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In this paper we deduce related expression for the specific cost ratio
concerning the M /G /1 queue using the known general expression for
the specific cost ratio and the Pollaczek—Khintchine formula for the
M /G/1 queue. Moreover, we also present related numerical and
graphical results including the cases concerning the M /M /1 and
M /D/1 queues. The deduced formula gives a possibility for
comparison of values of specific cost ratio of different M /G /1 type

queues. The corresponding optimization is considered in the sense of

Drazen Dragojevi¢
PhD Student

University of Montenegro
Maritime Faculty Kotor

Marko Popovié
University of Montenegro
Maritime Faculty Kotor

1. INTRODUCTION

The specific cost ratio, usually denoted as R, is
defined as a ratio of total daily cost of a port queueing
system and average daily cost of a ship in port. The
optimal/mimimal numbers of berths and related optimal
intervals (the so-called ranges of optimal server
capacities; see, e.g., [1] and [18]) in the sense of
minimization of R for certain single arrival and bulk
arrival queueing systems were studied in [16]-[18] and
[20]. Explicit expressions for R concerning certain
single arrival and bulk arrival queuing systems were
given in [1], [3], [4], [6]-[24], [18] and [19].

Using the known general expression for the specific
cost ratio and the Pollaczek—Khintchine formula
concerning the M /G /1 queue, we deduce related
expression for the specific cost ratio related to the
M /G/1 queue. Moreover, we also present related
numerical and graphical results including the cases
concerning the M /M /1 and M /D /1 queues. The
deduced formula gives a possibility for comparison of

values of specific cost ratio of different M /G /1 type
queues.

The remainder of the paper is organized as follows.
In Section 2, the expression for the specific cost ratio
related to M /G /1 queue is presented. This formula is
suitable for analyzing the corresponding specific cost
ratio, considered as a function of coefficient of variation
of service time and the appropriate utilization factor p .
Some numerical experiments for specific cost ratio by
M/G/1 queue with different values of p and
coefficient of variation of service time are demonstrated
in Section 3. These numerical results are followed by
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minimization of values of the appropriate specific cost ratio under some
constraints to the values p (the utilization factor). The proposed method
is exposed by some numerical experiments.

Keywords: Specific cost ratio in port, M /G /1 queue, Pollaczek—
Khintchine formula, Utilization factor

graphical results in the same section. In Section 4,
concluding remarks are given.

2. THE EXPRESSION FOR THE SPECIFIC COST
RATIO RELATED TO THE M /G /1 QUEUE

Consider port queuing models with n, berths, where
ships arrive according to a Poisson process with the rate
A and the mean service time equals to 1/ g (g is the

average service rate). The total cost of a port queuing
system for considered period consists of a cost related to
berths and the cost related to the ships. Then the specific

cost ratio, R, is defined as a ratio of total cost (defined
as a sum of a cost per ships and a marginal cost of a port
system) for considered period (in which A ships arrive
in aport), AC , and the total daily cost of a port queuing
system and average daily cost of a ship in port, C_, that
is,
R=—=-= i AC,

c

S

where AC, = AC/ A is a total daily cost per ship for

considered port system. For this definition, see e.g.,
Dragovi¢ et al. [1], Noritake [11], Noritake and Kimura
[12] and Radmilovi¢ et al. [13]. Following [8], using a

routine calculation, with the notation C,/C, =T (the
quotient of average daily cost of a berth, c,, and the
average daily cost of a ship in port, C, ), we find that

dL,
R=rnb+[Lq+ﬁj+l—q : @
u di

where Lq is the average number of ships waiting in a

queue. After the substitution A/ = p, p iscalled the
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utilization factor which is equal to the traffic intensity 0,
into (1), we find that [11]

dL,
R=r,+L,+2p+p—. ®)
dp

As noticed above, in several port systems it is of
interest to study the specific cost ratio (see [1]-[10], [13]
and [15]). Here we consider a related problem concerning

the queue port model M /G /1. Let us recall that in this
model customers (ships) arrive according to a Poisson
process with rate A (that is, the interrarival time is

exponential with rate A ) and the service times of the
customers are independent random variables with a
common general probability distribution function B(x)
with B(0) = 0. There is a single server and an infinite
waiting room, while the queue discipline is FCFS.
Denoting by S the random variable which is the service

time of a customer, it is assumed that the utilization factor
(the server utilization) p is smaller than 1 and equal to

Al u, where 1/ g = E(S) is the mean service time (

E(S) denotes the expected value of random variable S

). By the well known Pollaczek—Khintchine formula (see,
e.g., Tijms [21] - Subsection 9.2, p. 348),

| _FEES?)

Yo21-p)°

where E(S?) is the second moment of random variable

S, ie, E(8%)=0c%(S)+(E(S))*> (c%(S)

usually denotes the variance of S). Let

C, =0(S)/E(S)=0(S)n be the coefficient of
variation of S (0 <C, <1). Then

©)

1+C?

