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Original scientific paper 
This paper describes analytically and experimentally based compliance 
modeling and identification of 5-axis vertical articulated machining robot. 
The conventional method for the calculation of Cartesian space 
compliance based on joint compliances and Jacobian matrix is expanded 
and used for experimental 5-axis machining robot. Analytical analysis was 
conducted for effects of compliances of each joint individually on 
Cartesian space robot compliance. Experimentally, the Cartesian space 
compliance is obtained by direct measurement of the absolute 
displacements evoked by static forces along 3- orthogonal directions at the 
tool tip in the robot workspace for the case of 3-axis machining. 
 
Analiza popustljivosti robota za obradu vertikalne zglobne 
konfiguracije 

Izvornoznanstveni članak 
U radu su predstavljeni analitičko i eksperimentalno modeliranje i 
identifikacija popustljivosti 5-osnog robota za obradu vertikalne zglobne 
konfiguracije. Konvencionalni pristup za određivanje popustljivosti robota 
u Kartezijevom prostoru, zasnovan na popustljivosti zglobova i Jakobijan 
matrici je proširen i upotrebljen za određivanje popustljivosti 
eksperimentalnog 5-osnog robota. Analitička analiza je provedena s ciljem 
definiranja utjecaja popustljivosti svakog zgloba pojedinačno na 
popustljivost robota u Kartezijevom prostoru. Popustljivost robota u 
Kartezijevom prostoru je eksperimentalno određena direktnim mjerenjem 
apsolutnih pomicanja vrha robota izazvanih statičkom silom u sva tri 
ortogonalna pravca u radnom prostoru za slučaj 3-osne obrade. 

1. Introduction  
 
Industrial robots are promising cost-effective and 
flexible alternative for certain multi-axis milling 
applications. Compared to machine tools, robots are 
cheaper and more flexible with larger workspace. It is 
well known that poor accuracy, stiffness and complexity 
of programming are the most important limiting factors 
for wider adoption of robotic machining in machine 
shops [1].  
Stiffness or compliance modeling and analysis in 
robotic machining have attracted attention of many 
researches [1-7]. As stated in [1] the major position 
error sources in robotic machining can be classified into 
two categories: (i) cutting force induced errors, and (ii) 
motion errors (e.g., kinematic, dynamic, etc.). 
Motion errors, typically in the range of 0.1 mm, are 
inherent and rooted in the robot position controller, and 
they would appear even in non-contact tasks. As milling 
cutting forces are of several hundred N, the force–
induced errors could easily exceed 1 mm. The latter 
statement is quite logical because the stiffness for 
typical articulated robots is usually less than 1 N/µm, 
while standard CNC machine tools often have stiffness 

values greater than 50 N/µm. Similar statements are also 
given in [3]. 
The sources that determine the stiffness of a typical 
robot manipulator are the compliance of its joints, 
actuators and other transmission elements, geometric 
and material properties of the links, base, and the active 
stiffness provided by its position control system. For the 
purpose of this research, we assume that the compliance 
of the actuators and of the transmission elements is the 
dominant source of the stiffness, and it can be 
represented by a linear torsional spring for each joint, 
while the links are infinitely stiff.  
Unlike multi-axis CNC machine tools, robot tool tip 
displacements are coupled and varied even when 
subjected to the same force at different workspace 
locations. Such coupling results in displacements not 
only in the direction of the reaction force, but can also 
generate some counter-intuitive results. Mainly, three 
kinds of deviations occur due to the compliance of a 
machining robot during high speed cutting: static 
displacement, low frequency and high frequency 
oscillations. In this paper, the static displacements 
which have the highest impact on overall cutting 
accuracy are analyzed. 
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Symbols/Oznake 
 

A 
- 4x4 transformation matrix 
- 4x4 transformacijska matrica T 

- 4x4 transformation matrix 
- 4x4 transformacijska matrica 

a 
- D-H kinematic parameter, mm 
- D-H kinematički parametar x 

- 5x1 world coordinate vector 
- 5x1 vektor vanjskih koordinata 

CX 
- 5x5 Cartesian space compliance matrix 
- 5x5 matrica popustljivosti u 

Kartezijevom prostoru 
  

Cθ 
- 5x5 diagonal joint compliance matrix 
- 5x5 dijagonalna matrica popustljivosti 

zglobova 
 Greek letters/Grčka slova 

d 
- D-H kinematic parameter, mm 
- D-H kinematički parametar α 

- D-H kinematic parameter, deg 
- D-H kinematički parametar 

F 
- 3x1 static force vector, N 
- 3x1 vektor statičke sile δx 

- 3x1 linear displacement vector, mm 
- 3x1 vektor translatornih pomaka 

J 
- 5x5 Jacobian matrix 
- 5x5 Jakobijeva matrica θ 

- D-H kinematic parameter, deg 
- D-H kinematički parametar 

J 
- 5x1 column vector of Jacobian matrix 
- 5x1 vektor kolone Jakobijeve matrice θ 

