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Abstract: The problem of time minimization of
a holonomic scleronomic mechanical system, on
a prescribed trajectory between two specified
positions in configuration space, is solved. The
generalized force with restricted coordinates is
taken as the controlling force. Application of
the Green theorem ( the well-known Miele
method in flight mechanics ) has shown that in
every instant, at least one control is at its
boundary, and having controlling functions
with interruptions. It is assumed that at least
one generalized coordinate exists that is mo-
notonous during the interval of movement. An
algorithm for numerical computation is pre-
sented for assessing the boundary of the al-
lowed area in the state space, thus, solving the
problem of finding the optimal control as a
function of time.

Numerical integration is, therefore, carried out
forward from the starting point, and backward
from the ending point, by use of Runge-Kutta
method. The mentioned procedure is illustrated
in the example of time minimization for a ma-
nipulator, which has its tip moving in a straight
line. The application of presented method sim-
plifies solving of this type of problem in com-
parance to other methods, for instance, dy-
namic programming.

Generally, in the case of the manipulator de-
vice, it is necessary to numerically solve the ap-
parent inverse kinematic problem only at end
points. The method can be applied by using
other criteria of optimality, and to other com-
plex systems that have equations of state that
also include equations describing the type of
source, e.g. robots, having DC electric motors.
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1. INTRODUCTION. PROBLEM
STATEMENT

In the optimal control problems of mechanical
systems motion the most important place take
the time minimization problem. Optimal control
evaluation for systems with for larger number
degrees of freedom by the application of
mathematical theory .of optimal control is very
complex deal. Numerically unstable two-point
boundary value problem has to be solved in
Pontryagin's principle [7] approach. "Curse of
dimensionality"[6] of dynamic programming
makes this approach practically unacceptable in
the case of large number of degrees of freedom.
However, in the case of one degree of freedom,
some algorithms of dynamic programming have
been developed in literature [8,9,10] for various
optimality criteria. In the case of time minimiza-
tion simpler approach, in comparison with dy-
namic programming technique, has been pre-
sented in this paper. Contravariant form of dif-
ferential equation of motion of holonomic
scleronomic mechanical system with n degrees
of freedom is given by the following expression:

i i ij a1l
g +F}kqjqk=aj(— ,+Qj}, (1)

dq’
i jk=1,..n
where qi J=1,...,n are generalized coordinates,
I=Tl(g") is
a'lj(qk),i,j,k =1,...,n are contravariant coor-

dinates of metric tensor of configuration space,
0 jo j=1,...,n are generalized forces, and

I“}k = F;k (qs),i,j,k,s= l,...,n are Christof-

potential energy,

fel's symbols of the second kind, given by the
cquations:
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where ajj (qk),i,j,k =1,...,n represent covari-

ant coordinates of metric tensor (Tensor nota-
tion [15] has been applied in the paper). Motion
is controlled by the variable generalized forces
with constrained coordinates:

|Qj|SCj, Cj=const., j=1,...,n €)

Solution of optimal control problem require de-
termination controls Qj = Qj(t) ,that satisfy

(3), so the mechanical system, described by (1),
in minimal travel time, from the given initial
state:

to=0,4'(t,)=4".d" (t,)=0,i=1..,n (4

has to be transferred to the given final state:
t=24'(t)=0"¢'(n)=0,i=L..,n (5

Trajectory of the system in configuration space
is described by the relation:

fM(q‘)=o, i=l..n, M=1...n=1  (6)

where (4) and (5) have to satisfy (6).

Problem will be solved by the Miele method ap-
plication [4], briefly described in the following
chapter. Appropriate algorithm of postulated
problem solution will be also presented. Mini-
mum travel time problem for manipulator with
determined tip trajectory will be solved by the
mentioned procedure. Results of this considera-

tions can be applied primary in the robotics. The .

most complete overview of developed methods,
applied in the field of manipulators optimal con-
trol, is presented in the papers [1,13] and mono-
graph [2]. Someone can find that algorithm
given in this paper is applicable in problems of
optimal control of nonredundant manipulator
with determined tip trajectory.

2. BRIEF DESCRIPTION OF MIELE'S
METHOD

At the beginning of fifties, before the maximum
principle has appeared, Green's theorem has
been applied by Angelo Miele in the solution of
variational problems with inequality constraints
[4]. Some problems of flight mechanics have
been solved very efficiently by the direct appli-
cation of former method [4,5,16].

