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1. INTRODUCTION

Specific computations allow for a more profound
knowledge of the structure’s behaviour [1]. The
elements of modification (distribution of membrane and
bending stresses [2], deformation energy and kinetic and
potential energy per structural component) contribute to
very efficient identification of the structure’s behaviour.
They define the modifications that have to be performed
on the structure in order to improve its behaviour during
service life. The modification problem, in terms of
mathematical form, implies minimizing the structure’s
function (weight, deformation energy, stress level,
eigenvalues) as a function of id parameters of
modification v; (coordinates of the points, cross-
sectional area, thickness) with constraints g(v)
(constraints of stress values, displacements, length,
surface, volume, frequency). In a general case, the
functions considered are nonlinearly implicit. The basis
for optimization is represented by the analysis of
structural function sensitivity [4-6].

2. KINETIC AND POTENTIAL ENERGY

In conservative systems the total mechanical energy
is constant and differential equations of motion can be
set applying the principle of the conservation of energy
[3]. The energy of a mechanical system is divided into
potential and kinetic energy. Kinetic energy Ek is
contained in the mass by means of its velocity and
potential energy Ep is contained in the form of stress
energy of the deformation work done. The total energy
for free undamped oscillations remains constant, its
velocity of change equals zero, which is illustrated by
the equations as follows:

d(Ek+Ep)=0

E, +E, =const, —
kT 5p dt
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If eigenvalues of the system are the only subject of
interest to consider, from the principle of the
conservation of energy, the following relation can be
written:

Ekl +F

1 =Ep+E,

here indices 1 and 2 represent two instants of time.
Let 1 be an instant of time when mass passes through
the position of static equilibrium, where E,;=0
(potential energy referential level) can be chosen to
hold. Also, let 2 be the time with a corresponding
largest displacement of mass. In this position, the mass
velocity equals zero, therefore Ej,=0. It can be then
written that:

Ek1+0:0+Ep2'

However, if the system is subject to harmonic
motion, then Ey; and E,, are maximum values and there
holds:

Ek,max =E

p.max

The above described procedure can be used as an
introduction to essential understanding of dynamic

modification methodology developed in this paper.

2.1 Distribution of potential and kinetic energy on
the main forms of oscillation

The matrix form of differential equations of motion of a
mechanical system represented by the finite element
model for the case when there are no external forces
acting is as follows:

[M]{Q(t)}HK]{Q(t)} ={0} (1)

Where [K] and [M] are the matrices of stiffness and
masses, respectively

The eigensolution of the above differential equation
for the i-th mode is:

iK1{e, |-} = {o} @

FME Transactions (2013) 41, 146-152 146



where /; is the i-th eigenvalue, and {Ql} is the i-th

eigenvector of the structure.

If the above equation is multiplied on the left side by
the transposed value of the i-th eigenvector and is
divided by 2, one obtains the potential and kinetic
energy balance equation for the structure on the main
forms of oscillation:

Ho wle)-

So, potential energy for the structure on the r-th
main form of oscillation, considering the above
equation, can be written in the form:

sale) onfe) @

£, =3le.) wile,| @
whereas, in that case, kinetic energy is:
B =540} tile ) )

Considering Eq. (3) as well as an extract presented
above from the theory, there follows the principle of the
conservation of total energy on the main forms of
oscillation:

Ep,r = Ek,r =E, (6)

If the structure is discretized to N finite elements,
then kinetic and potential energy of the entire structure
can be represented as an algebraic sum of energies of all
elements as follows. Let be

{qﬁ } , - the corresponding r-th eigenvector of the e-

th element with s degrees of freedom,

(ep,r )e :%{qj }: [k]g{qf }e - the potential energy

of the e-th element on the »-th main form of oscillation,

(ek,r )e = %wf {qﬁ}j [m]e {qj'}e - the kinetic energy

of the e-th element on the -4 main form of oscillation,
then the structural total kinetic energy on the r-th main
form of oscillation can be represented by the sum:

Ey, = il(ek,r ), %iwf (@] la} @

Analogously, the structure’s potential energy on the
r-th main form of oscillation can be also represented by
the sum:

Epr=

N|~
M=

(epr), =y e}, L {a),

If structural N finite elements are divided into P
characteristic subgroups (subgroups can be formed
according to the type of finite elements lines, surfaces,
volumes), or according to unit groups in complex
machine systems, then the total kinetic energy and the
total potential energy can be represented as a sum per
subgroup:

