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CONVERGENCE OF ITERATES WITH ERRORS OF
UNIFORMLY QUASI-LIPSCHITZIAN MAPPINGS
IN CONE METRIC SPACES

DUSAN DUKIC !, LIILJANA PAUNOVIC 2, AND STOJAN RADENOVIC 3

ABSTRACT. The aim of this paper is to consider an Ishikawa type iteration pro-
cess with errors to approximate the fixed point of two uniformly quasi-Lipschitzian
mappings in cone metric spaces. We also extend some fixed point results of these
mappings from complete generalized convex metric spaces to cone metric spaces.
Our results extend and generalize many known results.

1. INTRODUCTION AND PRELIMINARIES

Ordered normed spaces and cones have applications in applied mathematics, for
instance, in using Newton’s approximation method [27], [37], and in optimization
theory [8]. K —metric and K —normed spaces were introduced in the mid-20th century
(see [27], [37]) by replacing an ordered Banach space instead of the set of real numbers,
as the codomain for a metric. L.G. Huang and X. Zhang [11] re-introduced such
spaces under the name of cone metric spaces. They and other authors ([1]- [7], [9],
[11]-[16], [22]-[24], [26], [28], [32]) proved some fixed point theorems for contractive-
type mappings in cone metric spaces.

Consistent with [8] and [11], the following definitions and results will be needed in
the sequel.
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Let E be a real Banach space. A subset P of E is called a cone whenever the

following conditions hold:
(a) P is closed, nonempty and P # {0};
(b) a,b € R, a,b >0, and x,y € P imply ax + by € P;
(c) PN (=P)=1{6}.

Given a cone P C E, we define a partial ordering < with respect to P by x < y if
and only if y —x € P. We shall write z < y to indicate that x < y but = # y, while
x < y will stand for y — x € intP (interior of P). If intP # () then P is called a solid
cone (see [27]).

There exist two kinds of cones- normal (with the normal constant k) and nonnormal
ones [8].

Let E be a real Banach space, P C E a cone and = partial ordering defined by P.
Then P is called normal if there is a number £ > 0 such that for all z,y € P,

(1.1) 0 =z =y imply [z <Ky,
or equivalently, if (¥Yn) z,, <y, = z, and

(12 Jim = Jim 2, = 0 imply iy, =

The least positive number & satisfying (1.1) is called the normal constant of P. It
is clear that & > 1.

Ezample 1.1. [27] Let E = C§ [0, 1] with ||z|| = ||z||+||2|, on P = {z € E: z () > 0}.
This cone is not normal. Consider, for example, z,, (t) = £ and y, (t) = 2. Then § <
Zo X Yy and iy oo g = 0, but [la,]| = maxieqo, |5 |+ maxiep [~ = 1 4+1> 13

hence x, does not converge to zero. It follows by (1.2) that P is a nonnormal cone.

Definition 1.1. [11], [37] Let X be a nonempty set. Suppose that the mapping
d: X x X — F satisfies:

(d1) 0 < d(z,y) for all z,y € X and d(x,y) = 0 if and only if z = y;

(d2) d(z,y) =d(y,z) for all x,y € X;

(d3) d(z,y) 2 d(x,2)+d(z,y) for all x,y,z € X.
Then d is called a cone metric [11] or K-metric [37] on X and (X, d) is called a cone

metric [11] or K-metric space [37] (we shall use the first terms).

The concept of a cone metric space is more general than that of a metric space,

because each metric space is a cone metric space where F =R and P = [0, +00).
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Ezxample 1.2.
(a) 1] Let E=R* P={(z,y) eR?*:2 >0,y >0}, X =Randd: X x X - F
defined by d(z,y) = (|x —y|,a |z — y|), where @ > 0 is a constant. Then
(X,d) is a cone metric space [11] with normal cone P where k = 1.
(b) For other examples of a cone metric spaces, i.e., P-metric spaces one can see
[37], pp. 853-854.

Definition 1.2. [11] Let (X, d) be a cone metric space. We say that {x,} is:

(i) a Cauchy sequence if for every ¢ in E with 6 < ¢, there is an N such that for
alln,m > N, d(x,, ) < ¢

(ii) a convergent sequence if for every ¢ in E with 6§ < ¢, there is an N such that
for all n > N, d (x,,2) < c for some fixed z in X.