Problem consists of determination of function
y = y(x) , for which the functional:

f f
H=[[o(x.)+w(xy)y Je = [ pde+ydy ()
] !
takes the extremum. Acceptable curves, between
the initial point I(x;,y;) and final point
F(xp,yp) , have to lie in the domain of closed
curve €(x,y) =0 (fig.1).
Curve domain is determined by the constraints
of variables x,y,y’.

4
y}

Fig.2

Functional comparation AH for different ac-
ceptable functions, that correspond to curves IF
and IF:

AH = [@dx+ydy - [ pdx+ydy =
IQF IPF

= §gdx+ydy
IQFPI

is determined. If AH >0 , curve IF is "better" in
the sence of optimality, when minimum value of
H is required. If the condition AH > () is satis-
fied for arbitrary chosen curve IQF, then the
function y = y(x) , corresponding to curve IPF,
is the solution of the postulated problem. If the
both functions ¢@(x,y) , w(x,y) and their first
derivatives continuous in domain « , according
to Green's theorem expression (8) is transformed
to:

AH = H (%—Z— - %(;D—dedy =” w(x,y)dxdy (9)
a o

(8)
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is called by Angelo Miele
Line @(x,y)=0 in
gencral case intersects line € (x,y) =0 (fig.2).

Function according to curve IMNF is optimal in
the sence of minimality of H, since AH >0 for
arbitrarily chosen curve. Arbitrarily chosen
curve ICKDF, that intersects curve @(x,y) =0
only once, corresponds to function for which:

AH = | gdx+ydy - [ gdx+ydy =
ICKDF IMKNF
= -” wdxdy + ” wdxdy > ()
o p

is satisficd. In the case that @(x,y) =0 and
£(x,y) =0 do not intersect optimal curve lics
on the boundary €(x,y) =0 with determincd
direction.

The advantage of this method is the fact that the

absolute minimum is determined. The obstacle is
very complex determination of acceptable region

Function @(x,y)
"fundamental function".

(10)

and application in the casc of large number of
variables. Mostly, acceptable regions can be find

at least onc monotonous variable exists (time,
variable rocket mass,ctc.). Mentioned rcasons
makes this method very applicable in flight me-
chanics.

3. TIME MINIMIZATION PROBLEM

Let us propose that exist at Jeast one gencralized
coordinate, monotonous in the interval of mo-
tion, as has been done in [8]. It can be, without

loss of generality, coordinate q1 , that also sat-

isfies (]1 -1

System of equations (1) can be written in the

form:

g'=y, =y +alQ;, ij=l..n (D)

where: .

' =Tyl y* —aV 211 i,jk=1..n (12)
aq'

Derivation of (6), according to (11), lcads to

relations, satisficd along the given trajectory by
generalized velocities:

IrM
3 =0, k=1,....n, M=1,.n—-1 (13)
dq '

and gencralized forces:

2 .M M
I°f" ik, 9f k
ek P \V
dq" dgq dq

ik=1...n, M=1,.n-1

By the integration of the differential equation:

g =
qu1

the domain of acceptable function in phase plane

ik _ )
i Qj)—O o

=y'+aVQ;, j=1..n (15

(ql,yl) is obtained. Forward integration from

the initial point I(qlo,()) , where the controls
0 j are determined from the maximum of:

aQj, j=l...n (16)

according (3),(6),(13) and (14), the part of the
boundary domain is obtained. Another part
(fig.3) of boundary is determined by the back-
ward integration from the final point F(q11 0),
where the controls Q; are determined from the

minimum of (16). Lower bound IF corresponds
to infinite time duration of motion.

A
iz il
e(¢",»")=0
g
T 1 v
1(4",0) Fla".0)
Fig.3.
One can write the functional:
£ i |
H = [di=[—dg'+0-dy' (17)
: ;Y
1 l

and determine fundamental function:

a)(ql,yl)= J (O)__a__[%)=_l_ (18)

1 1 2
) 1
9q dy \y (y )
According to:

w(qt,y')>0 19
(a"v) (19)

and previous considerations it can be concluded
that optimal solution corresponds to the upper
bound of acceptable region.
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4. DESCRIPTION OF THE ALGORITHM

From the consideration in the previous chapter,
algorithm of boundary determination can be ex-
plained, that represents numerical solution of
optimal control problem.

System (11) is integrated from the initial point
(4) and controls Q j are determined from the

maximum of (16) with equality constraints (14)
and inequality constraints (3). According to line-
arity of Qj in (14) and (16), solution is found at

boundary (3). Maximum is determined by the
comparison of 2n possible solutions. By the ap-
plication of the Verner-Runge- Kutta numerical
integration scheme generalized coordinates, ve-
locities and forces (controls) in time have been
evaluated.

