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The nonlinear transformation of linearly polarized source electromagnetic
wave in electron and electromagnetic plasma oscillations, stationary
(rectification and space-varying) modes and travelling electron and
electromagnetic plasma waves, due to a weak nonlinearity, has been
analyzed by using the second order perturbation theory in radio
approximation. The efficiency of excitation of the transversal second-
harmonic electric wave modes with double wave number with respect to
the wave number modes in the linear transformation has been studied for
different values of source wave frequency, taking the electron cyclotron
frequency as a parameter).
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1.INTRODUCTION

Rapidly created plasmas appear practically in all
pulse gas discharges, laser created plasmas, lightning,
and plasmas created by nuclear explosions. The
transformation of electromagnetic (EM) waves in such
time varying linear media has been the subject of
interest in many recently published papers. The basic
results of these contributions are summarized in [1].

In this paper we have assumed that for 1 <0 the
linearly polarized (LP) source electromagnetic wave
(EMW) with angular frequency @, and the wave

number k, is propagating in free space in the positive
z direction. The static magnetic field is assumed to be
along positive y direction, By = yB;, where y is unit
vector in positive y -direction. At ¢ =0 the entire free

space is ionized with an electron plasma density
increase from zero to some constant value N;. The

transformation of the source EM plane wave, due to a
weak nonlinearity, has been analyzed by using the
second order perturbation theory. The efficiency of
excitation of newly created modes in anisotropic plasma
medium has been obtained in a closed form and studied
for different values of source wave frequency and for
electron cyclotron angular frequency equal to the
angular electron plasma angular frequency.
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2.PROBLEM FORMULATION AND SOLUTION

Electric and magnetic fields of the linearly polarized
source EMW for ¢ <0 are given by

eo(z,1) = Ey cos(wyt —koz) - x (1)
hy(z,t) = H, cos(w,t —kyz)-y, ()

where x, y and z are the unit vectors in positive
direction of x, y and <z axis, respectively,

Hy =./&y/ 1y Ey is magnitude of magnetic field, and
E,is magnitude of electric field. (4, and g, are
permeability and permittivity of free space,
respectively).

The EM e(z,t), h(z,t), electron velocity u(z,t)and
electron density fields n(z,f) in magneto-plasma
medium have to satisfy the following equations:

%+V(ﬂ(z,t)u(z, n)=0, 3)
Vxe(z,1) =t % , “
Vxh(z,t)=-Nyqu(z,t)+ & % , (5

du(z,1) _ ou(z,1t) N
dt ot

(u(z, t)V) u(z,t)=

=—L o2,y =L u(z,0)x By (z,6) - L u(z,0)x h(z,1) ,(6)
m m m
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The equation (6) is nonlinear due to the second term
on its left-hand side and last term on its right-hand side.
EM, electron velocity and electron density fields for
weakly nonlinear plasma can be further expressed in the
following form:

e(z,t)=ey(z,t)+ey(z,1), @)
h(z,t)=h(z,t)+ y(z,1), ®)
u(z,t) =u(z,t) tuy(z,t), ©)]
n(z,t)=ny(z,t)+ny(z.1), (10)

where the subscript “1” refers to the linear and the
subscript “2” to the weakly nonlinear field. Substituting
(7-9) into (3-6) one obtains the following system of
equations for linear and weakly nonlinear fields:

ohy (z,1)

Vxel(z,t)+/lo Y =0, (43.)
Vxhy (z,6)+ Noquy (z,1) — & 8e1(;tz,t) =0, (5a)
ouy (z,t) +iel(z,t)+i"1><30 =0 (6a)
ot m m
and
'anza(—,z D4V (Nouy (2.0)) == (m (z.0m (2.0)) . (3b)
Vxez(z,t)wowﬂﬂ (4b)
aez(zzt)
VXl (2,0)+ qNoty (2,1) =8 — =— =
—qny (z,0)u (z,1), (5b)
duy (2,1) +Ley(z,6)+ L uy (z,6)x By =
ot m m

—1ul(z,t)>{yoh1(z,t)+MBoj—
m NO

—(m(z,0V)n (z,t)-M.M_

Ny ot
qnl(z,t)
—_— ,1), 6b
N ey (z,1) (6b)

where ¢ and m are electron charge and mass,
respectively.

