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Abstract

In this paper we extend some coupled coincidence and common fixed point
theorems for a hybrid pair of mappings obtained by Abbas et al. (Fixed Point Theory
Appl. 2012:4, 2012, doi:10.1186/1687-1812-2012-4) from the complete metric space
to 0-complete partial metric spaces. An example showing that this extension is
proper is given.

MSC: 47H10; 54H25

Keywords: set-valued mapping; hybrid pair of mappings; coupled fixed point;

coupled coincidence point; partial metric space

1 Introduction
Let A be any nonempty subset of a metric space (X, d). For x € X, define

d(x,A) = inf{d(x,y) (Y€ A}.

Let CB(X) denote the set of all nonempty closed bounded subset of X. For A, B € CB(X),
define

8(A,B) = sup{d(x,B) (X € A},
H(A,B) = max{S(A,B),S(B,A)}.
Then H is a metric on CB(X) and is called a Hausdorff metric.

Nadler [1] generalized the Banach contraction mapping principle to set-valued functions

and proved the following fixed point theorem.

Theorem 1 Let (X,d) be a complete metric space and let T be a mapping from X into
CB(X) such that for all x,y € X,

H(Tx, Ty) < Ad(x,y),

where 0 <A < 1. Then T has a fixed point.
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Later, an interesting and rich fixed point theory was developed. On the other hand,
Matthews [2] introduced the notion of a partial metric space as a part of the study of
denotational semantics of dataflow networks, with the interesting property ‘non-zero self-
distance’ in space. He showed that the Banach contraction mapping theorem can be gener-
alized to the partial metric context for applications in program verification. Subsequently,
several authors (see, e.g,, [3—22]) derived fixed point theorems in partial metric spaces.
Romaguera [17] introduced the notion of 0-Cauchy sequence, 0-complete partial metric
spaces and proved some characterizations of partial metric spaces in terms of complete-
ness and 0-completeness. Recently, Aydi et al. [9] introduced the notion of a partial Haus-
dorff metric and extended the Nadler’s theorem in partial metric spaces.

Bhaskar and Lakshmikantham [23] introduced the concept of a coupled fixed point and
established some coupled fixed point theorems in partially ordered sets. As an application,
they studied the existence and uniqueness of a solution for a periodic boundary value
problem associated with a first-order ordinary differential equation. Recently Abbas et al.
[24] extended these concepts to set-valued mappings and obtained coupled coincidence
points and coupled common fixed point theorems involving a hybrid pair of single-valued
and multi-valued maps satisfying generalized contractive conditions in the framework of
a complete metric space (see also [25, 26]). The study of a coincidence point and common
fixed points of a hybrid pair of mappings in Banach spaces and metric spaces is interesting
and well developed. For applications of hybrid fixed point theory, we refer to [27-30].

In this paper, we extend and generalize the results of Abbas et al. [24] and Aydi et al. [9]
for a hybrid pair of mappings in 0-complete partial metric spaces. Also, some new results
are obtained. An example is included to support our results.

2 Preliminaries
Consistent with [2, 8, 9, 16, 17, 19], the following definitions and results will be needed in
the sequel.

Definition 1 A partial metric on a nonempty set X is a function p : X x X — R* (R*
stands for nonnegative reals) such that for all x,y,z € X,

(P1) x =y & p(x,x) = p(x,9) = p(»,),

(P2) plx,x) < p(x,),

(P3) plx,y) = p(y,%),

(P4) p(x,y) < p(x.2) + p(z,y) - p(z2).
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric
onX.

It is clear that if p(x,y) = 0, then from (P1) and (P2) x = y. But if x = y, p(x,y) may not
be 0. Also, every metric space is a partial metric space, with zero self-distance.

Example 1 If p: R* x R* — R" is defined by p(x,y) = max{x,y}, for all x,y € R*, then
(R*, p) is a partial metric space.

Some more examples of a partial metric space can be seen in [2, 9, 16].

Each partial metric on X generates a T topology 7, on X which has as a base the family
of open p-balls {B,(x,€) : x € X, € > 0}, where B,,(x,€) = {y € X : p(x,y) < p(x,%) + €} for all
x€Xande>0.
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Theorem 2 [2] For each partial metric p : X x X — R*, the pair (X, d), where d(x,y) =
2p(x,y) — p(x,x) — p(y,y) for all x,y € X, is a metric space.

