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We introduce some generalizations of Presi¢ type contractions and establish some fixed point theorems for mappings satisfying
Presi¢-Hardy-Rogers type contractive conditions in metric spaces. Our results generalize and extend several known results in metric
spaces. Some examples are included which illustrate the cases when new results can be applied while old ones cannot.

1. Introduction

The well-known Banach contraction mapping principle states
that if (X, d) is a complete metric spaceand T : X — X isa
self-mapping such that

d(Tx,Ty) < A (x, y) (1)

for all x, y € X, where 0 < A < 1, then there exists a unique
x € X such that Tx = x. This point x is called the fixed point
of mapping T.

On the other hand, for mappings T : X — X, Kannan
[1] introduced the contractive condition:

d(Tx,Ty) < A[d(x,Tx) +d (., Ty)], ()

for all x, y € X, where A € [0, 1/2) is a constant and proved
a fixed point theorem using (2) instead of (1). The conditions
(1) and (2) are independent, as it was shown by two examples
in [2].

Reich [3], for mappings T : X — X, generalized
Banach and Kannan fixed point theorems, using contractive
condition:

d(Tx,Ty) < ad (x, y) + fd (x,Tx) +yd (3, Ty),  (3)

for all x, y € X, where «, f3, y are nonnegative constants with
a+ f3+7y < 1. An example in [3] shows that the condition (3)
is a proper generalization of (1) and (2).

For mapping T : X — X Chatterjea [4] introduced the
contractive condition:

d(Tx,Ty) < A[d(x,Ty) +d (. Tx)], (4)

forall x, y € X, where A € [0,1/2) is a constant and proved a
fixed point result using (4).

Ciri¢ [5], for mappings T : X — X, generalized all above
mappings, using contractive condition:

d(Tx,Ty) < ad (x, y) + d (x, Tx) + yd (y, Ty)
(5)
+8[d(x,Ty) +d(y,Tx)],

for all x,y € X, where «, 3,7, 8 are nonnegative constants
with @ + S+ y + 20 < 1. A mapping satisfying (5) is called
Generalized contraction.

Hardy and Rogers [6], for mappings T : X — X, used
the contractive condition:

d(Tx,Ty) < ad (x, y) + pd (x, Tx) + yd (y, Ty)
+8d (x,Ty) + ud (y, Tx),

for all x, y € X, where a, 3,9, 8, y are nonnegative constants
with a + S+ y+ 3 + p < 1 and proved fixed point result. Note
that condition (6) generalizes all the previous conditions.



In 1965, Presic [7, 8] extended Banach contraction map-
ping principle to mappings defined on product spaces and
proved the following theorem.

Theorem 1. Let (X, d) be a complete metric space, k a positive
integer, and f : X* — X a mapping satisfying the following
contractive type condition:

d(f (x5 %5+ x5) 5 f (X9 23500, X4)

Kk 7)
< 2.4 (x> x;11) »
i=1
for every x,,%,,...,x,,, € X, where q,q,,...,q are non-
negative constants such that q, + q, + -+ + q < 1. Then there
exists a unique point x € X such that f(x,x,...,x) = x.
Moreover if x;,%,,...,x; are arbitrary points in X and for
neN,
Xnik = f (xn’ Xnglo oo xn+k—1) > (8)

then the sequence {x,} is convergent and limx,, = f(limx,,
limx,,,...,limx,).

Note that condition (7) in the case k = 1 reduces
to the well-known Banach contraction mapping principle.
So, Theorem 1 is a generalization of the Banach fixed point
theorem. Some generalizations and applications of Presi¢
theorem can be seen in [9-18].

The k-step iterative sequence given by (8) represents a
nonlinear difference equation and the solution of this equa-
tion can be assumed to be a fixed point of f; that is, solution
of (8) is a point x* € X such that x* = f(x*,x",...,x%).
The Presi¢ theorem insures the convergence of the sequence
{x,} defined by (8) and provides a sufficient condition for
the existence of solution of (8) in the case when mapping f
satisfies the condition (7). A condition, independent from (7);
namely, the Presi¢-Kannan condition, is considered in [11]
(for the proof of independency of these conditions in case
k = 1, we refer [1, 2]). In this paper, we introduce some
generalizations of Pre$i¢ type contractions in metric spaces
and use a more general condition; namely, the Presi¢-Hardy-
Rogers type condition, to prove the existence of fixed point
of f in metric spaces. We note that this condition generalizes
the result of Presi¢ [7, 8], Pacurar [11], Hardy and Rogers [6],
and several known results in metric spaces. Some examples
are included which illustrate the cases when new results can
be applied while old ones cannot.