2.1 Linear transformation of source EMW

Linear plasma theory analysis, analyzed by using the
first order perturbation theory, gives that two
transmitted and two reflected wave modes are generated
due to interaction between LP source EMW and
suddenly created magneto-plasma medium, with the
following frequencies [2] (see also Fig.1 in [3]):

a)u:vai\/az—b ; aza)lz,+(a)(2)+a)§)/2;
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b=w, +(w; +ap) vy (11)
where @y, @, =(qNg/egm)"’> and @, = qBy (€gm)
are the source wave, electron plasma and electron
cyclotron angular frequencies, respectively. Transmitted
waves have the angular frequencies @, and
(wy, @, >0), whereas the reflected waves have angular
frequencies - @;, - @,. Dispersion relation and

dielectric constant have the following forms,
respectively:

p
(12a)

a)4—(2a)§+a)§ +k2c2)w2 +k2c2(a)§+a)§)+a)4 =0,

602

—1_ p
R Frve el B

Term ny(z,t) is given in [4].
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Figure 1. Normalized angular frequencies of newly created
linear wave modes £, =w,/@, versus normalized

frequency of source wave ) =a,/w, for value of

normalized cyclotron angular frequency £, = w, /a)ID =1.

2.2 Nonlinear transformation of EM source wave

The weakly nonlinear fields are defined by Egs.
(3b)- (6b). The corresponding initial conditions are
evaluated from the continuity of EM and velocity fields
at ¢t =0and assumption that newly created electrons in
plasma are atrestat £ =0, i.c.:

ey (z,t=0")=hy(z,t =0 )= uy (z,t =07)=0 (13)
In order to solve the system of partial differential
equations (3b)-(6b), with the prescribed initial

conditions given by Eq. (12), we shall apply the Laplace
transform in time

L(f(z,t) = T f(z ) exp(-st)dt = F(z,5),  (14a)
0
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and, as the plasma is unbounded, Fourier transform in
space

F(f(z,0)) = [ f(z,0)exp(-k)dz = F(k,s) . (14b)
0

In the domain of complex frequency s=jw and

wave number &, the EM and velocity fields are defined

by the following system of linear algebraic equations,
obtained from (3b)-(6b):

ik Eyy(ks)+ sty (ki) =0, (3bx)

JkHyy(k,s)+ NoqUy(k,s)— €y s Ey(k,s)=F(k,s),
(4bx)

NoqU,, (k,s)-€ySE,, (k,s) = G(k,s), (4by)

sU,  (k,s)-apU,, (k,s) +1E2x(k,s) =H(k,s), (5bx)
m
sUp, (k,S)+wa2x(k,S)+%Ezz(k,S)=1(k,S), (5by)

sUy, (k,s)+-LE,_(k,5)=J(k,s), (5bz)
m

where
F(k,S) = FL{'qnl(z»t)ulx(Z$t)} s (158.)
G(k,s) = FL{-qm (z,0)u;, (z,1)} , (15b)
d Jt
(a0 D 4 g 20 20
H(k,s) =FL{——L—n (z,0)e,, (z.,1) ,
mNO
m(z,t) Oup(z,t)  wp
- T I 7t z b
N, o + Ny n (z,0)uy,(z,t)
(15¢)
0 Jt
(2.0 M2E D g . (210
I(k,s)=FL{—Ln, (z,0)uy. (z,1) ,
mN,

0

) WD oy
s XA

Ny ot Ny
(15d)
T(k,s) = FL{-%’UO(MU(Z, Oy (2, 0)-t, (2, )2, z))} .
(15¢)

Operator FL in the above equations has the meaning of
the Fourier-Laplace transformation.

In the domain of complex frequency s=jw and wave
number £ one should solve the obtained system of linear
algebraic equations, (3bx)-(5bz), and perform the
inverse Laplace and Fourier transforms. After these
steps, nonlinear EM and electron fields in weakly
nonlinear plasma are obtained in the following form:

2 6
0 1 2
e (z,t)=E; . + 2 E5;cos(wyt) + 2 E5,; cos(@;t)
i=1 i=1
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2 6
+3 By cos(@ypt 7 2ko2) + X Eyy cos(git F 2k2).
i=1 i=1
(16a)

0 2 atr
Iy, (z,0) = Hy), cos(2kyz) + 3 H, 5i cos(@; gt £2kyz) +
i=1

6
+y H;‘;[ cos(@it £2kyz),  (16b)
i=1

2
ey, (z,0) = ES. sin(2kyz)+ 3 E . sin(w, 1)+
i=1
5 o2 . 2 3ty _
+2 By sin(@pt) + X E5 ) sin(w; pt F 2kgz) +
i=1 i=1

6
+3 E5LT sin(@it T 2k z2) (17)
i=1
where
P1=w15 Pr=w25 P3=w1rw2; Pa=w1t @25
P5=2w1; Pg=2w2; Oy =wilwo=0);

wip=wilwo— 2w =12, (18)

(see Figs.2a and 2b). In Egs. (16a)-(17) the ¢, r

superscripts refer to transmitted and reflected wave

modes, respectively. The upper sign in F refers to the

transmitted wave mode and the lower to the reflected.

