine the orientation of the body with the
use of moving coordinates Cw, @, @; (Fig. 3), where the

axis Co, is directed along the vector @ of body’s

angular velocity and CXYZ is the Koenig coordinate
system.

Let us introduce the direction cosines matrix K of the
axes wj, w,, w3 with respect to the axes X, Y, Z:

o) @, s
X sinacosf cosa  sinasing
Y —sinf 0 cosf

Z cosacosf —sina cosasing

>

and the direction cosines matrix A of the body’s
principle central axes of inertia x, y, z with respect to the
axes wi, w), 3.

Y a

VA

Figure 3 The coordinate system connected with vector @

The elements of matrix 4 can be expressed in terms of s-
parameters sy, s, 53 [4]:

X y z
o U —8(s§ +s32) 4(25,5, —s3uy) 42855+ 5,up)
Uy Up U
425,85, +53u1) U —8(s12 +s32) 425,85 —suy) , (1)
2
ug u, u,
4(25,55 —Souy)  H2s,85 +5Uy) ug— 8(s12 + s%)
3
Uy Up U
where

2 2 2
|s| :sl2 +s§ +S32, u, :(|s| +1)?, u, :|s| -1.
The following equations are valid:

0,0,0)" =A(0,, 0, 0.)", 2)
(MX’ MY? MZ)T =K(Ma)1a Ma)Z’ M{u})T'

The absolute angular velocity vector we represent in the
form:

B=d, +., (3)
where vector @, = a+ ﬂ is the angular velocity of the
coordinate system Cm, @, ®;, and vector @, is the

angular velocity of the body relative to the coordinate

(a)ewl’ Dey2 > we(u}»)T =
(—asing, ,B o'zcos,B)T then on the basis of (2) and (3) we

@y, a)rz)T =A"(asing, — B, w—a cosp)T.

system Co, w, ®;. Since

obtain: (@,,,
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The angular momentum vector L of the rigid body
with tensor of inertia diag(4, B, C) (in the axes Cxyz)

has the following projections:

(La)ll La)2’ La)3 )T = A'diag(A’ B’ C)(a)’c’ wy’ o, )T =
=400, 0, »)7,
(L, Ly, Lz)' = KLy, Log, Lo ) = oKl @

wl’ Hw2r Fo3

where

A= A-diag(4, B, C)-A", A4,=A4-(0, 0, )".
Differentiating Eq. (4) with respect to time, we can write
the theorem of angular momentum %(LX,Ly,LZ) =

(MX, My, MZ)T in the form:

KA + o KA, + o KA, = (M, My, M,)" . (5)
By multiplying the Eq. (5) by the matrix K, we obtain:

(GE + oK "KYA + 0 A = (M 1, M, M ;)" . (6)

[

Let us introduce into consideration matrices

ew3 ew2

Q o~ De3 0 ~ We)

~ We2 Wepl 0
and

-, @,

QX = a)rZ 0 wrx

—0n O 0
Then

Consequently,

A= %(Adiag(A, B, O)A") =

= Adiag(4, B, C)A" + Adiag(4, B, C)A" =

= AQ diag(4, B, C)A" — Adiag(4, B, C)2 A"
= A[Q diag(4, B, C)—diag(4, B, C)2, ]4" =
=AA, A",

where
0 (4-B)w,, (C- A)a)ly
A.Q = (A - B)a)rz 0 (B - C)a)rx
(C-ADay, B-0O)w,, 0

Therefore the Eq. (6) may be written in the form:
(©Q,+E)A +©AAn AT (0,0, )" = (M, M ,,M ;)" .(7)

The system (7) is linear with respect to ¢, B, @
and may be resolved for these derivatives. However,
before this operation we shall reduce the equations (7) to
the form, which contains M, M, M. instead of
M, M,,, M,; and is more convenient for the solving
of the problems where the perturbing moment M s
defined by the projections on the axes, connected with the
rigid body. For this purpose we can multiply (7) from the

left by the matrix A" :
[AT(a)!)w +a'JE)A+a)AgAT](0, 0.)" =M, M, M)"

Thus, we obtained the linear system with respect to «,

B, @ . By resolving it for the derivatives we obtain:

wff M A
wasing |=A MyB_' +
@ M.
> A3
+ A-B)B-C)A-C)A3,4;5,| Ayy |+ 8
5 ( X X )A31 43 A23 ®)
33

AC(A—C) Ay, Ay; + BC(B —C) Ayy Ay,
+| = AC(A—C) 4y, 4y, — BC(B—C) Ay 4y, ||,
0

where Aij are the elements of the direction cosines matrix

A(1).