Here (X,d) is called an induced metric space and d is an induced metric. In further
discussion, unless specified otherwise, (X, d) will represent an induced metric space.

Let (X, p) be a partial metric space.

(1) A sequence {x,} in (X, p) converges to a point x € X if and only if
plx,x) =1im,_, o p(x,, x).

(2) A sequence {x,} in (X, p) is called a Cauchy sequence if there exists (and is finite)
1imy, 11— 00 (X5 X))

(3) (X, p) is said to be complete if every Cauchy sequence {x,} in X converges with
respect to 7, to a point x € X such that p(x,x) = limy, y— 0o P(% Xm).

(4) A sequence {x,} in (X, p) is called 0-Cauchy sequence if limy; y;— 0o (%4, %) = 0. The
space (X, p) is said to be 0-complete if every 0-Cauchy sequence in X converges
with respect to 7, to a point x € X such that p(x,x) = 0.

Lemmal [2,17,19] Let (X,p) be a partial metric space and {x,} be any sequence in X.
(i) {x4} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the
metric space (X, d).
(i) (X,p) is complete if and only if the metric space (X, d) is complete. Furthermore,
limy,—, o0 d(x1, %) = 0 if and only if p(x, x) = limy— 00 P(X, %) = UMy 100 PKt Xi)-
(iii) Every 0-Cauchy sequence in (X, p) is Cauchy in (X, d).
(iv) If (X,p) is complete, then it is 0-complete.

The converse assertions of (iii) and (iv) do not hold. Indeed, the partial metric space (Q N
[0, 00), p), where Q denotes the set of rational numbers and the partial metric p is given by
p(x,y) = max{x, y} for all v,y € X, provides an easy example of a 0-complete partial metric
space which is not complete. It is easy to see that every closed subset of a 0-complete
partial metric space is 0-complete.

Let (X, p) be a partial metric space. Let CB?(X) be the family of all nonempty, closed and
bounded subsets of the partial metric space (X, p) induced by the partial metric p. Note
that closedness is taken from (X, t,) (7, is the topology induced by p) and boundedness is
given as follows: A is a bounded subset in (X, p) if there exist xo € X and M > 0 such that
for all a € A, we have a € B,(xo, M), that is, p(xo,a) < p(a, a) + M.

For A,B € CB?(X) and x € X, define

px,A) = inf{p(x, a):a eA}, 8,(A,B) = sup{p(a,B) ta GA}.

Lemma 2 [8] Let (X, p) be a partial metric space, A C X. Thena € A ifand only ifp(a,A) =
pla,a).

Proposition 1 [9] Let (X, p) be a partial metric space. For any A, B, C € CBP(X), we have
the following:
(i) 6,(A,A) =sup{p(a,a):aecA};
(ii) 8,(A4,A) <3,(A,B);
(iii) 8,(A,A) =0 implies that A C B;
(iv) 8,(A,B) <8,(A,C) + 8,(C,B) — infecc p(c, c).
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Let (X, p) be a partial metric space. For A, B € CB?(X), define
H,(A, B) = max{8,(A, B), 3,(B,A)}.

Proposition 2 [9] Let (X, p) be a partial metric space. For A,B, C € CB?(X), we have
(h1) H,(A,A) <H,(A,B);
(h2) H,(A,B) = H,(B,A);
(h3) H,(A,B) <H,(A,C) + H,(C, B) —infeec p(c, ).

Corollary1 [9] Let (X, p) be a partial metric space. For A, B € CB?(X), the following holds:
H,(A,B)=0 impliesthat A=B.

In view of Proposition 2 and Corollary 1, we call the mapping H,, : CB*(X) x CB*(X) —
[0, 00) a partial Hausdorff metric induced by p.

Lemma 3 [9] Let (X, p) be a partial metric space, A,B € CB?(X) and h > 1. For any a € A,
there exists b = b(a) € B such that p(a, b) < hH,(A, B).

The following lemma is crucial for the proof of our main result and its proof is similar

to Lemma 3.

Lemma 4 Let (X, p) be a partial metric space and A,B € CB?(X), a € A. Let € > 0 be arbi-
trary, then there exists b = b(a) € B such that

pla,b) <H,(A,B) +e.

