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The an a lyt i cal mod el ling of the PbSb al loy re sis tance spot weld ing pro cess has
been de vel oped on the ba sis of math e mat i cal anal y sis of thermo mechanical con ser -
va tion laws. The nu mer i cal so lu tion of par tial dif fer en tial equa tions, ob tained by
such mod el ling, has been achieved by the fi nite el e ment method.
Thermomechanical equi lib rium equa tions are de rived, in clud ing spe cific prop er -
ties, typ i cal for PbSb al loys. The pa per uti lizes the ba sic ex per i men tally proven as -
sump tion, that the tem per a ture fields gov ern all pro cesses dur ing weld ing. Full
agree ment is ev i dent be tween the ex per i men tal and an a lyt i cal data.
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In tro duc tion

The com plex ity of the re sis tance spot weld ing pro cess is rep re sented by var i ous pa -
ram e ters needed to de scribe the un der go ing phys i cal in flu ences (e. g. elec tric cur rent, elec tri cal
re sis tance, con tact force, ma te rial type, tem per a ture, etc.). By iden ti fy ing the tem per a ture field it 
be comes pos si ble to sim u late heat ing, de for ma tion and cool ing pro cesses, and to en sure some
ba sic as sump tions for pre dict ing struc tural changes at lo ca tions of the joint and its fi nal me chan -
i cal prop er ties.

Ef forts for de vel op ing mod ern sim u la tions of con cern here have four ori en ta tions:
– implementing influences of latent heat and phase transformations in the numerical analysis

[1-3],
– development of mathematical formulations of thermomechanical processes in resistance

spot welding and their correlation to heat and electrical processes [4, 5],
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– quantification of the contact surface regardless of whether this surface is an electrode-
-to-sheet metal or sheet-to-sheet microcontact, as well as changes in geometry of the
conductive media [4, 6], and

– implementing all particularities of the resistance spot welding of new materials and alloys
into well established mathematical models.

Re search on the prob lems of re sis tance weld ing of heavy al loys is rel a tively scarce and 
in sig nif i cant. Aside to the o ret i cal re search, of prac ti cal im por tance i. e. is the com pli cated as -
sem bly of lead-acid bat ter ies. The re sis tance weld ing op er a tion for the PbSb al loy grid cell join -
ing is cru cial, and the cre ated re sid ual stresses are the most fre quent cause of fail ure in these
welded joints.

The math e mat i cal anal y sis of the heat pro cess im pli cates math e mat i cal mod el ling (fi -
nite el e ments) and de fin ing the heat con duc tion equa tion. The pro cess is fur ther math e mat i cally
ana lysed and re sid ual stresses are eval u ated. Pro ce dures are car ried out for nu mer i cal in te gra -
tion of dif fer en tial equa tions of heat con duc tion and re sid ual stresses, with er ror es ti ma tion de -
pend ing on the adopted fi nite el e ment mesh.

Model for mu la tion

Heat con duc tion equa tion

The weld ing pro cess is rep re sented by a thermomechanical model in the scope of ba sic 
laws of con tin uum me chan ics. The global en ergy bal ance law in the cou pled form [7-9] is
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where  r0 is the mass den sity, u – the strain en ergy den sity, r – the vol ume heat source, Tij – the
stress ten sor, vi – the ve loc ity vec tor, h0 – the sur face heat flux, A0 – the con tour area, and V0 – the 
vol ume en com passed by A0. The sub script “0” de notes undeformed (ini tial) con fig u ra tion, “.” is
the time de riv a tive, and “,” – the par tial de riv a tive over Des cartes co-or di nates xj. Cou pling of
ther mal and me chan i cal terms in eq. (1) is due to the fol low ing:
– second and fourth terms contain only thermal energy, the third contains only mechanical

energy, and the first contains both,
– strain energy density depends on both temperature and strain, U = u(t, eij), where t is the

temperature and eij – the deformation tensor, and
– thermal boundary conditions, valid for the deformed configuration, may be applied only