- 5x1 joint coordinates vector, deg 
- 5x1 vektor unutrašnjih koordinata 

i, j, k 
- unit vectors 
- jedinični vektori   

 
 

lT 
- tool length, mm 
- dužina alata  Subscripts/Indeksi 

p 
- 3x1 position vector, mm 
- 3x1 vektor položaja i 

- joint number 
- broj zgloba 

{M} 
- robot reference frame  
- referentni koordinatni sistem robota n 

- number of joints 
- broj zglobova 

{T} 
- tool frame 
- koordinatni sistem alata M 

- machine 
- stroj 

  T 
- tool 
- alat 

 
In order to contribute to efficient use of robots for 
machining applications, research and development of 
reconfigurable robotic machining system were initiated. 
The research and development comprise two groups of 
problems: the realization of a specialized 5-axis 
machining robot with integrated motor spindle in order 
to improve robotic machining accuracy, and the 
development of the machining robot control and 
programming system which can be directly used by 
CNC machine tool programmers and operators [8].  
This paper describes analytically and experimentally 
based compliance modeling and analysis of 5-axis 
machining robot. The conventional method for the 
calculation of Cartesian space compliance based on 
joint compliances and Jacobian matrix [4,6,7] is 
expanded and used. Analytical analysis was conducted 
for effects of compliances of each joint individually on 
Cartesian space robot compliance. Experimentally, the 
Cartesian space compliance is obtained by direct 
measurement of the absolute displacements evoked by 
static forces along 3- Cartesian directions at the tool tip 
in the robot workspace for the case of  3-axis milling. 

2. Problem statement 
 
A basic module of the proposed concept of the robotic 
machining system [5] is the specialized 5-axis robot, 
Figure 1, with integrated motor spindle and with larger 
workspace, higher payload and stiffness. Due to its 
advantages in respect of stiffness and singularities, such 
robot would operate as a specific vertical 5-axis milling 
machine (X, Y, Z, A, B) spindle-tilting type. The 
development of specialized 5-axis vertical articulated 
machining robot is a joint project with robot 
manufacturer. 

For the development of control and programming 
system as well as for the analysis and development of 
the mechanical structure of 5-axis machining robot from 
Figure 1, a 6-axis vertical articulated robot with payload 
of 50 kg, Figure 2, was used as a testbed, in a way that 
the sixth axis was blocked. The robot is equipped with 
high speed motor spindle with maximum speed of 
18,000 min-1. 
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The focus of current research, one part of results being 
presented in this paper, is related to compliance 
modeling and analysis of the experimental 5-axis 
machining robot, which includes: 

− Analytically based robot compliance modeling, 
− Experimentally based robot compliance 

identification. 

 
Figure 1. 5-axis machining robot  

Slika 1.    5-osni robot za obradu 
 

 
Figure 2. Experimental 5-axis machining robot  

Slika 2.    Eksperimentalni 5-osni robot za obradu 

3. Jacobian matrix and workspace 
 
As it was mentioned, the 5-axis robot from Figure 1 will 
be considered here as a specific configuration of the 5-
axis vertical milling machine (X, Y, Z, A, B) spindle-
tilting type. Figure 3 represents a geometric model of 
the robot.  

 
Figure 3.  D-H link coordinate frames  

Slika 3.     D-H koordinatni sustavi segmenata 

 
The robot reference frame {M} has been adopted 
according to the standard of this machine type and 
coincides with the robot based frame )z,y,x( 000 .The 
tool frame {T} is attached to the milling tool tip T in a 
way that axis Tz  coincides with tool axis and also 
coincides with axis of the last link of the robot to which 
motor spindle is attached. The thus configured 
machining robot, where machining is performed on a 
work table in front of the robot as well as limited 
motions in joints relative to the reference position 
allows for: taking into account only one solution of 
inverse kinematic, avoiding the robot singularities, 
conveniences related to the stiffness. 
Joint coordinates vector for this 5-axis vertical 
articulated robot is represented as 