For closing the equations (8) we consider them
together with kinematic equations, which have the
following form in s-parameters:

(51, §2.83) " = By, 0y,0.)".
Here
slz —s% —332 +1 2(55y +53) 2(s183 —5,)
B =_Tl 2(8,85 —83) s% —332 —sl2 +1 2(s,83+57) |-

28153 +53)  2(8983—8)) s32 —512 —s% +1

On the basis of (3) and the easily verified equation

Uy . . . .
BA" :%B "= BT we obtain the kinematic equations

in s-parameters:

§ asin f
5, =BT -p ) 9)
S3 w—cocosf
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Thus, the system (8), (9) represents the differential
system for description of the rotational motion of rigid
body. This system is convenient for computer modelling
because it has the unique singular point — the pole of
function, mapping the unit sphere in 4-dimensional
quaternion space onto the 3-dimensional hyperplane of s-
parameters. But the direct hit of image point into the pole
of mapping function during the motion is the exception
case, demanding special initial conditions. The set of such
initial conditions in the space of s-parameters has the zero
measure and so the possibility of hitting the image point
into the pole of mapping function practically does not
realize.

3 The configurational manifold of s-parameters for
balanced rigid body

Let us consider the attitude motion of rigid body

under the balanced external impact (M =0). Such
attitude motion is characterized by the constant vector of
angular momentum

L=(L, L, L))" =diag(4, B, C)-(0,, 0, @.)"

and the constant value of kinetic energy

| 4 0 0)fo,
r=_lo.o,0.)0 8 0|0, (10)
0 0 C)lo,
On the basis of equation
w, 0
o, |=4"| 0|, (11)
w, 2
we can express L,, L,, L. through @:
0 AAy,
L = odiag(4, B, C)A"| 0 |= » | B4;,
1 CAs,
Consequently
[* = 0 (A* 43 + B> 43 + C? 43) . (12)

Using (11) we can write (10) in the form:

2T = @* (A4}, + BAZ + CAZ) . (13)
Dividing (12) by (13) we obtain:

I A4 +B 45+ CP 45
2T AA3 +BAL +CAZ

= D =const. (14)

We can write equation (14) in the form:
A5,(A* = DA) + A3,(B* — DB) + A33(C* —CD)=0. (15)

After substituting in Eq. (15) the elements of matrix
A , expressed through s, s,, 53, we obtain

16 2
u—2(2s1s3 —syf|s|" =1) (4% — 4D )+
0

+¥(2s2s3 +s,(]s|° ~1)*(B*~BD) + (16)
Uy

2
+(1—i(sf+s§)j (C*-CD)=0.
Uy

The equation (16) represents itself the energy integral
of balanced rigid body, expressed in s-parameters. The
fixed values of L and T determine the surface with
implicit form (16) in the space of s-parameters. The
constancy of angular momentum and kinetic energy of
rotating balanced rigid body denotes that vector of s-
parameters, defining the attitude position of the body at
arbitrary moment, is on the mentioned surface.
Consequently the surface (16) is the configurational
manifold of balanced rigid body. It should be mentioned
that the qualitative dependence of equation (16) on
parameters sy, s, 53 is just the same as that in analogous
equation obtained in [5] (but the meaning of variables s,
sy, 83, 1s naturally another). In the paper [5] the
configurational manifold of balanced rigid body was
described by the equation

2T AZ 2 2
2L _ Ay Ay A
! A4 B C

or, that is the same, by the equation

1 2T 1 2T 1 2T
A= | A - v 4 -2 =0
31(14 LQJ 32(3 LQ\J 33(C LQ\J

0
2T = (0,0, 1) Adiag(4, B, C)AT 0=
1
A31
= " (A3, Ay, A33)diag(4, B, C)| 43, |.
A33
Consequently
Figure 4 Configurational manifold in s-parameters
1224 Technical Gazette 21, 6(2014), 1221-1227
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On the basis of (15) it follows that all conclusions
made in [5] concerning the topological structure of
configurational manifold and the s-vector boundedness
remain in force. The example of trajectory obtained by

numerical integration of equations (8), (9) at M=0 is
shown in Fig. 4. It is evident that the trajectory coils on
the bounded toroidal surface in the space of s-parameters.