0 05 i 15 2 25 gy 3
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Figure 2. Normalized angular frequencies of newly created
nonlinear wave modes @;4=¢;,/®, (a) and

Qi rp=w /@, (b) versus normalized frequency of
source wave £ =ay/w, for value of normalized

cyclotron angular frequency &, =, /a)p =1.
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The effect of switching nonlinear magneto-plasma
medium is creation of EM field with the following
components: rectification electric mode Eg + » Stationary
space-varying magnetic mode with wave number 2k,
eight oscillating electric wave modes with angular
frequencies @, i=12 and ¢,, i€[L6], eight
electric and magnetic transmitted and reflected wave
modes with angular frequencies W, =12 and ¢,

i€ [1,6],with wave number 2k;, and creation of
electric electron plasma field with the following
components: stationary space-varying mode with wave
number 2k,, eight oscillating modes with angular

frequencies @, i=12 and ¢,, i€[L6], eight
transmitted and reflected wave modes with angular

frequencies w5, i=1,2and ¢, i€ [1,6] ,with wave
number 2k .

In this paper the efficiency of excitation of electric
second harmonics (@ ,,2ky) of EM field s

analyzed.  Distribution of amplitudes of these
newly  created wave modes in  plasma,

normalized to Ej= qu I mea, = 586Eg /@, Vim,

(for Ey =100 V/m and =10° Hz ), versus the
0 @p

angular frequency of the source wave, normalized on
electron plasma angular frequency @, , are presented in

Figs.3a and 3b, respectively, thereon the electron

cyclotron angular frequency is taken to be equal to
angular plasma frequency.

3. NUMERICAL RESULTS

Inspecting carefully the Figs.1, 2a and 2b one concludes
that resonant excitation is possible only for
oscillating and wave modes having the
angular frequency @»g5. For @, =wm,, we get

@ Brezonant = 1,25a)p , l.e. the

frequency frequency of the source wave which
enables resonant excitation is  approximately

@ rezonant = 0 63a)p .

value of angular

3.1 Transmitted and reflected electric components
(£ 21,2, 2ko) of EMW in plasma

Amplitudes of these components have the following
form:

E
E3tt(22ay,2k) = 13—3‘).Xt>r(gl,go,gb).

2
ElYi,B(Ql,BsQosz)'

Qb+Qlﬂ(912ﬂ—1)[2(912—l)i_QIQb}
: +gﬁgg+gb(gg—1)(gf—gg—1) , (19)

oy (.Qf —1)(912,3 - Q2 —1)
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B3 (2, 2Ky ) = i%-xhr(gl,go,gb)-

Mo

1Y[,B(-Qlﬂ=QOa-Qb)'

2% —1)[2(:222 —1)1,@2%}

: +Q§Q§+gb(_(z§—1)(g}—g§—1) . (20)

—

+02y (.(222 —1)(95,3 — Q2 —1)

where the superscripts ¢, » refer to transmitted and
reflected components, respectively. The upper sign in
t refers to transmitted and lower to reflected
component, and

082, | 21, £ 2
Xt (.Q]J,Q();.Qb): 0 b( L2 20) > (21)
‘Ql 2(.912’2 —a)
~ 2, 2
g =| @p( 24| g A:“@’ 22)

where 2, 2y, 2, and Q4 are normalized angular
frequencies, on electron plasma angular frequency @, .

The relative power content of these wave modes is
given by:

S4t,r — E4t,r ‘Hgt,r and S4[,i" =E4t,l“ .H4[,i’ (23)

2x5 2y5 »5 2x6 26 126>
where

ey 2

HiY=% |20 =20 gL,
My 1
g 4%

Hyjg =t 5o ok 24)
Hy £

Figs.3a and 3b show that the amplitudes of transmitted
waves are much greater than the amplitudes of reflected
waves.

The peak value of the amplitude of transmitted wave

E>'s(2ay,2ky) = 0,37Eyy = 2,20 V/m is obtained for
value £, =1,7. Its relative power content, for that
value of angular frequency of the source wave, is about
15% ((S3's/8y)/ Eag = 0,025, ie. (Syts/Sp)=0,15,
see Fig.4a). The relative power content of the

corresponding reflected wave is negligible (see Fig.4b).
The peak value of the amplitude of transmitted wave

E§i5 Qay,2ky) = 0,34E55 =1,99 V/m is obtained for
2, =19. Its relative power content, for this value of
angular frequency of the source wave, is about 9%
((S56/80)/ E2g =0,016, ie. (S3te/Sy)=0,09, see

Fig.4a). The relative power content of corresponding
reflected wave is negligible (see Fig.4(b)).