A cone metric space X is said to be complete if every Cauchy sequence in X is
convergent in X.

Let us recall [11] that if P is a normal solid cone, then z,, € X is a Cauchy sequence
if and only if ||d (x,, )| — 0, n,m — oo. Further, z,, € X converges to x € X if
and only if ||d (x,,z)|| — 0, n — oc.

In the sequel we assume that F is a real Banach space and that P is a normal solid
cone in FE, that is, normal cone with intP # (). The last assumption is necessary in
order to obtain reasonable results connected with convergence and continuity. The

partial ordering induced by the cone P will be denoted by <.

2. CONVEXITY IN CONE METRIC SPACE

Let (X,d) be a cone metric space with a solid cone P. A mapping f : X — X is
called asymptotically nonexpansive if there exists k, € [1,00), lim, . k, = 1, such
that d(f"z, f"y) < kpd(x,y) for all z,y € X. Let F(f) = {z € X: fr=x}. If
F(f) # 0, then f is called asymptotically quasi-nonexpansive if there exists k, €
[1,00), lim,, .o k, = 1, such that d(f"z,p) = k,d(z,p) for all x € X,p € F(f).
Moreover, it is uniformly quasi-Lipschitzian if there exists L > 0 such that d (f"x, p) <
Ld(z,p) for all x € X, p € F(f).

From the above definition, if F (f) # (), it follows that an asymptotically nonex-
pansive mapping must be asymptotically quasi-nonexpansive, and an asymptotically
quasi-nonexpansive must be uniformly quasi-Lipschitzian where L = sup {k,, n € N}

< o0. In recent years, asymptotically nonexpansive mappings and asymptotically
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quasi-nonexpansive mappings have been studied extensively in the setting of convex
metric spaces ([10], [17], [18], [19], [20]).

In 1970, Takahashi [25] first introduced a notion of convex metric space which is
more general space. It should be pointed out that each linear normed space is a
special example of convex metric space, but there exist some convex metric spaces
which cannot be embedded into normed space [25].

Now we introduce the following:

Definition 2.1. Let (X,d) be a cone metric space, and I = [0,1]. A mapping
W : X? x I — X is said to be convex structure on X, if for any (z,y,\) € X? x [
and v € X, the following inequality holds:

d(W (z,y,A\),u) 2 A (z,u)+ (1 —X)d(y,u).

If (X,d) is a cone metric space with a convex structure W, then (X,d) is called
a convex abstract metric space or convex cone metric space (see also [14], [23]).
Moreover, a nonempty subset C' of X is said to be convex if W (z,y, \) € C, for all
(z,y,\) € C* x I.

Definition 2.2. Let (X, d) be a cone metric space, I = [0,1], and {a,},{bn},{cn}
real sequences in [0, 1] with a,, + b, + ¢, = 1. A mapping W : X3 x I? — X is said
to be convex structure on X, if for any (z,v, 2, @y, by, ¢,) € X3 x I? and v € X, the

following inequality holds:
d(W (z,y, 2, n, bpy 1) yu) = apd (z,u) 4+ bpd (y,u) + cpd (2, u) .

If (X,d) is a cone metric space with a convex structure W, then (X,d) is called a
generalized convex cone metric space. Moreover, a nonempty subset C' of X is said

to be convex if W (2,4, 2, an, by, ¢,,) € C, for all (z,y, 2, an, by, c,) € C3 x I3,

Remark 2.1. If E =R, P = [0,4+00), ||-|| = || then (X,d) is a convex metric space,

i.e., generalized convex metric space as in [30].

Example 2.1. Let (X,d) be a cone metric space as in Example 1.2(a). If
W(xz,y,\) =: Ax + (1 = \)y, then (X,d) is a convex cone metric space. Hence,

this concept is more general than that of a convex metric space.