provided that the displacements and strains are known.
Un cou pling of ther mal and me chan i cal terms in eq. (1) is pos si ble ac cord ing to the fol -

low ing.
– In order to neglect dimensional changes due to transformation from an undeformed to a

deformed configuration, it is necessary to assume that dA/dA0 » 1 and dV/dV0 » 1, so that
dh » dh0 and dr0 » dr, i. e. r is temperature independent. Typical density values at both room 
and liquidus temperatures for PbSb alloys that are applied in welding differ up to 6%. This
error has little effect on the numerical analysis and determination of residual stresses, since
they appear at relatively low temperatures. The error is to be accounted for when analysing
the temperature or heat distribution.
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– Deformation dependence of strain energy density rate opposed to the temperature
dependence may be omitted according to the following expression:
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The first term is proportional to mass density r and heat capacity c, and the second term to
yield strength Rp0.2 and the thermal coefficient a. The change in both thermal and mechanical 
energy for the PbSb alloy is given in tab. 1. Apparently, the error becomes less than 1% when 
comparing the change in thermal and mechanical energy, as Dut = rcDt [Jcm–3] (Dt = 1 K)
and Dum = 3aRp0.2. The comparison is made at room temperature, since the change in
mechanical energy is even smaller at higher temperatures (Rp decreases considerably).

– By using similar arguments, the pure mechanical energy term T Vij i
V n d 0

0
ò in eq. (1) can also

be omitted.
These ap prox i ma tions al low for eq. (1) to be writ ten in the un cou pled form as:
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By ap ply ing the Gauss’ the o rem, eq. (3) is trans formed to eq. (4), and tak ing into ac -
count that at the bound ary sur face A0, the re la tion for the in tro duced heat con duc tion vec tor, qi,
de fined by heat flux h and ex ter nal unit nor mal ni, is given by qini = h0, and for Des cartes co-or -
di nates, xi:
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If r0r is re placed by Qv, and r0 &u is re placed as r0(¶u/¶T) & &T cT= r0 , where c is spe cific
heat ca pac ity, and we shall also omit in dex “0”, thus ig nor ing the dif fer ence be tween the cur rent
and ref er ence con fig u ra tion, eq. (4) be comes:
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To solve this equa tion we in tro duce the con sti tu tive ma te rial law, i. e. the Fou rier law
of heat con duc tion:
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where kij is the ten sor co ef fi cient of ther mal con duc tiv ity. Fi nally, the heat trans fer equa tion is:
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Ta ble 1. En ergy com par i son for the PbSb al loy

Den sity, 
r     [gcm–3]

Heat ca pac ity,
c [Jg–1K–1]

Dut = rc 
[Jcm–3]

Co ef fi cient of 
ther mal ex pan sion, 

a [K–1]

Yield stress,
Rp0.2 [Nmm–2]

Dum = 3aRp0.2 
[Jcm–3]

11 0 1 2.76·10–3 7 0



Be sides be ing non-sta tion ary, eq. (7) is non-lin ear be cause of the tem per a ture de pend -
ence of ma te rial prop er ties. The ini tial con di tion is given as T(xi,0) = T0(x

i), and the bound ary
con di tions for tem per a ture, heat flux, heat con vec tion (fig. 1) are:
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where TS and T4 are the given source and en vi ron men tal tem per a tures, in re spect; h is the con -
vec tion heat-trans fer co ef fi cient, and qS – the given heat flux.

Such a prob lem can not be solved an a lyt i cally in gen eral, and re quires nu mer i cal meth -
ods. This be comes more com pli cated when con sid er ing spe cific prob lems re gard ing the weld -
ing pro cess, such as phase and struc tural change, weld ing heat in put, weldment crystallisation,
and lo ca tion of liquidus and liquidus sur faces. Equa tion (7) will be solved by ap ply ing the
Galerkin method. The whole pro ce dure is de scribed in ref. [10].