FME Transaction



i L
N
1 1

(b)
Figure 3. Normalized amplitudes of excited second-

harmonic (transmitted (a) and reflected (b)) wave modes
(k=2ky) with angular frequencies *@ , versus

normalized frequency of source wave () =ay/a@, for

value of normalized cyclotron angular frequency
& =wy/w,=1.

4. CONCLUSION

The initial value problem of interaction of LP EM
source wave with suddenly created weakly nonlinear
magneto-plasma medium, in particular case of
transverse propagation, is solved in the closed form in
the paper. The nonlinearities caused by the interaction
of newly created linearly magnetic and velocity modes
in plasma and perturbation of electron density on
direction of waves propagation are taken into account in
the equation of continuity, Maxwell equation for space
variation of magnetic field and equation of electron
fluid motion. LP EM source wave in suddenly created
linear cold magneto-plasma splits in two transmitted
(with angular frequencies @, @,) and two reflected

(with angular frequencies —@;, —®,) traveling waves.

In the case of weakly nonlinear cold magneto-plasma
eight transversal EM and eight longitudinal electron

oscillations (k=0) with the following angular
frequencies: =0, =0, G=0-0,
Py =0 tay, P5 =20, P =20, and

FME Transaction

Figure 4. Normalized relative power content of the second-
harmonic, transmitted (a) and reflected (b), wave modes
(k=2ky) with angular frequencies t@, versus
normalized frequency of source wave () =ay/a@, for

value of the normalized cyclotron angular frequency
& =wy/a,=1.

Wig =W;(Wy=0), (i=1,2); sixteen transversal EM
and sixteen longitudinal electron wave modes (eight
transmitted plus eight reflected) (& = 2k, ) with angular
frequencies @, i€[l,6] and wg =w; (W) —2ay),
(i=1,2), are excited. Additional stationary space-
varying electron longitudinal and EM transversal wave
mode (k =2ky) with zero value of angular frequency
(w=0) and stationary EM rectification mode
(w=0,k=0) with angular frequencies are excited.
The efficiency of creation of all of these modes can be
controlled by the source wave angular frequency and
the magnitude of external static magnetic field. The
resonant transformation of LP source wave is noticed in
the case when the angular frequency of newly created
traveling and oscillating modes has value equal to @ .
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I'EHEPUCAIBE JIPYT'OI' XAPMOHUKA ITPU
HEJIMHEAPHOJ TPAHC®OPMAILININ
EJEKTPOMAT'HETCKOI' TAJIACA Y HATI'JIO
CTBOPEHOJ MATHETU30BAHOJ XJIA/THOJ
IVTASMHU. TPAHCBEP3AJIHO TIPOCTUPAIBE

3opan Tpudxosuh, boxugap Crannh

VY pany je ananuzupaHa TpaHcdopmanuja H3BOPHOT
JIMHEAPHO TOJIAPH30BAHOT EJIEKTPOMArHETCKOr Tanaca,
ycien cnabuxX HEeNMHEApHOCTH, Y CJICKTPOHCKE |
eNIeKTpOMarHeTcke oCLMIALYje, CTallMOHAPHE
(TIpOCTOPHO TIPOMEHJBMBE W jEAHOCMEPHE) W TallacHE
eNeKTPOMarHeTCKe U eNeKTPOHCKE MOJOBE Y IUIa3MH,
NPUMEHOM HepTypOaloHe TeopHje Apyror pena.
EduxacHocT excuTanyje TpaHCBEP3ATIHUX SNEKTPUIHHX
MOZIOBa, JIBOCTPYKO Behe (pekBeHLHMje U JBOCTPYKO
Beher TamacHor Opoja on MoxoBa J0OMjeHUX Y
JIMHEAPHO] TEOPHjH, aHAJIU3UpPaHA je 3a pa3IUuYUTe
BPEAHOCTH yraoHe (peKBEHIIMje M3BOPHOI Tajaca U 3a
BPEAHOCT yraoHe eNeKTPOHCKE KUPO-(DPEKBEHIIMje Koja
OJIrOBapa BPEIHOCTH YraoHE ENEKTPOHCKE Ia3MeHe
(dpexBeHyje.
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