Definition 2.3. Let (X,d) be a cone metric space with a convex structure

W :X3xI?— X, f,g : X — X be uniformly quasi-Lipschitzian mappings with
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L>0and L' > 0,{a,},{bn},{cn},{al}.{b),},{c,} be six sequences in [0, 1] with
an+b,+c,=a, +b,+c, =1,n=1,2.... For any given z; € X, define a sequence
{z,,} as follows:
2.1) { Yo = W(xp, g"xn,vn,al,, b, ch),

Tni1 = WA(Zn, ["Yn, Un, Qn, by, Cr)
where {u,}, {v,} are two sequences in X satisfying the following condition: for any

nonnegative integers n,m, 1 <n < m, if § (4,,,) > 0, then
(22)  max {lld(@y)ll o € {u,vit,y € {25, 95 fys, 95,45, 051} < 0 (Aum)

where A, = {x:, yi, fyi, gxi, ui, v :n < i <m}, § (Apm) = SUD, ye A, Ild (z,v)]|.
Then {x,} is called the Ishikawa type iteration process with errors of two uniformly

quasi-Lipschitzian mappings f and g in convex cone metric space (X, d).

Remark 2.2. Note that some iteration processes considered in [10], [17], [18], [19] can
be obtained from the above process (2.1) as special cases by suitable choosing the

spaces and the mappings.
In the sequel, we shall need the following lemma.

Lemma 2.1. [19] Let nonnegative sequences {pn},{qn},{rn} satisfy that

ZQn<OO> Zrn<oo, pn+1§(1+Qn)pn+rn> nzl'
n=1 n=1

We have:
(1) limy, o pp exists;

(i) if liminf, .. p, = 0, then lim, .., p, = 0.

3. MAIN RESULTS
Now we give our main results of this paper.

Theorem 3.1. Let C' be a nonempty closed convex subset of a complete convex
cone metric space X, f,g : C — C be uniformly quasi-Lipschitzian mappings with
L>0and L' >0, and F = F(f)NF(g) # 0. Suppose that {x,} is the Ishikawa
type iteration process with errors defined by (2.1), {u,},{v,} satisfying (2.2) and let

{an}, {bn}, {cn},{al} ,{0.}, {c,} be six sequences in [0,1] satisfying

o0
an+byt+cy=a,+b,+c, =1 and Y (b,+c,) < oo.

n=1
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Then, {z,} converges to a common fixzed point of f and g if and only if
liminf, . ||d (2, F)|| = 0, where ||d (z, F)|| = inf {||d (z,q)| : ¢ € F'}.

In order to prove Theorem 3.1 we shall need the following lemma.

Lemma 3.1. Let C be a nonempty closed convex subset of a complete convex cone
metric space X, f,qg: C — C be uniformly quasi-Lipschitzian mappings with L > 0
and L' > 0. If the sequence {x,} be as in (2.1) with {u,},{v,} satisfying (2.2) and
{an} , {bn}, {cn},{a,},{U,}, {c,} be siz sequences in [0,1] satisfying

ant+byt+c=a,+b,+c, =1 and Y (b,+c,) < oo,

n=1
and if F=F (f)NF(g) #0, then:

(i) there exists a constant vector v € P\ {0} such that
ld (@1, p) | < k- (L + anl + anLL) - ||d (2, p)I| + k- [[0] cm,

for alln € N and for all p € F, where k is the normal constant of a cone P;
(ii) there exists a real constant M > 0 such that
n+m—1

ld (@ P < K- M- ||d (2, )| + K- M- o]l - >0 on,
k=n

for all n,m € N and for all p € F', where k is the normal constant of a cone
P.

Proof. (i) Let p € F be given. Then we have

d(l’n+1,p) = d(W (Inafnynuumanabmcn) 7p)
and (L5, p) + bpd (f"Yn,p) + cnd (Un, p)
(3.1) = apd(xpn,p) + by L - d(yn,p) + cnd (un,p),

A

d (Yn, ) d(W (2, §"Tp, v, a,, b, ch) D)

=< and(zn,p) +b,d (9", p) + c,d (vy, p)

(3.2) and(xn,p) + 0, L - d(z,,p)+ c,d (v, p) .