Vol ume V is di vided into E fi nite el e ments, each hav ing  p nodes. As sume the change
in T for each el e ment e as:

Te(xi, t) = Nk (xi)Tk (t) (9)

where Te(xi, t) is the tem per a ture dis tri bu tion in side el e ment e, Nk(x
i) – the in ter po la tion func -

tion, and Tk – the nodal tem per a ture. The par tial dif fer en tials are:
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where Nk is the ma trix of the or der n × r (n – space di men sion, r – num ber of el e ments). By mul ti -
ply ing eq. (7) by weight func tion cho sen to be iden ti cal to Nk, and in te grat ing over each fi nite el -
e ment, i. e. by ap ply ing the Galerkin pro ce dure, we ob tain:
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By ap ply ing the Gauss’ the o rem, the first term may be writ ten as:
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The sur face in te gral over Se is di vided into S S Se e e
1 2 3

, , and , ac cord ing to bound ary
con di tions (fig. 1). The sur face in te gral in eq. (12) over S e

1
 equals 0. Bound ary con di tions over

sur faces  S Se e
2 3

and are given in eq. (8), and the sur face in te gral in eq. (12) sat is fies these bound -
ary con di tions, so we write:
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The discretized heat con duc tion equa tion is fur ther writ ten in ma trix form:
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where Ckj is the heat ca pac ity ma trix, Kc
kj  and 

K
h
kj are the ma tri ces of heat con duc tion and con -

vec tion trans fer, in re spect, and Rk, R
Q
k , Rq

k , and 
R

h
k are vec tors of the heat load, due to vol ume

heat source, heat flux, and con vec tion, re spec -
tively. Equa tion (14) can be solved by ex plicit
or im plicit pro ce dure [11], so we can de ter mine
tem per a ture val ues among nodes, or the tem per -
a ture dis tri bu tion.

Phase change is a char ac ter is tic of the weld -
ing pro cess ac com pa nied by the re lease of la -
tent heat. This pro cess de mands for spe cific
mod i fi ca tions to the nu mer i cal pro ce dure for
solv ing the heat con duc tion equa tion. This is usu ally sim u lated by an ad di tional heat source in a
part of the do main be tween solid and liq uid, and so lu tion ac cu racy is strongly af fected by the lo -
ca tion of these do mains. How ever, it is more suit able to sim u late la tent heat re lease by ap ply ing
one of three al ter na tive meth ods shown here.

The first method as sumes la tent heat as a part of heat ca pac ity [1], sim u lat ing its re -
lease as a dis con ti nu ity of rc. Thus, la tent heat re lease is uni form. This method re quires a fine
mesh of fi nite el e ments and short time-steps.

The sec ond method uses enthalpy to de scribe la tent heat, ac cord ingly rc = dh'/dt,
where h' is spe cific enthalpy – a con tin u ous func tion of tem per a ture as op posed to heat ca pac ity.
The enthalpy re la tion is sim ply ap plied by re -
plac ing the dif fer en tial with fi nite quan ti ties, as
rc = Dh'/Dt.

In the third method, the re lease of la tent heat
is as sumed from a fic ti tious heat source vol ume
of cer tain nodes of the fi nite el e ment mesh [12].
In ten sity of this source is equal to the re lease
rate of the phase-change en ergy.

The o ret i cal anal y sis of re sid ual stresses

Re sid ual stresses are de fined here as ther mal 
stresses caused by non-uni form heat ing and
cool ing of the welded joint [9]. More de tailed
ex pla na tion is given in fig. 2, where the spa tial
and time dis tri bu tion of tem per a ture and stress
(in the trans verse di rec tion) are il lus trated for
four char ac ter is tic stages of the re sis tance weld -
ing cy cle (A, B, C, and D). The first stage (A)
in volves the po si tion ing of the two parts for
weld ing, and no ther mal stresses are gen er ated
since there is no in flu ence of heat. In the sec ond
stage (B), the elec trodes are brought to the sur -
face of the metal sheets and a slight amount of
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Figure 1. Domain and boundary conditions