In particular case then 4 = B # C, the system (8) - (9)
is the following

0’/3 *(A-C) Ay Ayy + Ay Ay
wasinf|= p, — Ay Ay — Ap Ay | 17)
@ 0
5 asin
i, |=BT| -p : (18)
83 ®—ccosfi

At that, as one might expect, we immediately obtain
o =const. from the third of equations (17). The energy
integral (15) takes the form:

(A% = DA)(43, + A3,) + A35(C* = DC) =0.

In this case the configurational manifold is the regular
tore, which has the following parametric representation
with respect to the angles 4 and y :

A

s = C.OS (1+cosg, cosy),
sin@,
inA

Sy = s.m (1+cosg, cosy),
sin@,

s3 = ctan@,siny.
Here

Ve [— T, n], Ae [0, Zn], and parameter 6, € [O, n/2] is
C(D-C)

(A-C)Y(A+C-D)’

The example of trajectory coiling on the surface of

such tore is obtained by numerical integration of
equations (17), (18) and is shown in Fig. 5:

defined by the equation sin* 26, =

Figure 5 Configurational s-manifold for the case A=B

el
156 /
1541 Z
152
1'520 15 0,0°002
.X1,n 05 ppopa002°)

Figure 6 The trace of vector @ on the unit sphere

The trace of vector @ on the unit sphere, fixed in the
coordinate system CXYZ, represents the circle (Fig. 6).

4 The example of the use of constructed equations

Let the body move in resisting medium, creating the

disturbing moment M =-hd, proportional to the rigid
body angular velocity with coefficient #2>0. In
projections on the axes x, y, z we have

Mx =-h A310)(t),
M, =—h dya(t), (19)
MZ = _h A33a)(t).

where A4; are the elements of direction cosine matrix A.

Consider the case 4= B # C. Then the system (8),
(9) take the form:

a)ﬁ MXA_I
wasing |= A MyB’1 +
0] Mm.Cc™
Ay Ay + Ay A
©*(4-C) 21431 T Ap Az
| — 443 — A4y, | (20)
0
§ a sinf
$3 =B’ —,B
3 w—acosf

Below there are the results of numeric integration of
differential system (19) - (20) at initial conditions
51(00=1, 5,(0)=0, s;0)=1, w(0)=2, a(0)=0,
B(0)=mn/2 and the parameters values A=B=3, C=2.
The trajectory of vector @ in space of parameters
o, o, f 1s shown in Fig. 7.

The trajectory of vector @ in coordinates x, y, z is
shown in Fig. 8.

In Fig. 9 we can see the trajectory of s-vector in space
S1, 8§25 83

It is obvious that parameters o, a, f, s,, 5,, s, are
convenient for computer modelling of rigid body motion
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op 002

oos 002
(81

Figure 7 Trajectory of vector @ in space w, a,

Figure 8 Trajectory of vector @ in space x, y, z

10
Figure 9 Trajectory of s-vector

5 Conclusions

In this paper a new form of differential equations for
rigid body attitude dynamics is deduced. Three s-
parameters (modified Rodrigues-Hamilton parameters)
and three parameters which determine the value and
direction of the body’s angular velocity vector are used as
unknown variables.

The new equations are reminding the earlier obtained
equations from [5] since both forms are based on the use
of s-parameters, but the meanings of s-parameters are
quite different. Another difference between these
equations is that here we use the angular velocity
variables instead of the angular momentum variables.

Such approach seems to be expedient as the angular
velocity variables are more obvious in interpretation of
the results of investigation. Built equations are
particularly useful for analytical and numerical study of
rotational motion of a rigid body.

The topological structure of configurational s-
manifold for a balanced rigid body is investigated. The
boundedness of s-vector in configurational space is
shown. An example of the use of constructed equations to
describe the rotational motion of a rigid body in a
resisting medium is considered.

In future research, the authors will pay attention to
the study of rotational motion of complex elements, such
as [8, 9]. Also, in future work, the authors will be given to
the study of new procedures and new effects [7, 10], that
may be associated with the problems presented in this

paper.
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