Definition 2 [24] Let X be a nonempty set, F: X x X — 2% (collection of all nonempty
subsets of X) and g: X — X. An element (x,y) € X x X is called
(i) a coupled fixed point of F if x € F(x,y) and y € F(y,x);
(ii) a coupled coincidence point of the hybrid pair {F,g} if gx € F(x,y) and gy € F(y, x);
(iii) a coupled point of coincidence if there exists (u,v) € X x X such that
x=gu € F(u,v) and y = gv € F(v, u);
(iv) a coupled common fixed point of the hybrid pair {F,g} if x = gx € F(x,y) and
Y=gy €F(yx).

Definition 3 Let X be a nonempty set, let F: X x X — 2% and g: X — X be two
mappings. The hybrid pair {F,g} is called weakly compatible if gF(x,y) € F(gx,gy) and
gF(y,x) C F(gy,gx) whenever (x, y) is a coupled coincidence point of the hybrid pair {F, g}.

Now we can state our main results.

3 Main results
The following result extends and generalizes the main result of [24] in partial metric

spaces.


http://www.fixedpointtheoryandapplications.com/content/2013/1/145

Long et al. Fixed Point Theory and Applications 2013, 2013:145 Page 5 of 16
http://www.fixedpointtheoryandapplications.com/content/2013/1/145

Theorem 3 Let (X, p) be a 0-complete partial metric space, let F : X x X — CBP(X) and
g: X — X be mappings satisfying
H,(F(x,y), F(u,v)) < a\p(gx, gu) + arp(gy,gv) + asp(F(x,y), gx)
+ a4p(F(x,y),gu) + asp(F(u, V),gx)
+ aep(F(u,v),gu) (1)
forall x,y,u,v € X, where a; are nonnegative reals such that 21'6:1 a;<1L.IF(X xX) C g(X)

and g(X) is a closed subset of X, then F and g have a coupled point of coincidence (w,z.) €
X x X and p(w,,w.) = p(z,z.) = 0.

Proof Let x0,90 € X be arbitrary, then F(xo,o), F(yo,%0) € CB’(X). As F(X x X) C
g(X), we can choose gx; € F(xo,y0) and gy; € F(yo,%0) for some x1,y; € X. Again, as
F(x1,51), F(y1,%1) € CB?(X) and F(X x X) € g(X), so by Lemma 4, for any € > 0, there
exist gxy € F(xy1,71) and gy, € F(y1,x1) such that

p(gxl:ng) < Hp(F(xO!yO):F(xliyl)) +€,
Py gy2) < Hy(F(yo, %0), F(y1,%1)) + €.

Continuing this process, we obtain two sequences {x,} and {y,} in X such that

&Xpi1 € F(xn)yn) and &Yn € F(Yn’xn)r
p(gxn:gxnﬂ) E Hp(F(xn—l’yn—l): F(xn;yn)) + En;

p(gymgynH) =< Hp(F()/n—l:xn—l):F()/n,xn)) + 6n~

From the above inequalities and (1), we obtain

P(@%n @%n1) < Hy(F(Xt, Yn1)s FXs yn)) + €
< a1p(gxn-1,8%n) + a20(&Vn-1,8Vn)
+ asp(F(n-1,Yn-1)s &&n1) + @ap(F(Xn-1, Y1), g%n)
+ a5p(F(x,,,y,,),gx,,_1) + a6p(F(x,,,y,,),gx,,) +e”
< a1p(gxn-1,8%n) + A2P(@Vn-1,8Yn) + a3p(g%n, §%n-1)
+ a4 p(gxn, §%n) + asp(gXni1, §¥n-1) + A6P(g¥ns1,8%n) + €”
< a1p(gxn-1,8%n) + A2P(@Vn-1,8Yn) + a3p(g%n, §%n-1)
+ ayp(ghn, §%n) + asp(gxns1, §%n) + asp(gXn, §%n-1)

- ﬂSp(gxmgxn) + ﬂ6p(gxn+1;gxn) +€”,
that is,

(1 —as — ae)p(gxn, g%nn) < (a1 + az + as)p(gx,, §xXn-1) + A20(&Vn-1,8Vn)