2

E(S*) =0*(S)+(E(S)*) = 1+ C/)(E(S))* =

which substituting into (3) together with A/ i = p
immediately yields

1+C2)p?
|_q = & (4)
2(1-p)
Notice that CV2 =1 for exponentially distributed service
times, and so, the expression (4) becomes

pz
1-p

This is the well known formula for the average number
of customers waiting in M /M /1 queue (see, e.g.,

L,(exp)=

[22]). Furthermore, for deterministic service times we
have CV2 =0 , and then the expression (4) becomes
2
1

L, (det)=—L— == L_(exp), (®)
which is the well known formula for the average number
of customers waitingin M / D /1 queue (see, e.g., [22]).
Now assuming that C, does not depend on p,
differentiating the expression (4) with respect to o, and

substituting this into (2) together with n, =1, we find
that

(L+C))p"B-2p)
2(1-p)*

The expression (6) is useful for our computational
purposes, as it is presented in the next section.

R=r+2p+

(6)

2
1
L (dety=—2— =1L 7
4 (det) 20_p) 2 . (€xp). ™
p’ 1
L (dety=—2—="1L 8
(= =L, ©

3. NUMERICAL EXPERIMENTS

Using the expression (6), here we present some
numerical and graphical results for the specific cost

ration concerning different queue of type M /G/1.
More precisely, for any value r >0 (the first term on
the right hand side of (6)), here we present some
numerical and graphical results for the difference R —r

, where Ris given by (6), as a function of C,(
0<C,<1l)and p (0.1< p<0.9). Accordingly,

the expression (6) can be written as

R=r+1f(C,p),

where

(L+C/)p*(3-2p)
2(1-p)°

f(C,,p)=2p+ 9)

The graphic of function f(C,, p) for p €[0.1,0.9]
and C, €[0,1] is presented in Figure 1.

Proceedings of the Maritime and Port Logistics of the XXIII International Conference MHCL 2019 201



f (CV, p) for

Figure 1. The graphic of function

p €[0.1,0.9] and C, €[01]

The values of f(C,, p) for different values of C, and
p are presented in Tables 1 and 2.

Table 1. The values of f (CV, p)with CV =0,0.2,04

f(C,,p) for C, =0,0.1,03

p 0 0.1 03

0.20 0.482 0.482 0.489
0.30 0.821 0.823 0.840
0.40 1.289 1.293 1.333
0.50 2.010 2.090 2.160
0.60 3.245 3.407 3.549
0.70 5.800 6.148 6.452
0.80 12912 | 13.808 14.592

Table 2. The values of f (CV, p) with

C,=05,0.7,0.9
f(C,,p) for C, =050.7,0.9

p 0.5 0.7 0.9

0.20 0.501 0.521 0.547
0.30 0.876 0.928 0.999
0.40 1411 1528 1.685
0.50 2.250 2.490 2.810
0.60 3.731 4.217 4.865
0.70 6.844 7.890 9.284
0.80 15.600 | 18.288 21.872

Notice that the values in the second column of Table 1
(forC, =0) correspond to the function f(C,, p)

concerning the M /D /1 queue, while the values in the

last column of Table 1 (for C, =1) correspond to the
function f(C,,p) concerning the M /M /1 queue.
The graphics of functions p > f (0, p) (concerning
the M/D/1), p f(Q,p)

M /M /1 queue) and p > (0.5, p) are presented
in Figure 2.

(concerning the

»L f(C,,p)

Figure 2. The graphic of functions O f(Cv,p) with
C, =0,0.5,1 with p €[0.1,0.9]

4. CONCLUSION

Notice that the analysis of total cost for different port
systems was extensively studied in the last ten years. In
particular, queuing modeling approach to the study of
specific cost ratio can be very significant for
understanding various kinds of port operations. Using the
famous Pollaczek—Khintchine formula for the average
number of ships waiting in M /G/1 queue, the
expression for specific cost ratio of this queue is derived
in this paper. The presented numerical and graphical
results give the possibilities of discussing and comparing

the values of specific cost ratio of the M /G /1 queues
with different distributions of service time, as well as
with specific cost ratio of the queues investigated in
earlier authors’ papers.

The obtained numerical results in this paper are
compared and discussed. Notice that the obtained
expression for specific cost ratio also gives the
possibilities of discussing and comparing the values of
specific cost ratio of the M /G /1 queues with specific
cost ratio of the queues investigated in earlier authors’
papers. Moreover, we believe that our results would be
useful for further research in this research field. In
particular, this concerns the problem of minimization of
specific cost ratio.

Also, our results should be useful for further study in
this direction, especially to study optimal number of
berths in port and to the optimization of specific cost ratio
in port logistics.
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