2. Some Generalizations of
Presic Type Contractions

In this section, we introduced some Presi¢ type contractions
in metric spaces.

Let (X, d) be a metric space, k a positive integer, and f :
X - Xbea mapping.

(i) f is said to be a Presi¢ contraction if f satisfies the
condition (7).
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(ii) f is said to be a Presi¢-Kannan contraction (see [11]
for detail) if f satisfies following condition:

d(f(xl’x2>""xk)’f(xz’xS"">xk+1))
k+1 9)
< ﬁzd(xi’f(xi’xi""’xi))

for all xy, x5, ..., X3, Xy € X, wWhere

0< Bk(k+1)<1. (10)

(iil) f is said to be a Presi¢-Reich contraction if f satisfies
following condition:

d(f (xpxgx0)s f (% X500 X))

k
S Z“z’d CE)
i=1

(1)
k+1
+ Zﬁid (i f (31 %355 X7))
i=1
for all x;,x,,..., %, %, € X, where «;, 3; are non-

negative constants such that

k+1

k
Yoy +kY i<l (12)
i=1 i=1

(iv) f is said to be a Presi¢-Chatterjea contraction if f
satisfies following condition:

d(f (xl,xz,...,xk),f(xz,x3,...,xk+1))

k+1  k+l (13)
<y 2, Yd(xf(xpxpx)))
i=Litj j=1
for all xy, x5, ..., X, Xy € X, where
0<yk®(k+1) < 1. (14)

(v) f is said to be a Generalized-Presi¢ contraction if f
satisfies following condition:

A (f (%12 %05 %) 5 f (20 X555 X11))
k
S Z“id (% xi41)
i=1

k+1 (15)

" Zﬁid (i f (x5 X305 %7))

k+1  k+1

+p Z Zd(x,-,f(xj,xj,...,xj))

i=1,i#j j=1
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for all xy,x,,..., X, %, € X, where «;, 3;, 3 are
nonnegative constants such that

k+1

k
Yoy +k) B+ K’ (k+1) < 1. (16)
i=1 i=1

(vi) f issaid to be a Presi¢-Hardy-Rogers contraction if f
satisfies following condition:

d(f (x0, %5 x5) 5 f (X9 %5505 Xpeh1))

k
< Y oyd (x;,%141)
2 " (17)

k+1 k+1

+ Z Z'Bi’id (xi,f(xj,xj,...

i=1 j=1

’xj))

forall x;, x, ..., X, X,y € X, where a;, f3; ; are non-
negative constants such that

k+1 k+1

k
Yoy +k) Y Bii<l. (18)
i=1

i=1 j=1

Remark 2. Note that for B ; = Bforalli, j € {1,2,....k, k+1}
withi# jand §;; = 3, foralli € {1,2,...,k, k+1}, the Presi¢-
Hardy-Rogers contraction reduces into the Generalized-
Presi¢ contraction. With f = 0, the Generalized-Presi¢
contraction reduces into the Presic-Reich contraction and
with ; = Oforalli € {1,2,...,k},3; = Oforalli €
{1,2,...,k,k + 1}, and 8 = y, the Generalized-Presi¢ con-
traction reduces into the Presi¢-Chatterjea contraction. With
a; = 0foralli € {1,2,...,k}, the Presi¢-Reich contraction
reduces into the Presi¢-Kannan contraction and with §; = 0
foralli € {1,2,...,k,k + 1}, the Presi¢-Reich contraction
reduces into the Presi¢ contraction. Therefore among all
above definitions, the Presi¢-Hardy-Rogers contraction is the
most general contraction.

Remark 3. 1t is easy to see that for k = 1, Presi¢c-Hardy-
Rogers contraction reduces into Hardy-Rogers contraction
and for k = 1, Generalized-Presi¢ contraction reduces
into Generalized contraction and so forth; therefore, the
comparison as considered in [19] shows that the above
generalization is proper.