+(aq — as)p(gxn, gxn) + €. (2)
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Interchanging the roles of x,, and x,,,; and using the symmetries of p and H,, we obtain

(1 - as — as)p(gxn, gxn1) < (a1 + ag + as)p(gxn, §%u-1) + A2P(&Vn-1,€Vn)

+ (as — aa)p(gx,, gx,) + €”. (3)
It follows from (2) and (3) that

(2 —as —as — as — ag)p(@Xn, §xn1) < 2a1 + Az + as + as + ae)p(gxn, §Xn-1)

+2a0p(Y0-1,8Yn) + 2€”. (4)

Similarly, it can be obtained that

(2—as —as—as — ae)p(@Vu, @nn) < 2ar + as + aa + as + ae)p(gVn EYn-1)

+ 2ayp(gx,1,8%y,) + 2€”. (5)
For simplicity, set p,, = p(gx,, @411) + P(€Vn> €Vu+1), then it follows from (4) and (5) that
(2—az—aq—as —ag)p, < (2ay +2as + as + aq + as + ag)p,_1 + 4€”,

that is,

201 +2ay + az + dg + as + dg 4e”
Pn-1+

(6)

Pn=

2—613—614—615—616 2—613—614,—615—616.

2a1+2az+a3+as+as+ae

. 6
As € > 0 was arbitrary, choose € = ;also, as ). a; <1, we have € < 1.
2-a3-as—ds—dg i=1

Therefore, from (6) we have

4e

pnfepn—l"' .
l+a;+ay

From a successive application of the above inequality, we obtain

4e”
pn E Epn—l +
l+a;+ay
4en1 4"
Pn=€|€pya+ + ,
l+ai+ay l+ai+ay
8¢”
Pn =< szn—z + ) (7)
1+a;+ay
" 4ne”
Pn=€po+t ——m.
l+a+ ay

For m,n € N with m > n, using (7) we obtain

D(@%ns §%m) + D@V &Vm) < P(@X0s §Xni1) + PV @ns1) + D@15 GXns2)
+p(gyn+lrgyn+2) +oee +p(gxm—11gxm) +p(gym—17gym)
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=PntpPui1t-tPm
4ne” 4(n + 1)e™!
56"p0+7+6n+1 R a—
l+a;+ay l+a;+ay
4(m - 1)t
+-+€"pg+ —m—m8M8
l+a;+ay

m-n-1 m-n-1

n+i 4 N N+
- bo Z “r l+a;+ay iz=0: (n+ D)™™
As € <1, it follows from the above inequality that
" ;Einoop(gxmgxm) = " rljgloop(gyn,gym) =0.

So, {gx,} and {gy,} are 0-Cauchy sequences in g(X); therefore, by the closedness of g(X),
there exists w, z € X such that

lim p(gx,,gw) = lim p(gx,,gx,) = p(gw,gw) =0, (8)
Jim p(gyngz) = lim  p(gyn.gym) = p(gz.82) = 0. ©)
Using (1) we obtain

P(F(w,2),gw) < p(F(w,2),g%n:1) + P(@Fns1,gW)
< H,(FW,2), F(%u, Y1) + P(g%ns1,gW)
< a1p(gw, gxn) + axp(gz,gyn) + asp(F(w, z),gw)
+ asp(F(w, 2),g%4) + asp(F (%, Yn)gW)

+ aep(F (% Yn)> @%n) + P(@ns1,8W),
that is,
(1 - a3 — as)p(F(w,2),gw) < arp(gw, gxn) + a2p(gz,gyn) + aap(gw, gx,)
+ asp(gxui1, W) + acp(gxni1, §%n) + P(&%ns1, W)

= (a1 + aq)p(gw, gx,) + arp(gz, gyu)

+ (1 + as5)p(gxu, gW) + asp(gxni1, 8%n).

Using (8) and (9) and the fact that 1 — a3 — a4 > 0 in the above inequality, we obtain

p(F(w,z),gw) = p(gw,gw) = 0.