Backward integration of system (11) from the
final point (5) has been performed. According to
autonomity of system (11) (time is not explicitly
present) it follows #; =0 . The procedure of
determination Q )i is almost the same as in the
previous phase, with minimum value of (16).

It is necessary to find time instant ¢* of forward
integration and time instant —t” of backward
integration. These instants are determined from
the equality of values ql and y1 , evaluated in
forward and backward integration:

g'()=q'(-1"), ¥ ()=y'(-1"), (20)

With the known ¢* and t” the total minimum’

travel time ¢ =¢t'+t” is evaluated.

Since the controls satisty (14), and initial values
(4) and [inal values (5) satisfy (6) and (13), rela-
tion (6) is satisfied in every time instant.

The extremely complex procedure of solution of
system (6) with unknown qk k=23,...,n is
not necessary.

The final step of algorithm is forward integration
of system (11) in [¢’,#;] with the initial values in
the point t*, where the controls Q j are deter-

mined by the minimum of (16). Optimal controls
and state variables (generalized coordinates and
velocities) have been numerically evaluated in
time. In that way problem is finally solved.

5. NUMERICAL EXAMPLE

5.41

Presented procedure can be illustrated on the
minimum travel time problem of manipulator in
horizontal plane motion [8], with two degrees of
freedom:

Ary

Od=AM=[=1m
my=my =m=lkg

A

Mog =m0 =0

Fig 4
Tip M moves on straight line given by:
.X‘M+yM'—21=0 20
The expression (6) takes the following form:
cosq] +cos(q1 +q2)+sin ql +
(22)
+sin(q1 +q2)—-2 =0
Manipulator is stationary at the two end points,
determined by:
xpm(1,)=075m, xp(1)=05m, (23)

Problem has been solved for two cases of ac-
tuator torque limits:

a) C;y =3 Nm Cp =2 Nm
b) C; =3. Nm (C; =0.65Nm

It is also necessary to determine aj.i,j=12:

(24)

D 3+2cosq2 1+cosq2
[a,j]—ml »
I+cosq 1 25)

potential energy:
IM=0 (26)

and solve the inverse kinematic problem at the
end points:

q'(1,)=158279°  4*(1,)=864167°
q'(r)=338038° 4¢>())=755225°

where only one of two possible manipulator
configurations is chosen.

According to (25) and (26) system of equations
(11) is obtained. By the application of the algo-
rithm from chapter 4 optimal controls and corre-
sponding trajectory have been determined. Some
rclevant results are presented on fig.5a and
fig.5b.
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In the case a) control Q) is on the boundary

during the motion, with break at time instant
t =0521s . Minimum travel ime is f; = 1.042.

In the case b) control @, is on the upper

bound until time instant ¢ =0396s is reached.
Alter that control Q; is on the upper bound un-
til time instant ¢ = 0.543y is reached. In the re-
maining part of motion control Q) is on the

lower bound. Minimum travel time is
h= 1.069 s .

Results from the case a) are identical with the
results of [8], while results from the case b) are
not considered.

6. CONCLUSION

Present method of travel time minimization
gives absolute minimum, since evaluations are
not based on necessary condition of optimality,
which is the case of the most other methods.
Present algorithm has simpler structure than the
technique of dynamic programming (there are
not recursion, large computer storage, etc.).

By the application of the present method, very
complex inverse kinematic problem with non
unique solution, in the case of manipulators, is
sufficient to be solved only at the end points. It
is not necessary to parametrize the trajectory as
it is usual in similar procedures [ 11,12].

Present algorithm can be also used in the case of
complex system models that take into account
equations of drives. Let us consider equations
describing a robot with electric DC drives [ 1]

agi +b =07, i j=l.n (28)
where is:

(z;k' = (/;-(qk ), bl:* =b,~*(qk ,(]3), (29)
i,j,k,s=1,...,n
and control constraints have the form:

Q,-;'< < C,-*, C;k =const., i =1,...,n 30)

To obtain the equations (28) and constraints
(30) it is necessary to know parameters of DC
drives: moments of inertia of the rotating parts,
gear ratio, maximum voltages, etc. In that case it
is necessary 1o take into account equations (30)
and (28) instead of (3) and (11), respectively.
Apart of the time minimization problem, method
Micle can be applied on the other optimality
criteria in the case of mechanical systems with
one degree of freedom [3].
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