PN
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Substituting (3.2) into (3.1), it can be obtained that

d(zn1,p) 2 and (20, p) +bpL - (@d (20, p) + 0, L7 d (2, p) + ¢d (00, p))
+cnd (Un, D)
= (an + bpa, L + b,b, LL") d (2, p) + buc,, Ld (vn, p) + cnd (U, p)
< (14 (14 L") Lb,)d(xn,p) + by Ld (vy,p) + cnd (tn, p)
(3.3) < (I1+a,L+a,LL)d(x,,p) + a,v,
where a,, = b, + ¢, v = Ld (v, p) + d (un, p). Now, (i) follows from (1.1), where k is
a normal constant of the cone P.

(ii) It is well known that 1+ x < €® for all x > 0. Using this, from the above
inequality (3.3), we have

A

d (anrm;p) (1 + OénerflL + an+mflLL/) d (anrmflap) + Opgm—1 -V

IA

ean+m71L+an+m71LL/ [(1 + an+m—2L+ Oén+m—2LL/)d(fL“n+m—2,p)

+an+m72 ' U] + Opym—1 -V

A

L 1+L/ nt+m—1+tQntm—
el )(@ngm—1+any Q)d(fUner—Q)

L(1+L' _ _
+€ ( + )(an+m 1+an+m 2) (an+m71 + an+m72) v

n+m—1
= M-d(xmp>+<M > ozk)w,
k=n

where M = L0+ 5 ok, Further, (ii) follows from (1.1), because P is a normal

cone with the normal constant k. O

Proof of Theorem 3.1. Since,
\|d (x,, F)|| = inf {||d (zn,q)| : ¢ € F} < inf{||d (z,,p)| : limz, =p € F} =0,

it follows that the necessity of the conditions is obvious. Thus, we will only prove the

sufficiency. From Lemma 3.1(i), we have
ld (zn1, p)| < k- (1+ anLl + anLL) - ||d (2, p) || + K - [[0]] - an.

As § a, = ioj (an + by) < oo, therefore lim,, o ||d (2, F')|| exists by Lemma 2.1.
n=1 1

n=

Acco?ding to the hypothesis, liminf, .. ||d(z,, F)|| = 0, hence we have that
lim, e ||d (2, F)|| = 0.
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Next, we show that {z,} is a Cauchy sequence. Let £ > 0 be a given. There exists

an integer ng such that for all n > ng we have

oo 5
d E < =
R TR TN TR
n=ng

€

|d (2, F)|| < 20

In particular, there exists a p; € F' and an integer n; > ng such that
€
ld (@n,, )| < 7577

4k2M°
It follows from Lemma 3.1(ii), that when n > n;, we get

||d<xn+m7p1>|| = Hd (xnl-i—(n—l—m—nl)apl)H
n+m—1
(3.4) < ke Meld (@, p) + kMl Y0 an
k=n1
and
ld (o)l = |d (@i innn)o ) |
n—1
(3:5) < ke Mld (@, p)l + kMol Y2 an.
k=n1
Therefore, from (1.1), (3.4) and (3.5), we obtain that
1 (@i, Ta) | < K- (|d (Zngm, 1) + d (pr, 2a) |
< ke lld(@psm, p)|l + k- (|d (prs @) |
n+m—1 n—1
< 28 M- |ld (g, p)|| K0l M | DD an+ Y o
k=n1 k=n1
n+m—1
< 2k M- |ld (@ny, po) ||+ 267 ol - M YD o
k=n1
< U M- U || M=
4k2M 4k? lo|| M

Hence {x,} is a Cauchy sequence in closed convex subset of a complete cone metric
space. Therefore, it must converge to a point of C'. Suppose lim,, o, x, = p. We will
prove that p € F.

For given € > 0, there exists an integer ny such that for all n > ns, we have

€ €
3.6 d(z,, < d d(z,, F)|| < .
36 Nd@ll < gz ™4 1@ Bl < g 5m
In particular, there exists a p, € F' and integer ng > ny such that
€
(3.7) 1 (Zng, p2)|| <

2k(1+3(L+1))
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First, we have

A

d(fp,p) = d(fp,p2) +d(p2, ny) + d(Tng, p) + 2d (fTny, p2)

Ld (p,ps) + d(ns, p2) + d (Tpg, p) + 2Ld (245, pa)

Ld (p,xny) + Ld (g, p2) + d (X, p2) + d (Tny, p) + 2Ld (21, p2)
= (1+L)d(zp,,p) + (14 3L)d(xp,,pa) -