Therefore, by Lemma 2, gw € F(w, z). Similarly, gz € F(z, w). Thus (w, z) is a coupled coin-
cidence point and (gw, gz) = (w,, z) (say) is a point of coincidence of the mappings F and
g with p(gw, gw) = p(gz,g2) = p(wc, we) = p(zc, zc) = 0. 0

The following is a coupled fixed point result for a set-valued mapping and it can be
obtained by taking g = Iy (that is an identity mapping of X) in the above theorem.
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Corollary 2 Let (X, p) be a 0-complete partial metric space, let F: X x X — CB?(X) be a
mapping satisfying
H, (F(x,y),F(u, V)) <aiplx,u) + arp(y,v) + agp(F(x,y),x) + a4p(F(x,y), u)
+ asp(F(u,v),x) + agp(F(u,v), u)

for all x,y,u,v € X, where a; are nonnegative reals such that ZL a; < 1. Then F has a
coupled fixed point (w,z) € X x X and p(w,w) = p(z,z) = 0.

With suitable values of control constants in Theorem 3, one can obtain the following

corollaries.

Corollary 3 Let (X, p) be a 0-complete partial metric space, let F : X x X — CBP(X) and
g: X — X be mappings satisfying

H, (F(x,y),F(u, v)) < a1p(gx, gu) + axp(gy,gv) (10)

forallx,y,u,v € X, where a; and a, are nonnegative reals such that a; +a, < 1. If F(X x X) C
g(X) and g(X) is a closed subset of X, then F and g have a coupled point of coincidence
(We,ze) € X x X and p(w,, w,) = p(z.,z.) = 0.

Corollary 4 Let (X, p) be a 0-complete partial metric space, let F : X x X — CB?(X) and
g: X — X be mappings satisfying

H,(F(%,9), F(u,v)) < aip(F(x,y),gx) + axp(F(x,y), gu) + asp(F (u,v), gx)
+ aap(F(u,v),gu)
forall x,y,u,v € X, where a; are nonnegative reals such that Z?’zl a;<LIF(X xX) Cg(X)

and g(X) is a closed subset of X, then F and g have a coupled point of coincidence (w,,z.) €
X x X and p(w,,w,) = p(z.,z.) = 0.

The following example illustrates the case when the results in partial metric spaces are

applicable while the same results in usual metric spaces are not.

Example 2 Let X =[0,1]NQ, and let p: X x X — R* be defined by
px,y) = |x —y| + max{x,y} forallx,yeX.

Then the metric induced by p is given by d(x,y) = 3|x — y| for all x,y € X and (X, d) is not
complete, therefore (X, p) is not complete. Now, it is easy to see that (X, p) is a 0-complete
partial metric space and every singleton subset of X is closed with respect to p. Define
F:XxX— CB’(X)and g: X — X by

{0} ifx=y=1;
F(x,y) = and gx=x forallxeX.
{0,%2} otherwise
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We shall show that F and g satisfy all the conditions of Corollary 3, with a; =ay =« €
%, %), while the metric versions of Corollary 3 are not applicable. We consider the follow-
ing cases.
Case (i) If x,y,u,v e X \ {1} and x + y # u + v, then suppose u + V< x + y, SO
H, (F(x,y),F(u, v))
(o5 Ho 5 )
8 8
(o5 ) o e o5
=maxy sup pla,10,—¢ ), sup pla, 10, —=
ae(0, %} 8 aef0, ¥} 8

- max X4y [, utv utv [ x+y
- p 8 ’ ) 8 )p 8 ) ’ 8

= max min{ —,
v

1
|x—u+y—v|+§max{x+y,u+v}},

|

min ,

ol a

1
|x—u+y—v|+gmax{x+y,u+v}”

1 x+y . |u+v 1 x+y
=maxy=|lx—-u+y-v|+ —=mny——,-|[x—u+y-v|+ —
8 8 4 '8 8

1 1
= glx—u+y—v| + x‘# < §[|x—u| +ly-vl]+ %
< o[plgx, gu) + p(gy,gv)),

1
8

Case (ii) If x,y,u,v € X \ {1} and x + y = u + v, then

H,(F(x,9), F(u,v)) = Hp<{0, x‘#}, {0, %})

sup pla,a)

ae{0,%g"}

where ¢ < «. Similarly, we obtain the same result for u + v>x +y.