[ ]T54321 θθθθθ=θ  where iθ are scalar joint 
variables controlled by actuators. Given that the robot 
has 5 DOF, only the direction of tool axis Tz  is 
controllable, while axes Tx  and Ty  will have 
uncontrollable rotation about it. The position and 
orientation of the tool frame {T} relative to robot 
reference frame {M} is described by world coordinates 
vector expressed as [ ]TMMM BAZYX=x . 
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To model the robot, the Denavit-Hartenberg (D-H) 
notation [9] was used. To perform kinematic analysis, 
first coordinate frames are rigidly attached to each link. 
The homogeneous transformation describing the 
relation between one link and the next link is 
traditionally referred to as an A matrix. Matrix A1i

i
−  

designates D-H transformation matrix relating frame 
( i ) to frame ( 1i − ). Figure 3 shows D-H coordinate 
frames for the experimental 5-axis robot from Figure 2 
in the reference position taking into account the ranges 
of joint motions.  
Table 1 shows link kinematic parameters for the 
experimental 5-axis robot.  
 
Table 1.     D-H link kinematic parameters  

Tablica 1.  D-H kinematički parametri  

link i / 
segment i αi[°] ai[mm] di[mm] θi[°] 

1 90 0 0 θ1-90 
2 0 a2 0 θ2+90 
3 90 0 0 θ3 
4 -90 0 d4 -θ4 
5 0 a5 0 θ5+180 

 
Substituting D-H parameters of the links the 
transformation matrices A1i

i
−  are obtained first. As 

noticeable from Figure 3 the frame {T} can be 
described relative to the frame )z,y,x( 555  by 

homogeneous transformation matrix as T5
T  [8]. Now, as 

it is well-known [9], the tool position and orientation i.e. 
the position and orientation of frame {T} with respect to 
the robot reference frame {M}, Figure 3, for the given 
joint coordinates vector θ  and specified link parameters 
can be determined as 
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The position and orientation of arbitrary frame i  
attached to the link i  with respect to the robot reference 
frame {M} i.e. robot based frame )z,y,x( 000  can be 
expressed as  
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for 5n,...,3,2,1i ==  where n  is number of joints.  
The robot Jacobian matrix relates joint velocities to 
Cartesian velocities of the tool tip. The mapping 
between static forces applied to the end-effector and 
resulting torques at the joints can also be described by 
Jacobian matrix [9,10]. Considering that the robot 

consists of five revolute joints, the Jacobian matrix has 
as many rows as there are degrees of freedom and the 
number of columns is equal to the number of joints 

[ ]nJ JJJ ...21=  (3) 
 
with column vectors 
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Substituting vectors from equation (2) in equation (4) 
Jacobian matrix columns iJ , 5n,...,3,2,1i ==  are 
obtained.  
Workspace for 3-axis machining is shown in Figure 4. 

 
Figure 4.Workspace in the case of 3-axis machining (A=0o, 

B=00) 

Slika 4.    Radni prostor robota za slučaj 3-osne obrade (A=0o, 
B=00) 

 

4. Compliance modeling 
 
As stated in [1,2,3,5] elastic properties of robot 
segments are insignificant, so there follows below the 
analysis of compliance model in Cartesian space based 
on joint compliances. The analysis will be conducted on 
the existing experimental machining robot from Figure 
2.  
Based on the principle of virtual work, the convectional 
formulation for the mapping of joint compliance matrix 

θC  into the Cartesian space compliance matrix )(C X θ  
[4,5,7] is expressed as  
 

T
X JCJC )()()( θθθ ⋅⋅= θ   (5) 

 
where θC  is the compliance matrix in joint space 
which has the diagonal form as 
 

),...,( 1 nCCdiagC θθθ =    (6) 
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and )(J θ  is Jacobian matrix. 
Equation (5) is practically used in [7] to determine the 
robot compliance center and in [5] for machining robot 
compliance analysis where it is stated how suitable it is, 
for it allows mapping of the joint compliance matrix 

θC  into Cartesian compliance matrix )(C X θ  without 

calculating any inverse kinematic functions. Since θC  
is diagonal matrix, the Cartesian space compliance 
matrix )(C X θ , equation (5), is the sum of the joint 
compliances associated with each individual joint as 
 

)(...)()( 11 nXnXX CCCCC θθ ++=θ , 5=n  (7) 
 
where 
 

5,,...,2,1,)( ==⋅⋅= nniCCC T
iiiiXi JJθθ  (8) 

 
while iJ  are column vectors of Jacobian matrix )(J θ .  
Equations (7) and (8) provide insight into the impact of 
compliance of each joint individually on the Cartesian 
space compliance. This means that impact of the 
corresponding joint is obtained incorporating in the 
equation (7) only its compliance, while the other joints 
are considered stiff. This is of crucial importance for the 
present paper, because it can be useful for robot 
manufacturer’s experts in the design of specialized 
machining robot [11,12]. 
For an articulated robot, )(C X θ  is symmetric non-
diagonal and configuration dependent matrix. Thus, if 
θC  can be experimentally determined, the Cartesian 

space compliance matrix )(C X θ ,  equation (5) and the 
linear displacement of robot tool tip under external 
static force vector [ ]Tzyx FFF=F at any location 
in the workspace can be estimated as 

 
Fθx ⋅= )(XCδ  (9) 

 
Experimental determination of compound joint 
compliances was performed by robot manufacturer's 
experts, and are given in Table 2. 
 