Now, we shall prove some fixed point results for Presi¢-
Hardy-Rogers type contractions in metric spaces.

3. Main Results

The following theorem is the fixed point result for Presi¢-
Hardy-Rogers type contractions and the main result of this

paper.

Theorem 4. Let (X,d) be any complete metric space, k a
positive integer. Let f : X* — X be a Presi¢-Hardy-Rogers
contraction, then f has a unique fixed point in X.

Proof. Let x, € X be arbitrary. Define a sequence {x,} in X
by

Xy = f (%00, x,), n=0. (19)

If x,, = x,,,, for any n then x,, is a fixed point of f. Therefore
we assume x,, # x,,,, for all n.

We shall show that this sequence is a Cauchy sequence in
X.

For simplicity, set

d; =d(x;, %), D;; = d(xi,f (xJ, .,xj)) 00
Vi, j> 1.
For any n > 0, we obtain
dpiy
= d (X115 X42)
=d (f Coee s X) s f (Kirs 5 X))
<d(f Coeeos ) f (% % X011 ))
+d (f (X X X1) 5 f (K3 X0 X100 X3011))

’ xn+1)) ’
(1)

+.--+d(f(xn,xml,-~-,Xn+1)’f(xn+1""

using (17), it follows from above inequality that

k k k
Ay < Jd, + Zﬁl,j + ZBZ,]’ Tt Zﬁk,]’ D,
j=1 j=1 j=1
k k
+ Zﬁi,k+1 Dn,n+1 + Zﬂk‘f’l,]‘ Dn+1,n
i=1 j=1
+/3k+1,k+1Dn+1,n+l}
+ OCk_ldn
[ k-1 k-1 k-1
+ Zﬁu + Zﬁz,j Tt Zﬁk—l,j D,
j=1 j=1 j=1
[ k-1 k-1
+ Z:Bi,k + Zﬁi,kﬂ Dn,n+1
L i=1 i=1
[ k-1 k-1
+ Zﬁk,j + Zﬁk+l,j Dn+1,n
j=1 j=1
k+1 k+1
+ Z/jk,j + Zﬁkﬂ,j Dn+1,n+1
Jj=k Jj=k
+ .



+ ocldn + ﬂl,an,n

—k+1 k+1
+ Zﬁl,j Dy iy + Zﬂu D1
j=2 i=2

-k+1 k+1 k+1

+ Zﬂz,j + ZB3,]’ Tt Zﬁkﬂ,j Dy s
| = = =2

(22)
that is,
k
dn+1 < Z“i dn
i=1
k k k
+ ZZ 1] D n T Zﬂi,kﬂ n,n+1
i=1j=1 i=1
k
Zlgkﬂ,j Dn+1,n + ﬁk+1,k+1Dn+1,n+l
j=1
k-1k-1 k=1k+1
+ Z Zﬁi,j Z 2/31,; D,y i1
i=1 j=1 i=1 j=k
k+1k-1 k+1k+1
ZZﬁi,j Dn+l,n + ZZﬁi,j Dn+1,n+l
i=k j=1 i=k j=k
+ .
k+1
+ ﬁl,an,n + Zﬁl,j Dn,n+1
j=2
k+1 k+1k+1
Zﬂzl n+1n ZZﬁi,j Dn+1,n+1 >
i=2 j=2
(23)
that is,
d

n+l

k—1k-1 2 2
+ ZZISU+ZZﬁt1+"'+ZZﬁi,j+ﬁ1,1:|D

i=1j=1 i=1 j=1 i=1j=1

k—=1k+1 2 k+1 k+1

+ ZﬁtkH +22ﬁ11 "+ZZﬁ1]+Zﬁ1] nn+1
i=1 j=k i=1j=3
k+1k-1 k+1 2 k+1

+ Zﬂkﬂj+ZZﬁz]+”'+ZZIBU+Z:BzI:| n+ln

i=k j=1 i=3j=1
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k+1k+1 k+1k+1 k+1k+1
ZZﬁi,j + ZZﬁz; Tt 22.311 + Brrikrt | Dustnnt
i=2j=2 i=3j=3 ik j=k
= Adn + BDn,n + CDn,n+1 + EDn+1>n + FDn+1>n+1’
(24)