_ Xty max{x, u} + max{y, v}
8 = 8
< a[plex,gu) + p(gy,gv)],

where % < «. Similarly, if any one of x, y, u, v is equal to 1, then we obtain the same result.
Case (iii) If any one of (x,%), (&, v) is equal to (1,1), for example, let (u,v) = (1,1) and
(%,9) # (1,1), then we have

xX+Yy

H,(F(x,y), F(u,v)) = Hp<{0, e } {0})

S ——!

ae(0, %} ae{0}

=max{x+y,0} _x+y
4 4

< a[plgx. gu) + p(gy,gv)],

Page9of 16
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where % < «. Similarly, the condition (10) is satisfied fora; =a; =« € [i, %) in all possible
cases and 0 = g0 € F(0,0), that is, (0,0) is a coupled coincidence point of F and g (here it
is the unique common fixed point of F and g).

Note that, the metric spaces (X, p) and (X, d) (where p is usual and d is metric induced by
p) are not complete, therefore metric versions of Corollary 3 are not applicable. Also, this
example shows that F and g do not satisfy the metric versions of inequality (10). Indeed,
if H, is the Hausdorff metric induced by the usual metric p, thenforx =y=u=1,v= 3,

we have

19 19
Hp(F(x,9),F(u,v)) = H, ({0}, {0, %}) -5

and

1
a1p(gx, gu) + a»p(gy,gv) = 0%

Therefore, we cannot find the nonnegative reals a3, 4, such that

Hp(F(x:)/)»F(M: V)) E alp(gx’gu) + ﬂ2:0(gy’gv)

for all x,y,u,v € X with a; + a, <1. So, F is not a contraction (in view of contraction con-
dition (10)) with respect to the usual metric p. Similarly, one can see that F is not a con-

traction with respect to the induced metric d.

The following theorem provides a sufficient condition for the uniqueness of a coupled

point of coincidence and a common fixed point of the hybrid pair {F, g}.

Theorem 4 Let (X, p) be a 0-complete partial metric space, let F: X x X — CB?(X) and
g: X — X be mappings such that all the conditions of Theorem 3 are satisfied and, for
any coupled coincidence point (w,z) of F and g, we have F(w,z) = {gw} and F(z,w) = {gz},
then F and g have a unique coupled point of coincidence. Suppose in addition that the
hybrid pair {F, g} is weakly compatible, then F and g have a unique coupled common fixed
point.

Proof The existence of a coupled coincidence point (w,z) and a point of coincidence
(We, z.) follows from Theorem 3. Suppose that, for any coupled coincidence point (w, z)
of F and g, we have F(w,z) = {gw} = {w.} and F(z, w) = {gz} = {2z.}. We shall show that the
coupled point of coincidence is unique. Let (w/,z’) be another coupled coincidence point
and (w,,z,) be the coupled point of coincidence of F and g, that is, w,, = gw’ € F(w,2/),
z, =gz e F(Z,w')and F(W,2') = {gw'} = {w_}, F(z/,w') = {gZ'} = {z.}.

Using (1), we obtain

plgwaw') = Hy((gw), aw'))
= Hy(F(w,2), F(W,2))
< aip(gw,gw) + asp(gz.g7) + asp(F(w, 2),gw) + asp(F(w,2),gw')

+ a5p(F(w/,z/),gw) +agp(F(W, z’),gw’)
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= ayp(gw,gw') + axp(gz.g7') + asp(gw, gw) + asp(gw,gw')
+asp(gw,gw) + asp(gw,gw). (11)

Again, using (1) we obtain

r(ez¢7) = Hy (g2 {¢7'})
- Hy(Fam )
< aip(gz.g7) + arp(gw,gw') + asp(F(z, w), gz) + asp(F(z, w), g7
+asp(F(Z,w),gz) + asp(F (2, W), g7)
= ap(gz. g7') + asp(gw,gw') + asp(gz, g2) + asp(gz. g7)
+asp(gz,gz) + aep(g7,g7). 12)