Figure 2. Distribution of temperature and
residual stresses in the welding cycle



pres sure is ap plied, caus ing com pres sive
stresses in metal sheets. These stresses are pro -
por tional to the force ap plied for weld ing. In the 
third stage (C), the cur rent from the elec trodes
is ap plied briefly and the tem per a ture in creases
to melt ing point at con tact lo ca tions. Due to the
high in crease of tem per a ture in this stage, the
com pres sive stress in creases as a re sult of ther -
mal ex pan sion of the ma te rial. In the liq uid
zone of the ma te rial, stresses are prac ti cally
zero since there is no re sis tance to ther mal
forces. In the fourth stage (D) the weld ing cur -
rent is re moved and the act ing force stops. The
ma te rial cools and tends to shrink in the cen tral
cross-sec tion. This is sup pressed by the sur -

round ing ma te rial with much lower tem per a ture gra di ents. So the sit u a tion is op po site in be hav -
iour to that in stage B. Thus, ten sile stresses may arise that are bal anced by re mote com pres sive

Kalaba, D., et. al.: Thermomechanical Modeling the Resistance Welding of ...

442 THERMAL  SCIENCE: Year 2010, Vol. 14, No. 2, pp. 437-450

Figure 3. Stress-strain and stress-temperature
dependence at welded joint centre [13]

Figure 4. Temperature dependence of material characteristics for the PbSb 2 alloy



stresses. When the parts have cooled com pletely, with no tem per a ture gra di ents in the welded
zone, ma te rial be hav iour is ba si cally the same as in stage D, but with much higher ten sile
stresses, since the ma te rial’s re sis tance to ther mal forces is much higher at lower tem per a ture.

Based on the ex pla na tion of the ap pear ance of re sid ual stresses in re sis tance weld ing,
dis re gard ing the pres ence of work ing stresses dur ing the weld ing pro cess it self, the tem per a ture
de pend ence of ma te rial prop er ties is ob vi ous. This fact is even more pro nounced when stress vs.
tem per a ture and stress vs. strain are ana lysed at the cen tre of weldment cross-sec tion, fig. 3, and
dis re gard ing work ing stress.

The weld ing cy cle is de noted by points 1-4 on both di a grams (fig. 3), and the cool ing cy -
cle by points 4-6. The de crease in modulus of elas tic ity with ris ing tem per a ture ex plains the
non-lin ear ity of the stress-strain curve be tween points 1 and 2. Point 2 cor re sponds to yield stress,
fol lowed by a de cline in stress, be cause the yield stress is re duced by fur ther heat ing of the ma te -
rial up to point 3 when it reaches zero. Stresses have di min ished up to point 4, but sig nif i cant plas -
tic strain grad u ally arises. The elas tic strain re cov ers dur ing the cool ing cy cle, and ten sile stress
ap pears and grows non-lin ear due to the rise in the elas tic ity modulus as the tem per a ture low ers
(4-6). Point 6 de notes the end of the weld ing pro cess with re sid ual stresses and strains.

In fig. 4, the tem per a ture dependences of PbSb 2 al loy prop er ties are il lus trated (yield
stress and ten sile strength, fig. 4(a), modulus of elas tic ity, fig. 4(b), Pois son’s ra tio, fig. 4(c), and 
the lin ear ther mal ex pan sion co ef fi cient, fig. 4(d). As al ready stated, yield stress and elas tic ity
modulus de crease with tem per a ture, so that yield stress is prac ti cally zero at 250 °C, while at
700 °C ma te rial stiff ness di min ishes (modulus of elas tic ity equals 0). Other PbSb al loys for re -
sis tance weld ing (from PbSb 1 to PbSb 4) have a sim i lar be hav iour.

