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1. Introduction

There has been a number of generalizations of metric space. One such generalization is the notion of a cone metric space
(also known as K-metric space) introduced by several Russian authors (for historical notes see [1]) in the mid-20th century.
Huang and Zhang [2] re-introduced such spaces, and also went further, defining convergent and Cauchy sequences in terms
of interior points of the underlying cone. The concept of a cone metric space is more general than that of a metric space
(see [2]—Example 1 and [3]—Examples 1.1 and 1.2). They have proved some fixed point theorems for this class of spaces.
Further fixed point results for this class of spaces were obtained by Ili¢ and Rakocevi¢ [4], Rezapour and Hamlbarani [5],
Abbas and Rhoades [6], Veazpour and Raja [3], Arshad et al. [7], Abbas and Rhoades [6], Kadelburg et al. [8], Wiodarczyk,
Plebaniak and Doliniski [9], etc. Common fixed point results for this class of spaces were presented in papers by Vetro [10],
Arshad et al. [11], Di Bari and Vetro [12,13], etc.

Applications of such results in the theory of integral equations and topological theory of set-valued dynamic systems can
be found in the papers [7,3,9].

Ciri¢ [14] first introduced the notion of quasi-contraction and proved the fixed point theorem for this class of mappings.
Ciri¢'s result was extended to cone metric spaces by Ili¢ and RakoZevi¢ [4] and Kadelburg, Radenovi¢ and RakoCevi¢ [8].
In the first of these papers authors considered cone metric spaces with normal cone. In the second paper, normality
condition was omitted. However, in the proof of the existence of fixed point result, the authors use the strong assumption
that the coefficient of quasi-contractivity does not exceed % Ciri¢'s fixed point theorem was extended to nonlinear quasi-
contractions on metric spaces by Ivanov [15], Danes [16] and Arandelovi¢ et al. [17].

Recently, Du [18] introduced the notion of TVS-cone metric space.

In this paper we present fixed point theorem for nonlinear quasi-contractive mappings defined on TVS-cone metric space,
which generalizes the earlier results presented in [4,8,17,15,16,14].
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2. Preliminary notes

Definition 1. Let E be a linear topological space. By ® we denote the zero element of E. A subset P of E is called a cone if:

(1) Pisclosed, nonempty and P # {®};
(2) a,beR,a,b>0,andx,y € Pimply ax + by € P;
(3) PN (=P)={6}.
Given a cone P C E, we define partial ordering < on E with respect to P by x < y if and only if y — x € P. We shall write

X < y toindicate that x < y and x # y, whereas x < y will stand for y — x € intP (interior of P).
Let E be a linear topological space and let P C E be a cone. We say that P is a solid cone if and only if intP £ .

In the following, we always suppose that E is a locally convex Hausdorff topological vector space, P is a solid cone in E
such that < is a partial ordering on E with respect to P. By I we denote the identity operatoronE i.e. [(x) = x foreach x € E.
Let e € intP. The nonlinear scalarization function &, defined by

&) =inf{teR:yete—P}, forally€E,
has the following properties (see [18]):

(1) & is positively homogeneous and continuous on E;

(2) ify; € y2 + P, then & (y2) < &(y1);
(3) & is subadditive on E.

Also, there are some more properties of the function &, not mentioned by Du.

Lemma 1. Let e € intP, and let &, (x) = inf{t € R : te — x € P} be its scalarization function.

(a) Let ® K x K Ae, forsomereal A > 0. Then 0 < &,(x), —&.(—x) < A.
(b) The function E > x > ||x|| = max{|&(x)|, |&.(—x)|} is a semi-norm on a locally convex topological space considered over
real field.

Proof. (a) The left hand side of the required inequality is obvious, as well as it holds &, (x) < &.(le) = A.Since Ae—x € intP,
there exists a neighborhood W of ® such that Ae — x + W C P.Let § > 0 be such that —5e € W. Then we have

Pore—x—38e=(—38e—x, (1)

and therefore &, (x) < A —§ < A.
Further, from (1), we conclude that (§ — A)e + x ¢ P, and hence &,(—x) > —A\.
(b) Obviously, ||x]| > 0, and || — x| = ||x||. For @ > 0 we have &(ax) = «oé.(x), and also —&.(—ax) = —a&.(—x),
whereas, for @ < 0 we have & (ax) = —a&.(—x), and also —&.(—ax) = a&.(x) implying in both cases ||ax| = |a]| ||x]|.
Subadditivity follows from subadditivity of the functions x > &.(x), x = —&.(—x),and max. O

Remark. One might try to generalize the previous lemma to complex semi-norms, considering the function x +—
SUPg<p<2r |6e(eXp(ip)x)|, which is obviously a complex semi-norm. However, part (a) does not hold. Namely, C is a complex
vector space (over itself) with the standard topology, and P = {z € C : Imz > 2|Rez|} is a solid cone. Considering vectors
e=iandx =ci,for0 < ¢ < 1we find that 0 < x < e, but & (exp(izr /2)) > 1 for c close enough to 1.