It follows from (11) and (12) that

pgw.gw) +p(gz.87) < (a1 + ay + as + as)p(gw, gw') + azp(gw, gw)
+ap(gw,gw') + (a1 + az + as + as)p(gz,g7)
+ asp(gz, gz) + aep (g7, g7')
= (a1 +ay + as + ay + as + ag) [p(gw.gw') + p(gz.47) |.
As Z?:1 a; < 1, it follows from the above inequality that p(gw, gw’) + p(gz,gz’) = 0, that is,
plgw,gw') = p(gz,g2') =0, s0 w, = gw =gw’ = w, and z, = gz = gz’ = z,. Therefore, a coupled
point of coincidence, that is, (w,, z.), of F and g is unique.
Suppose that F and g are weakly compatible, then we have
giw.} =gF(w,z) C F(gw,gz) thatis {gw. C F(w,z.) and
glz.} = gF(z,w) C F(gz,gw) thatis {gz.} C F(z., w,).
Therefore, (gw,, gz.) is another coupled point of coincidence of F and g, and by uniqueness

we have w, = gw, € F(w,,z.) and z, = gz, € F(z.,w,). Thus (z., w,) is the unique coupled
common fixed point of F and g. d

The following theorem is a new result for a hybrid pair of mappings in partial metric as

well as in metric spaces.

Theorem 5 Let (X, p) be a 0-complete partial metric space, let F: X x X — CB?(X) and
g: X — X be mappings satisfying
H,(F(%,9), F(u,v)) < a1p(F(y,%),gy) + asp(F(y,%),gv) + asp(F(v, u),gy)
+ a4p([-'(v, u),gv) (13)
forall x,y,u,v € X, where a; are nonnegative reals such that Zil a;<LIF(X x X) C g(X)

and g(X) is a closed subset of X, then F and g have a coupled point of coincidence (w,z.) €
X x X and p(gw.,gw.) = p(gz.,gz.) = 0.
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Proof By a similar process as used in Theorem 3, we can find two sequences {x,} and {y,}
such that

ZXni1 € F(xnryn) and &Yn+1 € F(Yn;xn),
p(gxmgxnﬂ) = Hp(F(xn—lxyn—l): F(xmyn)) + En;
P(gymgynu) E Hp(F(yn—l:xn—l);F()/n:xn)) + en’

where € > 0 is arbitrary.
From the above inequality and (13), we obtain

D@ 1) < Hy(FXut, Yn-1)s F Xy yn)) + €
< a1p(FOn-1,%n-1), @Vn-1) + @p(F Y1, %4-1), &n)
+ asp(F (s %n)s @Vn-1) + Aap(F (Vs %), &Yn) + €”
< a1p(Vn Vn-1) + A20(8Yn> &Yn) + A3P(&Yn+1,8Yn-1)
+ asp(gyns1, &In) + €”,

that is,

P(@xu, @5pi1) < (a1 + a3)p(@Vns @Vn-1) + (a3 + As) (Vi1 gYn) + €”"

+ (az — a3)asp(gyu, EYn)- (14)

Interchanging the roles of x,, and x,,,; and using the symmetries of p and H,,, we obtain

P(8%n &%ni1) < (aa + a2)p(gYn, gYn-1) + (a2 + a1)p(gVni1,€Yn)
+ (a3 — a2)ap(gyn, &yn) + €. (15)
It follows from (14) and (15) that
2p(gn, hni1) < (@1 + ay + as + as) [PV E¥n1)
+ P(@ni1,gyn) | +2€”". (16)
Similarly, it can be shown that
20(QYns Q¥ns1) < (a1 + @y + az + as)[p(ghn, g%n1)
+ p(gni1,g%n) | + 26", (17)
For simplicity, set p,, = p(gx,;, @u+1) + P(€V1, €Vns1), then it follows from (16) and (17) that

a1+ as +as + ay 4e”
pn—l

Pn =< + .
2—611—&12—6!3—614 2—611—ﬂ2—6l3—ﬂ4

. 4
As € > 0 was arbitrary, choose € = ;AL 4]0, a5 Y | a; < 1, we have € < 1. There-
2—aj—ay—az—ag i=1
fore
4e” p
Pn < €Pu1+ <€py1+ 4¢€”,

2—611—(12—613—614
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It follows from a successive application of the above inequality that

DPn S €pu1 + 4e”,
Pn < e[epn_z + 46”‘1] + 4€”,

Pn < € ppo + 86", (18)

Pn < €"py + 4dne”.