Ap pli ca tion of the fi nite el e ment method to re sid ual stresses

The ba sic pro ce dure of the fi nite el e ment method ap pli ca tion to re sid ual stress eval u a -
tion is es sen tially the same as for the heat con duc tion prob lem [9] and in cludes do main
discretization (di vi sion into fi nite el e ments), in ter po la tion of all quan ti ties in side fi nite el e -
ments, in te gra tion over each el e ment, and solv ing of the re sult ing equa tion sys tem. The ma jor
dif fer ences are in the equa tions to be solved, be cause dis place ment is the in de pend ent vari able
in the re sid ual stress prob lem in stead of tem per a ture, the static equi lib rium equa tions are solved
in stead of heat con duc tion equa tions, and ma te rial be hav iour is de scribed by the stress-strain re -
la tion in stead of the Fou rier law. So, it is nec es sary to in tro duce isoparametric in ter po la tion
func tions for dis place ments as fol lows:

u x t N x u ti j K j
K
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where ui(xj, t) is the dis place ment dis tri bu tion in side an el e ment, t – the time, Nk(xj) – the in ter po -
la tion func tion, u t

k
i ( ) – the nodal dis place ment, and xj – the Des cartes co-or di nates. Now, we
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where N
l
k is the ma trix of the or der n × r (n – space di men sion, r – num ber of el e ment nodes).

Geo met ri cal non-lin ear ity is ne glected as a jus ti fied as sump tion for the prob lem con sid ered. On
the other hand, ma te rial non-lin ear ity can not be ne glected, lead ing to the ex pres sion for to tal in -
cre men tal strain com pris ing the elas tic, plas tic, and ther mal com po nents.
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The elas tic strain is re lated to the stress by the fol low ing equa tion (Hooke’s law):

d ds ij ijk k
eE= l l
e (19)

where dsij is the stress ten sor in cre ment, and Eijkl – the elas tic ity ten sor.
Plas tic strain may be ex pressed by ap ply ing the the ory of in cre men tal plas tic ity, tak ing 

into ac count the nor mal ity con di tion, the von Mises yield cri te rion and the ma te rial strain
strength en ing as sump tion:

d
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where Sij is the stress de vi a tor ten sor, and de
ij
p  and se are the equiv a lent plas tic strain in cre ment

and stress, in re spect, given by:
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Ther mal strain, deT, can be ex pressed as fol lows if the trans for ma tion plas tic ity is ne -
glected:

d de aT T= (22)

where a is the co ef fi cient of lin ear ther mal ex pan sion, and dT – the tem per a ture change.

Solv ing ma trix equa tions

An ex plicit pro ce dure is ap plied for the nu mer i cal in te gra tion of dif fer en tial equa tions
based on ini tial tem per a ture dis tri bu tion, T0 = T(xi, 0). If the time de riv a tive of the tem per a ture
vec tor in eq. (14) is writ ten as:

T
T Tn= =

-D

D Dt

T

t
n+t (23)

where Dt is the time in ter val. Then eq. (14) may be writ ten in ex plicit form:
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The ex plicit pro ce dure saves much cal cu la tion time due to the di rect link ing of un known 
vari ables in two suc ces sive steps, Tn + t and Tn. How ever, two re quire ments need to be ful filled:
– ( )K Kc

kj
h
kj+  is a diagonal matrix [14], and

– procedure stability depends on the time-step that should be adopted to be extremely short [15].

Thermomechanical mod el ling ap plied for anal y sis of
re sis tance spot weld ing of PbSb al loy

Prob lem def i ni tion

We shall de fine the math e mat i cal mod el ling of re sis tance spot weld ing of PbSb al loys
us ing the ex am ple of the weld ing pro cess on stacked pos i tive and neg a tive bat tery plates
(lead-acid bat tery cells) in the as sem bly of the poly propy lene (PP) bat tery case, fig. 5.

Stack as sem bly is pro duced by an au to matic ma chine, and weld ing is per formed
through PP case walls across the intercell con nec tor. The weld ing ma chine is equipped with a
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hy drau lic unit that pro vides a con stant weld ing 
force, and a power unit for the metal fu sion
pro cess. It is pos si ble, within lim its, to vary
pres sure force, cur rent, volt age, and time of the 
weld ing pro cess.