where A, B, C, E, and F are the coefficients of d,,, D,, ,,, D,

nn’ —nn+l>
D, 1, and D, ., respectively, in the above 1nequahty

By definition, D,,,, = d(x,, f(x,,...,x,)) = d(x,, x,,,) =
dn’ Dn,n+1 = d(xn’ f(xn+1’ s xn+1)) = d(Xn, Xn+2),
Dy = A(Xyers [ 5%,)) = d(xpX0) = 0,
Dn+1,n+1 = d(xn+1>f('xn+l’ ce ’xn+1)) = d('xn+1’xn+2) = dn+1’

therefore
d,.. < Ad, + Bd, + Cd (x,, x,,,) + Fd,,
< Ad, + Bd, + Cd (x,,x,,1) + Cd (X1, Xps2) + Fd,y
= (A+B+C)d,+(C+F)d,.,
(25)
that is,
(1-C-F)d,,, <(A+B+C)d,. (26)

Again,asd, , = d(x,,x,,,) = d(x,,,, x,), interchanging the
role of x,, and x,,,, and repeating above process, we obtain

(1-E-B)d,,<(A+F+E)d,. (27)
It follows from (26) and (27) that
2-B-C-E-F)d,,< 2QA+B+C+E+F)d,

d < 2A+B+C+E+F
"= 2_B-C-E-F "
dnJrlSAdn’

(28)

where A = (2A+B+C+E+F)/(2-B-C—-E-F).
Using (18), we obtain

A+B+C+E+F
k k k k-1k-1 2 2
D ADWYIEDIDYIEIRED IV R0
i=1 i=1 j=1 i=1 j=1 i=1 j=1
k-1 k+1 2 k+1 k+1
+Zﬁzk+1+ZZ/31] +ZZﬁ1]+Zﬁ1]
i=1 j=k i=1 j=3
k+1 k-1 k+1 2 k+1
+Zﬁk+l]+22ﬂz] ZZ +Zﬁzl
i=k j=1 i=3 j=1
k+1 k+1 k+1 k+1 k+1 k+1
+ Z Z:Bi,j + Z Zﬁi,j toeet Z Zﬁi,j + Brrt i
i=2 j=2 i=3 j=3 i=k j=k
k+1 k+1
- Z“ +kY, D By
i=1 j=1

<1
(29)
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So 0 < A < 1. By (28), we obtain
d,, <\A"'d, vnx0. (30)
Suppose n,m € N with m > n. Then

d (% %)
< d (% Xpy1) + A (X5 Xpgn) + 00+ d (X1, )
=d,+d .+ +d,
< AN'dy+ A"y + -+ AN,

A{Vl
1-1

<

dy,
(31)

as 0 < A < 1, it follows from the above inequality
that lim, , d(x,,x,) = 0. Therefore {x,} is a Cauchy
sequence. By completeness of X, there exists u € X such that
lim X, = U.

n—00""'n

We shall show that u is the fixed point of f. Note that

d(u, f(u,...,u))
<d (U x,y) +d (X f (1. 1)) (32)
=d(ux,,) +d(f (xp..nx,), f (..., 1),

using a similar process as used in the calculation of d,,,;, we
obtain

du f (u,...,u)

< d (1 x,,,) + Ad (x,0u) + Bd (x,,, f (x,p..
) + Ed (u, f (...
©Fd (u, f (..., u))

%))

+Cd (x,, f (u,... s X,))

<d(u,x,,,) + Ad (x,,u) + Bd (x,, x,,,1) + Cd (x,,, u)

+Cd (u, f (u,...,u)) + Ed (u, x,,,)
+Fd(u, f (u,...,u)),
(33)
that is,
du, f(u,...,u))
A+B+C 1+B+E (34)
< l_cj—_Fd(Xn,Lt)‘l'l_C—_Fd(xn_'_l,u).