Mz

Il
ALK

e e
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P P
Ep,r = Z(Ep,r )l’ Ek,r = Z(Ek,r )l 9

=1 =1

Where (£y,); and (E,,); are kinetic and potential energy
of the [-th subgroup of elements, respectively. The
distribution of kinetic and potential energy per structural
subgroup on the r-th main form of oscillation can be
expressed in per cent, respectively:

(E)

r

M [%] = ——L-100[%],

E
np,r[%]:(;—”)ﬁloo[%] (10)
p.r

So, based on the distribution of kinetic and potential
energy expressed in per cent, a group of elements
suitable for dynamic analysis can be roughly selected, to
be discussed in detail below. And before that, a simple
example will demonstrate how to calculate kinetic and
potential energy per element, for the first three forms of
oscillation.

2.2 Structural modifications

Structural modification can cause changes in the
matrices of some elements. Depending on the type of
structure, or desired changes, one element or a group of
elements can be modified.

If more than one group of elements is modified, then
the ‘perturbed’ matrix of the system stiffness equals:

L L
[AK]system - Zl[Ak]e’[AM]system = %[Am]e (1 1)

where L is the number of modified elements.
Furthermore, each growth matrix for individual
elements can be represented as the function of matrices
of the original system via the coefficient of modification
(or as a sum of terms especially referring to bending,
axial strain or torsion, if it is needed):

[Ak], = a, -[k],.[Am], = B, -[m], (12)

These relations can be linear or nonlinear. For
example, the effect of plate thickness on axial stiffness
is linear, while the effect on bending stiffness is of the
third order. These relations for mass modification are
commonly linear. If necessary, the range of structural
modifications can be sometimes also expressed by
corresponding inequalities.

Example of the analysis of energies distribution for a
simple structure composed of three articulated
connecting rods

Figure 1.
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Table 1.

First form Second form Third form
E ] | B | B | EfJ] | E ] | EJ]
R?d 0.2982 | 0.1254 0 0 0.0935 | 0.4378
R]‘:d 0.0265 | 0.1992 0 0 1.0507 | 0.7062
Rl;)Id 0 0 0.5123 | 0.5123 0 0

All terms for energy are multiplied by factor £A/L . The
dimension for energy is [J]. Numbers in the table have
the dimension [m?]

Figure 1.
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Figure 2. Distribution of kinetic and potential energy per
lattice rod on the 1st form of oscillation, in per cent.
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Figure 3. Distribution of kinetic and potential energy per
lattice rod on the 2nd form of oscillation, in per cent.
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Figure 4. Distribution of kinetic and potential energy per
lattice rod on the 3rd form of oscillation, in per cent.
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2.3 Modified first-order equations for the system

If [AK] and [AM] are corresponding changes in the
matrices of stiffness and masses, respectively, then the
expression (2) can be also applied to a modified system,
and so-called modified ( In the literature, the term
‘perturbation equation’ is frequently used.) equation for
the case of free oscillations

reads [K]'{Qi}' = J ’[M]’{Q } , where it holds:

[K]=[K]-[AK], [M]=[M]-[AM],

lot={o.)-{ag ). 2 =3~ 4
and where A4; and {AQ}, are changes of eigenvalues
—/1
and eigenvectors, respectively. Now, the equation of an
original, unmodified system [K ]{Qi} =AM ]{Qi} can

be written as follows:
(tr-k1) [ }-{ag ) -
(a0 )-so)|
The above equation is the third-order equation for its
‘modified’ terms, and if the potential and kinetic energy
balance equation for the structure [3] is written in a

‘perturbed’ form, the fourth-degree equation is
obtained:

(fo}+{ag)) @xraxn(fe)+{ag ) -
(ean)(fg}+{ag ) (14
@n+n)((e ]} +{agf)

(13)