The weld ing cy cle is com prised of three
stages (com press ing, weld ing, and hold ing) and
may last within 1 to 50 pe ri ods or, from 0.02 s to 
1 s. The weld ing force can change from 0.5 kN
to 1.5 kN. The ba sic re sis tance spot weld ing cy -
cle of the PbSb al loy is shown in fig. 6.

The time and weld ing force may dif fer for
var i ous PbSb al loys. Bat tery cells are made of
PbSb or PbCa al loys of var i ous con tent, de -
pend ing on the bat tery type. The chem i cal
com po si tion of a bat tery cell al loy di rectly af -
fects the chem i cal com po si tion of the intercell
con nec tor to be re sis tance spot welded and will 
serve as an il lus tra tion for the nu mer i cal sim u -
la tion of the re sis tance spot weld ing of intercell 
con nec tors made of sev eral PbSb al loys.

Ma te rial for bat tery intercell con nec tors

The ma te rial for bat tery intercell con nec tors
is the PbSb al loy. The most com mon chem i cal
com po si tion is given in tab. 2. Other al loy ing
el e ments that are given in tab. 2 have no con -
sid er able ef fect on ther mal, me chan i cal and
elec tri cal prop er ties of the al loy.

Phys i cal model

The phys i cal model is a des ig nated
intercell con nec tor with all the nec es sary el e -
ments for the weld ing be hav iour as a whole.
As sum ing that the be hav iour of ev ery
intercell bat tery con nec tor dur ing weld ing is
al most the same, the con nec tor shown in fig. 7 
is adopted as the prob lem do main. The re sis -
tance weld ing pro cess is mod elled as a heat
trans fer pro cess with ini tial and bound ary
con di tions.

The ini tial con di tion is given as a tem per a -
ture dis tri bu tion T0 = 20 °C at t = 0 over the
whole do main. Bound ary con di tions are de fined 
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Figure 5. Resistance spot welding of battery cells
(1) – welding machine; (2) – PP case, (3) – intercell
connector, (4) – battery cell stack

Figure 6. The resistance spot welding cycle
tp – compression time, tw – welding time, 
th – holding time

Ta ble 2. Chem i cal com po si tion of the PbSb al loy

No.
Al loy

(in ter nal code)

Al loy ing el e ments
Pb

Sb Sn Other

1 SDS 3.28 0.43 0.17 96.12

2 SD 3.4 0.06 0.24 96.3

3 A4 2.67 0.12 0.26 96.95

4 DD 2 0.27 0.17 97.56

Figure 7. Initial and boundary conditions



for: the air bound ary as heat con vec tion from the PbSb al loy into air of tem per a ture t4 = 20 °C; the
elec trode bound ary as heat is con ducted through the PbSb al loy dur ing weld ing, and later as heat is
also con vected from the PbSb al loy into air; and the bound ary where two el e ments come into con tact 
and at the part of the wall case, act ing as an adi a batic bound ary. At the bound ary of two el e ments, the 
heat load con sists of heat flux of con tact and ohmic resistances, and the heat load at elec trode do main 
con tact bound ary – as heat flux of metal sheet elec trode con tact re sis tance. The equa tion and heat
con vec tion co ef fi cient need to be de fined for heat trans fer by nat u ral con vec tion from PbSb al loy
into sur round ing air.

Heat is trans ferred from the case wall into sur round ing air by free flow. In gen eral, the
free fluid flow equa tion (along and around geo met ri cal shapes) ap plied for this spe cial case is:

Nu = 1.18 GrPr (25)

and it en ables the de ter mi na tion of the con vec tive heat trans fer co ef fi cient:

h
L

= °-Nu
Wm C2 –1l

[ ] (26)

where L is the char ac ter is tics of ge om e try [m], and l – the ther mal con duc tiv ity of air [Wm–1 °C–1].
The change of the con vec tive heat trans fer

co ef fi cient de pend ing on the bat tery case wall
tem per a ture is shown in fig. 8.