Using the fact that lim,, _, . x,, = u, it follows from the above
inequality that

d(u, f(u,...,u)=0 thatis, f(u,...,u)=u. (35)

Thus u is a fixed point of f. For uniqueness, let v be another
fixed point of f, thatis, f(v,...,v) = v. Again using a similar
process as used in the calculation of d,,,,, we obtain

d(u,v) < Ad (u,v) + Bd (u, f (..., u))
+Cd(u, f(v,...,v)+Ed (v, f (u,...,u))
+Fd(v, f(v,...,v)) (
= (A+C+E)d(u,v),

36)

asA+B+C+E+F < 1,we obtain d(u, v) = 0, thatis, u = v.
Thus fixed point is unique. O

Remark 5. For k = 1 in the above theorem, we obtain the
result of Hardy and Rogers [6]. For f3;; = 0 foralli,j €
{1,2,...,k,k + 1}, we obtain the fixed point result of Presic.
Therefore, above theorem is a generalization of the results of
Hardy and Rogers and Presic.

With Remark 2, the following corollaries are obtained.

Corollary 6. Let (X,d) be any complete metric space, k a
positive integer, and f : X* — X a Generalized Presi¢
contraction. Then f has a unique fixed point in X.

For k = 1 in above corollary, we obtain the fixed point
result of Ciri¢ [5].

Corollary 7. Let (X,d) be any complete metric space, k a
positive integer, and f : X* — X a Presi¢-Reich contraction.
Then f has a unique fixed point in X.

For k = 1 in the above corollary, we obtain the fixed point
result of Reich [3].

Corollary 8. Let (X,d) be any complete metric space, k a
positive integer, and f : X* — X a Presi¢-Kannan
contraction. Then f has a unique fixed point in X.

For k = 1 in above the corollary, we obtain the fixed point
result of Kannan [2].

Corollary 9. Let (X,d) be any complete metric space, k a
positive integer, and f : X* — X a Presié-Chatterjea
contraction. Then f has a unique fixed point in X.

For k = 1 in above corollary, we obtain the fixed point
result of Chatterjea [4].

The following are some examples which illustrate the
cases when known results are not applicable, while our new
results can be used to conclude the existence of fixed point of

mapping.



Example10. Let X = [0, 1] with usual metric. For k = 2 define
f:X° - Xby

1
> itx=y=1
,Y) = 37
fen=17,, | 37)
—=, otherwise.
5
Then
(i) f is a Presi¢-Reich contraction with &; = «, =

1/5,8, =B, =B =1/11;
(ii) f is not a Presi¢ contraction;

(iii) f is not a Presi¢-Kannan contraction.
Proof. (i) Note that for x,, x,, x5 € [0,1) with x; < x, < x;3,

d(f (x1,%,), f (x5, %x3))

:d<x1+x2 x2+x3>:x3—x1
5 75 5

1
= 5 [ —x) + (x5 - ;)] (38)

1 (v 3) + (3, ,)

2
=>d(x;,x141) -
5,‘:1 +1

Therefore conditions (11) and (12) are satisfied for &, = o, =
1/5and f3;, 35, B5 with B, + B, + f3; € [0,3/10).

If any one of x,, x,, x5 is 1 then proof is similar. If any two
of x,, x,, x5 are 1, for example, if x, € [0,1) and x, = x; = 1,
then

d(f (x1,%,), f (x5, %3))

—d(f (1), f D) =d (0 2)

5 5 5

o+l 1 xy

3

LY (x, f () (39)

15

L [d (e f (rox1) +d (e f (0 ))

11
+d (x5, f (x5, %3))]
1[3x, 4 47 1
SN )
11 5 5 5 55

As x, € [0, 1), so conditions (11) and (12) are satisfied for 3, =
B, = 5 =1/11and «;, v, with o} + &, € [0,5/11).

Similarly in all possible cases conditions (11) and (12)
are satisfied with o; = «, = 1/5, 8, = B, = 3 =
1/11. Therefore f is a Presi¢-Reich contraction. All other
conditions of Corollary 7 are satisfied and 0 is the unique
fixed point of f.
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(ii) Note that for x; =9/10and x, = x; =1

19 1 9
d(f (x%,), f (%5, %3)) = d(%ﬁ) -
2
Z(xid (xi’ xi+1) = ayd (xl, Xz) +a,d (xz,x3) (40)

i=1

9 1
= ocld<1—0, 1) +o,d(1,1) = oM

Therefore, we cannot find nonnegative constants «,, &, such
that condition (7) is satisfied with &; + &, < 1. So f isnota
Presi¢ contraction.