Definition 2. Let X be a nonempty set. Suppose that a mapping d : X x X — E satisfies:

(1) ® <d(x,y) forallx,y € X and d(x, y) = © ifand only if x = y;
(2) d(x,y) =d(y,x) forallx,y € X;
(3) d(x,y) <d(x,z) +d(z,y) forallx,y, z € X.

Then d is called a TVS-cone metric on X and (X, d) is called a TVS-cone metric space.

Remark. Cone metric spaces in the Huang-Zhang sense [2] are included in our definition since every Banach space is a
locally convex Hausdorff topological vector space.
The following definitions were introduced in [2].

Definition 3. Let (X, d) be a solid TVS-cone metric space, x € X and (x,) a sequence in X. Then

(1) (xp) TVS-cone converges to x if for every c € intP there exists a positive integer N such that for all n > Nd(x,, x) < c.
We denote this by limx, = x or x, — Xx;

(2) (x4) is a TVS-cone Cauchy sequences if for every ¢ € intP there exists a positive integer N such that for all m,n >
Nd(xp, x) < C;

(3) (X, d) is a TVS-cone complete cone metric space if every Cauchy sequence is convergent.

Let (X, d) be a TVS-cone metric space. In [18] Du proved that for any e € intP:
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(1) Functiond, : X x X — [0, +00) defined by d. = &, o d is a metric.

(2) If (x,) TVS-cone converges to x, then lim d. (x,,, x) = 0.

(3) If (x,) is a TVS-cone Cauchy sequences then (x,) is a Cauchy sequences (in the usual sense) in (X, d).
(4) If (X, d) is a TVS-cone complete metric space, then (X, d.) is a complete metric space.

Lemma 2. Let E be a TVS-cone space, let P C E be a solid cone. A sequence x, € E converges to x € E in TVS-cone metric d, if
and only if x, — x in all metrics d., where e runs through intP.
Also, x,, is a TVS-cone Cauchy sequence if and only if x, is a Cauchy sequence in all metrics d..

Proof. The “only if” part of the statement is contained in the previous properties (2) and (3). Let us prove the “if” part of the
statement. Let us suppose that x, — x in all metrics d,, let e € int(P), and let ¢ < 1. Then de(x,, x) = &.(d(x,, X)) — 0, and
therefore there exists a positive integer ny such that for all n > ny we have

inf{r | d(xy, x) € re — P} = &.(d(xn, X)) < &/2,

which implies that there exists r < & such that d(x,, x) € re — P,i.e.re — d(x,, x) € P,i.e.d(x,,x) <re KL e.
The proof of the other statement dealing with Cauchy sequences can be written down in a similar way. 0O

Definition 4. By @ we denote the set of all real functions ¢ : [0, c0) — [0, co) which have the following properties:

(a) ¢(0) =0;
(b) p(x) < xforallx > 0;
(€) limy, oo (X — @(x)) = 00.

Define ®; = {¢ € @ : ¢ is monotone nondecreasing and lim;_,,,¢(t) < rforanyr > O}and &, = {p € @ :
lim;_,,¢(t) < rforanyr > 0}.

Let X be a nonempty set and f : X — X an arbitrary mapping. The element x € X is a fixed point for f if x = f(x). If
Xp € X, we say that the sequence (x,) defined by x,, = f"(xo) is a sequence of Picard iterates of f at point x, or that (x;) is
the orbit of f at point xg.

In [17] the authors presgnted the following fixed point theorem which generalizes the earlier results obtained by
Ivanov [15], Danes [16] and Ciri¢ [14].

Theorem 1. Let (X, d) be a complete metric space and f : X — X. If there exist ¢, @2, @3, @4, @5 € @1 U P, such that

d(f ), f(y)) < max{p;(d(x,y)), 2(d(x, f(x))), e3(d(y, f¥))),
¢4(d(xvf(y)))v gDS(d(f(X)v y))}7

forany x,y € X, then f has the unique fixed point y € X and for each x € X sequence of Picard iterates defined by f at x converge
toy.

Remark. As is easy to see, @1 C &,. Indeed, if ¢ is nondecreasing, then Htﬁr,go(t) < @(r) < r.Thus, the condition
01, ..., @5 € @1 U P, can be simplified to ¢, ..., g5 € D,.

3. Main results

By ¥ we denote the set of all functions ¢ : P — P which have the following properties:

(@) ¥(@) = 0.
(b) (I — ¥)(int(P)) C intP.
(c) lime_ oo (JItx]| — || (tx)]|) = oo, for any x € P \ {®}, where ||.|| is an arbitrary real semi-norm on E.