A par tic u lar prob lem rep re sents the part of
the ana lysed bat tery intercell case, which in fact 
is 3-D, and anal y sis of 3-D prob lems is very
com pli cated and de mands ap pli ca tion of high
ca pac ity com put ers. Re duc ing 3-D to a 2-D
prob lem is em pha sized in this ex am ple hav ing
in mind the di lemma of rep re sent ing the model
as pla nar or axis-sym met ri cal. Namely, bound -
ary con di tions may be pla nar, while the body

shape (the cy lin dri cal part in par tic u lar) has axis sym me try. How ever, since the pla nar part
could not be in cluded within the same me rid ian sec tion, thus the axis-sym met ri cal rep re sen ta -
tion is dis re garded. All in all, spe cific de tails of the re sis tance spot weld ing pro cess must be in -
cor po rated into this phys i cal model.

The re sis tance spot weld ing is usu ally char ac ter is tic in the ap pear ance of mol ten weld
splashes or bursts, be cause of the rapid heat ing in phase change tem per a ture ranges. Mul ti ple in -
crease of heat ca pac ity in rel a tively short tem per a ture in ter vals (around 300 °C) ap par ently has a 
con sid er able ef fect on the rapid change of tem per a ture, and may cre ate high lo cal stresses and
cause splashes and bursts. Prin ci pally, a sim i lar anal y sis might in clude the stress state in the
weld ing zone by solv ing an ap pro pri ate elas tic-vis cous-plas tic bound ary prob lem.

Meth od ol ogy of prob lem solv ing and
re sis tance spot weld ing spe cif ics

Solv ing the non-sta tion ary non-lin ear equa tion is prin ci pally ex plained [10], where a
de tailed anal y sis rec om mends use of ex plicit time in te gra tion over short time-steps, and with a
re duced spe cific heat ma trix. Based on the known ini tial tem per a ture dis tri bu tion, a fur ther in te -
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Figure 8. Case wall temperature dependence of
the heat conductance coefficient



gra tion over time is made ac cord ing to the scheme given by eq. (24). The in dex “n” in eq. (24)
cor re sponds to ini tial state, and in dex “n + t” to the fi nal state within the nth time-step. The heat
con duc tiv ity ma trix ( )K Kc

kj
h
kj+ , the re duced spe cific heat ma trix Ckj, and the heat load vec tor

Rk, all change with each time-step de pend ing on the pre vi ous tem per a ture dis tri bu tion. For a ho -
mo ge neous iso tro pic ma te rial, an au to matic al ter ation of all nec es sary ma tri ces and vec tors is
made sim ple by em bed ding func tional tem per a ture dependences of cor re spond ing ma te rial
prop er ties. The time-step needs to be suf fi ciently short in or der to achieve sta bil ity of the ex -
plicit scheme. In this case, suf fi ciently short means:

Dtcr £
2

xmax

(27)

where xmax is the max i mal value in the cor re spond ing prob lem of eigenvalues [14]. The eigenvalue 
prob lem is not dif fi cult to for mu late and solve, but re quires ad di tional ef fort and cal cu la tion time,
and ad di tion ally, xmax also
changes with each cal cu la -
tion step. Hence, the au thors’
es ti mate is to de cide upon
Dtcr value in ad vance and
based on the anal y sis in
tab. 3.

Most of the cal cu la tion time is spent for ma trix mul -
ti pli ca tion, e. g. ( )K K Tc

kj
h
kj

n
j+  in eq. (24) needs spe -

cial at ten tion so to avoid un nec es sary mul ti pli ca tion
with a ma jor ity of zero el e ments in ( )K Kc

kj
h
kj+ . A

rough es ti mate for an ap prox i mately rect an gu lar do -
main discretised with a 60 × 60 node mesh im pli cates
there are about 98% zero el e ments in the heat con duc -
tiv ity ma trix. In other words, only 1/60 lo ca tions are
oc cu pied in the ma trix that are mul ti plied by Tn