(iii) Again for x; = x, = 0,x; =1

d(f (x1,%2), f (x5, %3)) = d(O, —) = é
ﬁzd (x5 f (31 %;))
i=1 (41)
= Bld (x1, f (%1, x1)) +d (x5 f (x5, 7))

+d (x5, f (x3,%3))]

=pla0.0+d0.0+d(15)] =38

Therefore, we cannot find nonnegative constant 3 such that

conditions (9) and (10) are satisfied. So f is not a Presi¢-
Kannan contraction. O

Remark 11. In the above example, we cannot apply the result
of Presi¢ [7, 8] and Pécurar [11] to conclude the existence of
fixed point of f. But Corollary 7 is applicable which insures
the existence of unique fixed point of f.

Example 12. Let X = [0, 1] with usual metric. For k = 2,
define f: X*> — X by

i if x = =1:
f(x,y)=1415 Hx=y==5 (42)

0, otherwise.

Then

(i) f is a Presi¢-Chatterjea contraction with y €
(1/13,1/12);

(ii) f is not a Presi¢ contraction;

(iii) f is not a Presi¢-Kannan contraction.

Proof. (i) Note thatif x,, x,, x; € [0, 1) orany one of x;, x,, x5
is 1, then conditions (17) and (18) are satisfied trivially.
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If any two of x,, x,, x5 are 1, for example, if x, € [0, 1),
X, = x5 = 1, then

d(f (x1,%,), f (x5, x3))
=d(f (x,1), f(L,D)

4 4
-o(ot) -
15 15

4 4
=Y W’Cvﬁ) +d("vﬁ)

+d(1,0)+d<1,1;45> )

+d(1,0)+d<1,14—5)]

= [Zx 4 +2+22]
A ST 15
4| 52
=y|2|x ——‘+—
V[ ' 1507 15
52
S}/E

Therefore conditions (13) and (14) are satisfied with y €
[1/13,1/12). Also all other conditions of Corollary 9 are
satisfied and f has a unique fixed point 0.

(ii) For x; = 9/10, x, = 1, x, = 1, we have

d(f (x1,%3) 5 f (%3, %3))
(1 () s00) oo

2
Z“z‘d (% X141)
i=1

(44)

1
= oyd (x1, %) + ayd (x5, %3) = “15-

Therefore we cannot find nonnegative constants «,, «, such
that condition (7) is satisfied with &; + &, < 1. So f isnota
Presi¢ contraction.

(iii) For x; = 0, x, = x; = 1, we have

d(f(xl,xz),f(xz,x3))
—d(FOD.f ) =d(0,5) = =

3

ﬁzd (x5 f (%5%;)) (45)

i=1

= Bld (xp, f (x1,%1)) +d (55 f (x5, %))

+d (5, f (x3,3))] = B

Therefore we cannot find nonnegative constant f3 such that
conditions (9) and (10) are satisfied. So f is not a Presi¢-
Kannan contraction. 0

Remark 13. In the above example, we cannot apply the result
of Presi¢ (7, 8] and Péicurar [11] to conclude the existence of
fixed point of f. But Corollary 9 is applicable which insures
the existence of unique fixed point of f.

The following theorem is a consequence of Theorem 4
and the recent result of Aydi et al. [20].

Theorem 14. Let (X, d) be any complete metric space and k a
positive integer. Let f : X* — XandT : X — X be two
mappings such that the following condition holds:

d(Tf (x> %50 %) > TS (200 X3 X))

k
< Y a,d (Tx;, Tx,,)
2 " (46)

,x,-))

Jor all xy, %5, ..., x> Xy € X, where o, 5; ; are nonnegative
constants such that

k+1 k+1

+ 3 Bijd (Tx, Tf (xj, x5 ..

i=1 j=1

k+1 k+1

k
Moy +kY YBi<1 (47)
i=1

i=1 j=1

and T is continuous, injective, and sequentially convergent.
Then f has a unique fixed point in X.

Proof. Define a mapping p : X x X — [0, 0c0) by

p(x,y)=d(Tx,Ty)

Then (X, p) is a complete metric space (see [20]). Note that
condition (46) reduces to the condition (17); that is, mapping
f reduces to Presi¢-Hardy-Rogers contraction with respect to
metric p. So the rest of the proof followed Theorem 4. O

Vx,y € X. (48)
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