For m,n € N with m > n, using (18) we obtain

P(8%n g%m) + P> &Vm) < P(&%n> &%ns1) + P&V &Yns1) + P(&Xn11, §¥n42)
+P(@ns1,&Vne2) + - -+ + P15 8%m)
+ P(QYm-1,8Ym)
= PntPusl + 0+ Pl
m-1

< €"po +4ne” + " py + 4(n+ 1" + - 4 " py

+4(m-1)em™
m-n—1 m-n-1
= po Z €™+ 4 Z (n+i)e™.
i=0

i=0

As € <1, it follows from the above inequality that
lim p(gx,,gxy,) = lim p(gy,,gym) = 0.
n,m— 00 n,m— 00

So, {gx,} and {gy,} are 0-Cauchy sequences in g(X), therefore by the closedness of g(X),
there exists w, z € X such that

i plgw,, gw) = lim  p(gxy, gxm) = p(gw,gw) = 0, (19)
Jim p(gy,,gz) = lim p(gyn gym) = p(gz,2) = 0. (20)

We shall show that p(F(w, z), gw) = p(gw,gw) = 0 and p(F(z,w), gz) = p(gz,gz) = 0.
For all # € N, we have

P(Fw,2),gw) < p(F(W,2),g%u1) + P(%ns1,gW)
< Hy(F(W,2), F(%,y)) + P(g%s1,8W)
< a1p(F(z,w), gz) + asp(F(z, W), gyn) + asp(E(yu %u), g2)
+ @ap(F(Yn %), €9n) + P(&Xns1, W)
< (a1 + ay)p(F(z, W), g2) + aap(gz, gyn) + a3p(Yu:1,82)

+ Aap(Vni1,8n) + P(@Xns1,8W).

Page 13 0of 16
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Using (19) and (20) in the above inequality, we obtain
P(Fw,2),gw) < (a1 + a2)p(F(z, w), gz) < p(F(z, W), gz). (21)

Again, for all n € N, we have

p(F(z,w),g2) < p(F(z, W), gyns1) + P(gns1,87)
< H,(F(z, W), F(y, %)) + P(&Y11,82)
< a\p(F(w, 2),gw) + asp(F(w, 2), gxu) + asp(F (% yu), gW)
+ agp(F(t, Yn)s %) + P(€Yns1,82)
< (a1 + ax)p(F(w,2),gw) + asp(gw, gxn) + asp(ghus1, W)

+ aap(@xni1,8%n) + P(QVn41, 82).

Using (20) and (19) in the above inequality, we obtain
p(F(z,w),g2) < (a1 + a2)p(F(w,2),gw) < p(F(w,z2),gw). (22)

Note that if p(F(w, z), gw) # p(gw,gw) = 0 or p(F(z, w),gz) # p(gz,gz) = 0, then (21) and (22)
give a contradiction. Therefore, we have p(F(w, z),gw) = p(gw,gw) = 0 and p(F(z, w),gz) =
p(gz,gz) = 0, and by Lemma 2, gw € F(w, z) and gz € F(z, w). Thus (w,z) is a coupled coin-
cidence point and (gw, gz) = (w., z.) (say) is a point of coincidence of the mappings F and

g with p(gw, gw) = p(gz, gz) = p(w,, w.) = p(z., z.) = 0. 0

The following is a coupled fixed point result for a set-valued mapping and can be ob-
tained by taking g = Iy (that is an identity mapping of X) in the above theorem.

Corollary 5 Let (X,p) be a 0-complete partial metric space, let F : X — CBP(X) be a map-
ping satisfying

HP(F(x,y),F(u, V)) < alp(F(y,x),y) + azp(F(y,x),v) + agp(F(v, u),y)

+ayp(F(v,u),v)

for all x,y,u,v € X, where a; are nonnegative reals such that Zil a; <1. Then F has a
coupled fixed point (w,z) € X x X and p(w,w) = p(z,z) = 0.

Theorem 6 Let (X,p) be a 0-complete partial metric space, let F : X x X — CBP(X) and
g: X — X be mappings such that all the conditions of Theorem 5 are satisfied, and for any
coupled coincidence point (w,z) of F and g, we have F(w, z) = {gw} and F(z,w) = {gz}. Then
F and g have a unique coupled point of coincidence. Suppose in addition that the hybrid
pair {F,g} is weakly compatible, then F and g have a unique coupled common fixed point.

Proof The proof of this theorem is followed by a similar process as used in Theorem 4.
O
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