j .
Solidus and liquidus po si tions are de ter mined

based on tem per a ture dis tri bu tion, and yet their lo ca -
tions also in flu ence the tem per a ture dis tri bu tion. This
con ju gate sys tem re quires an ex tremely short
time-step, in de pend ent of pro ce dure sta bil ity, thus
jus ti fy ing that Dtcr = 0.001 s as the weld ing in ter val
[16]. It seems ben e fi ciary to linearize the prob lem in
this way than to ap ply com pli cated pro ce dures for
solv ing non-lin ear prob lems, i. e. New ton-Rason
method. Tem per a ture dis tri bu tion in each time-step is
given for nodes and it is quite dif fi cult to de ter mine
liquidus and liquidus lo ca tions. liquidus and liquidus
lines are re quired to pass through nodes in or der to de fine a solid, liq uid, or mixed state in each
fi nite el e ment. It is clear that this can be achieved only ap prox i mately, and that the num ber of
nodes, or the fi nite el e ment mesh, con sid er ably af fect ac cu racy. A tri an gu lar fi nite el e ment
mesh is used here and shown in fig. 9, with a con stant tem per a ture gra di ent in side the fi nite el e -
ments, and with pre-se lected point lo ca tions (T1-T5).
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Ta ble 3. Time-steps (no. of steps × time [s])

Total

Fine step 100 ´ 0.001 990 ´ 0.01 500 ´ 0.1 540 ´ 1 600 [s]

Coarse step 10 ´ 0.001 99 ´ 0.01 90 ´ 0.1 590 ´ 1 600 [s]

Figure 9. The finite element mesh – fine



Re sults for spa tial and time dis tri bu tion of tem per a ture

Re sults of ther mal cal cu la tion ob tained ac cord ing to the de fined pro ce dure are il lus -
trated in figs. 10(a)-(d) show ing iso therms at cer tain time in ter vals, and in fig. 11(a) and (b)
show ing di a grams of tem per a ture-time de pend ence for two of the se lected lo ca tions in fig. 9. All 
of these re sults are for al loy A4 (see tab. 2).

Ad e quate con tact sur face ge om e try (spher i cal shape) has ac com plished the ini tial
melt ing point to be reached at weld ing zone cen tre, and not at its per im e ter (cir cum fer ence) as it
is achieved when clas si cal re sis tance spot weld ing is per formed [17].
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Figure 10. Spatial temperature distribution
(a) t = 0.001 s, (b) t = 0.1 s, (c) t = 1 s, (d) t = 60 s

Figure 11. Temperature-time dependence at points T1 (a) and T5 (b)



Con clu sions

The de gree of knowl edge and un der stand ing of the com plex phe nom ena in ther mal,
me chan i cal, and elec tri cal pro cesses that de ter mine the weld ing pro cess, as well as ac quir ing
data on me chan i cal and met al lur gi cal prop er ties of the ap plied tech niques con ducted at high
tem per a tures are the cru cial fac tors in the pro cess of cre at ing and fi nal iz ing the math e mat i cal
model. Of par tic u lar im por tance is the ne ces sity to ac cu mu late and have qual ity data of phys i cal
and me chan i cal prop er ties of met als at tem per a tures close to melt ing, or more pre cise, at tem per -
a ture in ter vals within the liquidus and liquidus lines.

The ap plied math e mat i cal method en abled ef fi cient and qual i ta tive anal y sis re gard ing:
· temperature field determination and its influence on the welding process, (eq. 24), and
· application of real intermediate conditions (particularly boundary conditions) in the initial

stage of the mathematical analysis, whereas possibilities for errors are reduced during the
creation of the analytical model.

The model for re sis tance spot weld ing of PbSb al loys is de vel oped with re spect to the
real ge om e try of the weld ing zone, and phys i cal and met al lur gi cal prop er ties of PbSb al loys and
elec trode ma te rial. The model takes into ac count phase trans for ma tion in the re gion of liquidus
and liquidus tem per a tures, or la tent heat trans for ma tion. Con tact resistances on con tact sur face
zones: elec trode-metal sheet, and sheet-sheet are an a lyt i cally in volved, while the in flu ence of
the ac tual weld ing force has proved to be neg li gi ble.
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