(PN

A

Now, according to (1.1), (3.6) and (3.7) we obtain

ld(fp, o)l < k(U4 L) ld (zng, p)l| + K (14 3L) [|d (g, p2) |

< k(1+1L) +k(1+3L) c

2% (1+3(L+ L))

g
<
2%k (L+L+ L) ©

and we also have ||d (gp,p)|| < e. Since ¢ is arbitrary, it follows that d (fp,p) =

d(gp,p) = 0, that is, p is a fixed point of f and g. This completes the proof of
Theorem 3.1. U

Theorem 3.2. Let C' be a nonempty closed convex subset of a complete convex
cone metric space X, f,g : C — C be asymptotically quasi-nonerpansive map-
pings with sequences {k,} and {k!} (without the conditions >3 (k, — 1) < oo and
S (K —1) < o0), and F = F(f)NF(g) # 0. Suppose that {x,} is the Ishikawa
type iteration process with errors defined by (2.1), {u,}, {v.} satisfy (2.2) and {a,},
{bn}, {cn}, {a}, {b.,}, {c,} are siz sequences in [0, 1] satisfying

byt =a,+b,+c, =1 and D (by+c,) < .c0.

n=1
Then {x,} converges to a common fized point of f and g if and only if
liminf, .. ||d (2, F)|| = 0, where ||d (x, F)|| = inf {||d (x,q)| : ¢ € F}.

Proof. Since {k,},{kl} C [1,4+00) and lim, . k,, = lim, . k!, = 1, then there exist
L >0and L' > 0 such that L = sup,5o {kn} < 0o and L' = sup,,5¢ {k,,} < oo. In this
case, f, g are uniformly quasi-Lipschitzian mappings with L > 0 and L’ > 0. Hence,
Theorem 3.2 can be proven by Theorem 3.1. U

Theorem 3.3. Let K be a nonempty closed convex subset of a complete convexr cone
metric space X, f,qg: C' — C be asymptotically nonexpansive mappings with sequences
{k,} and {k} (without the conditions 325 (k, — 1) < 0o and ¥ (K, — 1) < o0),
and F = F (f)NF (g) # 0. Suppose that {x,} is the Ishikawa type iteration process
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with errors defined by (2.1), {u,}, {va} satisfy (2.2) and {a,}, {b.}, {cn}, {a,},
{0}, {c,} are siz sequences in [0, 1] satisfying

byt =a,+b,+c, =1 and Y (b,+c,) < oo.

n=1
Then {x,} converges to a common fized point of f and g if and only if
liminf, . ||d (2, F)|| = 0, where ||d (x, F)|| = inf {||d (z,q)| : ¢ € F}.

Proof. 1t is clear that an asymptotically nonexpansive mapping must be asymptoti-

cally quasi-nonexpansive. Therefore, Theorem 3.3 can be proven by Theorem 3.1. [

Corollary 3.1. In Theorem 3.1 by selting E = R, P = [0,00), d(z,y) = |z —y|,
xz,y € R (that is ||-|| = |-|), we get Lemma 2 and Theorems 1, 2, 3 from [29].

Corollary 3.2. When in Theorem 3.1 we set E =R, P =[0,00), d(z,y) = |z — y|,
z,y € R (that is ||-|| = |-|), we obtain the main result from [7|, Theorems 2.1 and 2.2
from [30] and Theorem 2.1 and Corollary 2.3 from [31].

Remark 3.1. It is worth noticing that according to our Theorem 3.1 the condition
F = F(S)NF(T) # 0 in the Theorem 2.1 and Corollary 2.3 in [30]and in the
Theorems 2.1 and 2.2 and Corollaries 2.1 and 2.2 in [31] is superfluous. Indeed, it is
very easy to prove that in both cases ([30] page 1 and [31] page 1, (*)) the set F' is

singleton and S, 7T are two uniformly quasi-Lipschitzian mappings (see also [2]).

Remark 3.2. We believe that the results of our paper can be extended in the frame
of the cone pseudometrics, cone uniform and cone locally convex spaces (for details
see [33]-[36]). Also, all main results from [21] can be extended in the frame of convex

cone metric spaces as in our paper.
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