Table 2.    Experimentally identified joint compliance  

Tablica 2. Eksperimentalno određene popustljivosti zglobova 

Joint number i / 
Broj zgloba i 1 2 3 4 5 

-7
i 10[rad/Nm]C ⋅θ  7,14 10,12 12,30 17,32 91,35 

 
Using experimentally determined joint compliances, the 
Cartesian space compliance matrix is calculated in 
workspace shown in Figure 4.  

Figure 5 shows the distributions of analytically 
determined compliances in the 0ZM =  plane.  
 

 

 
 

Figure 5. Distributions of analytical compliances in the plane 
ZM=0 

Slika 5.    Distribucije analitički određenih popustljivosti u 
ravnini ZM=0 

 
Figure 5 can be also viewed as the Cartesian space 
compliance matrix )(C X θ  in the 0ZM =  plane in the 
workspace shown in Figure 4. 
The distributions of direct-compliances yyxx C,C  and 

zzC  are presented in Figures 5a, 5d and 5f respectively. 
The distributions of cross-compliances zxyx C,C  and 

zyC  are given in Figs. 5b, 5c and 5e respectively.  
The distributions of dominant components of direct-
compliances originating from individual joints are 
shown in Figure 6.  

5. Experimental compliance 
 
Another approach to obtain the Cartesian compliance of 
the machining robot is the direct measurement of the 
absolute displacement evoked by a load at the tool tip.  
The elements of the experimental setup are shown in 
Figure 7. The original and deformed positions of 
sphere-tip tool caused by deadweight of 250N are 
measured with FARO Portable CMM 3D, from which 
translational displacements z and y,x δδδ  are calculated.  
Displacements of the sphere-tip tool are measured in the 
workspace shown in Figure 4 at 40 points with the fixed 
XM- and YM-coordinates in 6 ZM-levels 
( mm400ZM −=  to mm100ZM = ). Experimental 
compliances are determined  based on sphere-tip tool 
displacements evoked by static amount of the milling 
force of 250N in all 3 Cartesian directions, Figure 7. 
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Figure 6. Distributions of dominant direct-compliances components 

Slika 6.    Distribucije najutjecajnijih komponenti direktnih popustljivosti 
 

 

Figure 7.  Experimental setup of robot loading and displacements measurement 

Slika 7.    Eksperimentalno mjerenje pomicanja vrha robota 

Figure 8 shows the distributions of experimentally 
obtained compliances in the 0ZM =  plane. The 
distributions of experimental direct-compliances 

yyxx C,C  and zzC  are shown in Figures 8a, 8e and 8i, 
respectively. Experimental cross-compliances are 
presented in Figures 8b, 8c and 8f, respectively. 
Comparing them with analytically determined 
compliances, Figure 5, it can be inferred that the 
character of their distributions is similar, but 
experimentally determined compliances are slightly 
higher. Higher values of experimentally determined 
compliances compared to those determined analytically 
originate from compliances of structure elements, motor 
spindle and tool itself. 

6. Conclusion 
 
The paper presents analytically and experimentally 
based compliance modeling and analysis of 5-axis 
machining robot based on conventional approach for the 
mapping of joint compliances into robot Cartesian space 
compliance. By expanding this modeling approach, it 
has been shown that it is possible to analyze each joint 
compliance impact on robot Cartesian space 
compliance. Satisfactory correlation between 
analytically and experimentally determined robot 
Cartesian space compliances confirms the usability of 
each joint compliance effects on tool tip displacements. 
Suitable model of the process forces and compliance 
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model proposed in this paper also enable the 
development of virtual robotic machining system for 
further research [13,14]. The present research has laid 
foundations for an advanced design method for one 
machining robot as well as for the development of 
strategy for real-time tool tip displacement 
compensation based on captured process forces. 
 

 
 
Figure 8. Distributions of experimental compliances in the 

plane ZM=0 

Slika 8.    Distribucije eksperimentalno određenih 
popustljivosti u ravnini ZM=0 
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