For a function ¥ € ¥ we say that ¥ € ¥, if for any x € intP and for each (x,) C intP such that x, — x, there exists a
positive integer ng such that n > ng implies ¥ (x,) < (1 — ¢)x, where ¢ does not depend on the choice of the sequence (x;).
Now we shall prove our main result, which is a generalization of the earlier results presented in [17,15,16].

Theorem 2. Let (X, d) be a complete TVS-cone metric space and f : X — X. Assume that there exists V¥, Y, W3, W4, Y5 € ¥,
such that for any x, y € X there exists

u € {Y1(dx, ), v2(d(x, f (%)), ¥3(dy, f D)), Yaldx, f))), ¥s(d(f (%), y))} (2)
such that
df (), f() < u. (3)

Then f has the unique fixed point y € X and for each x € X the sequence of Picard iterates defined by f at x converge to y, in the
TVS-cone metric.
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Proof. Lete € intP, k € {1,...,5}and ¢y : [0, 0c0) — [0, o0) defined by

@ (t) = max{& (Yi(te)), —&(—(te))} =: [[P(te)ll.
Then

(a) ¢(0) = Ossince & (@) = 0and Y4 () = O.
(b) By Lemma 1, taking into account ¥ (te) < te, we have ¢y (t) = ||y (te)] < t.

(€) limgsoo(t — @i(t)) = lim,, o ([Itell — [Pk (te)])) = oo.
Therefore, ¢, € @.
(d) If Y, € W, then ¢, € .

Lett € (0, 400) and (t,) — t.From v, € ¥, and t,e — te it follows that there exists a positive integer ny such that
n > ng implies ¥ (t,e) < (1 — &)tpe K (1 — g/2)t,e. By Lemma 1, it follows that ¢y (t,) = | (t)] < (1 — &/2)t,, for
n > ng. Hence mﬁtgo(s) < (1 —¢/2)t < t because t, and t are arbitrary, which implies that ¢, € ®;.

Now, (X, d.) is a complete metric space and @1, @2, @3, @4, 5 € @1 U @,. From (2) and (3) it follows that

E(d(f (%), f(¥))) < &) < |lul
for some

u € {Y1(dx,y)), ¥2(d(x, f(x))), Y3(dy, fF1))), Yaldx, fF(¥))), ¥s @ (%), y))}
which implies

de(f (), f(¥)) < max{g:1(de(x,y)), p2(de(x, f(x))), p3(de (v, f¥))),

¢4(d€(x’ f(y)))» @s (de(f(x)a _V))}’
for any x, y € X. The statement follows from Theorem 1 and Lemma 2. O
Definition 5. IfA : E — E is a one to one function such that A(P) = P, (I — A) is one to one and (I — A)(P) = P then we say
that A is a contractive operator.
The next corollary includes the results presented in [4,8,14,2,5].

Corollary 1. Let (X, d) be a TVS-cone metric space and f : X — X. Assume that there exists contractive bounded linear operators
A1, Ay, A3, Ay, As such that for any x, y € X there exists

u € {A1(d(x,y)), A2 (d(x, f (%)), As(d(y. f (1)), As(d(x, f (1)), As (d(F (%), ¥))}

such that d(f (x), f (y)) < u. Then f has the unique fixed point y € X and for each x € X the sequence of Picard iterates defined
by f at x converge to y in the TVS-cone metric.

Proof. Letk € {1,...,5}. Then A,(®) = O since Ay is linear. From (I — A)(P) = P by Open mapping theorem (see [19]) it
follows that (I — A)(intP) C intP.So A(x) < x for any x € intP. Let x € intP, (x,) C intP and x, — x. Then limA(x,) < x
since A is continuous.

lim ([|ex]] = [|A(&) ) = ([lx — AcX) ) lim ¢ = oo,
t—00 t—o00

foranyx € P\ {®}”, where ||.|| is an arbitrary real semi-norm on E.
Hence A € ¥,. The statement follows from Theorem 2. O

Example 1. Let X = [0, 1], E = CR[0, 1] equipped with the strongest locally convex topology and P = {g € E : g(t) >
0,t € [0, 1]}. Then E is a locally convex not normable space by exercise 7 from [20], and P is a non-normal solid cone, by
Theorem 2.3 from [21]. Also, d : X> — P, defined by

d(x,y) = |x — yle',

is a TVS-cone metric on E. Define f : X — X by

3
0<x< -
4
3
-<x<1).
4

Then existence and uniqueness follows from Corollary 1. The results of a recent work [5,2,4,22] are not applicable in this
case because they deal either with full contractions or with normal cones.

fx) =

Bl x Wl x
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