The above equations indicate that there are two
approaches. First, these equations can be used to obtain
modification of frequencies and modal forms as a result
of modifications in the system stiffness and mass. This
approach is referred to as ‘advanced modification’.
Second, these equations can be used for the inverse
case, how to determine modifications in the system
stiffness and mass when there are desired modifications
of frequencies and modal forms. The approach is called
‘inverse modification’. Assuming that structural
modifications are small, it can be expected that
modifications of the vectors of eigenvalues and
eigenvectors will be also small. So, the higher-order
terms in the following expression can be neglected [4]
(Note that the ‘order’, as above used, refers to modified
quantities and does not represent the terms of the
modification parameters order. For example, [AK] can
be of the third order when plate thickness is
modification parameter, while [AM] for that case is of
the first order. So, it is not quite clear when higher-order
terms can be ‘painlessly’ neglected compared to first-
order terms.):

(x1-1ax7)({g, - {ag ) -
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(- an) (- (g, ) - {ag )
[K]'{Qi}'—[K]'{AQi}—[AK]{QI.}'JF[AK]{AQ.} _

=i

2 1M1{Q =2, 1M1 {AQ, | -

—1

_%'[AM]{Qi}’_Aﬁ'i’[M]’{Qi}""... (142)

Considering that equations
K1{o,}'= 4 1o ), (K1{ag,} = 4 M1 {0,

hold, when only first-order terms are retained, Eq (14)
becomes a modified first-order equation:

[AKI{Q,}'~ 4 TAM1|Q |+ ALIMT{Q, ' (1)

If the above equation is multiplied on the left side by
one half of the transposed value of the i-th eigenvector,
there follows the expression:

sletTealef3afe) g )+

rpaule}Tonfe

wherefrom a change of the i-th eigenvalue can be
expressed for the system modification, which is the goal
of this procedure:

sy _gtef e} afe ) mnjo ) o
3 yalef el

The above expression can be considered a basic
expression for structural reanalysis to improve dynamic
characteristics. The expression in the numerator
represents the difference in potential energy growth and
kinetic energy growth between modified and
unmodified states. Since the i-th eigenvalue growth is
directly proportional to that difference, each term in the
nominator is of vital interest for the analysis to be done
in detail in considerations below. Another important
question is raised with reference to the above
expression. Namely, the notation “, *, “ is used to denote
the corresponding quantities related to the modified
state. Frequently, in the modification process, due to the
bulky nature of some problem it is impossible to readily
arrive at those quantities. If modifications are small,
which is a condition for the accuracy of derived
expressions, the expression with quantities figuring in
the unmodified system can be used quite reliably.

m_lejuniel-s2fojmnfe}
’ S2{e) e

If the »th form of oscillation is observed, the
growths of potential and kinetic energy are determined
by the expressions:
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8y, =5{e }1ekifg ) -

sle e )-3le fwle -
~3le ) male)

AE, :1/1,'{Q

r=37le. ) g, )=

7

Lule )4 le e -

1 T
zE’Ir {Qr} [AM]{QV}

The expression in the nominator of Eq (17) is kinetic
energy on some form of oscillation, and considering the
expression (3), it simultaneously represents potential
energy due to energy balance on the main forms of
oscillation

Epr=31e,) e )

Eer =550} 00(Q ), By = By = B, (19)

If modification is performed on the e-th finite
element, the matrices of masses and stiffness of that
finite element become:

[k], = (K], +[ak], =[], +a.[£], .
], =[m], +[am], =[m], + £ [m],

where o, and f, are the quantities defining the
modification of the e-th element and are called the
coefficients of modification. For that case, in the
matrices of growth of stiffness and masses matrices all
terms equal zero, except for those corresponding to the
e-th finite element, so that the nominator of Eq. (17) for
the 7-th form of oscillation becomes:

(19)

sle ) akife )34 (e ) (g, |-

Sacdar) (]L{a) -3oa el () ]e) -
%(aeep,r _ﬂeek,r) (20)

where:

{qf} - a corresponding r-th eigenvector of the e-th
element with s degrees of freedom,

1
e

L =—1q, ! k| 1gq;t - potential energy of the e-th
P 2{ }e[ ]L e

element on the r-th main form of oscillation without
structural modification,

1 T o
L= Ea)f {qf } [m], {qf } - kinetic energy of the e-th
element on the r-th main form of oscillation without
structural modification.
After the analysis, the expression (17) can be written as

follows:

€
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Ay _ %{Qi}T[AK]{Q}‘%’% {Q,-}T[AM]{Q.}

A %%{Qi}T[M]{Q,»} B (21)

. aeep,r _ﬁeek,r
Ey

S

The expression (20) indicates impact of some finite
elements on the eigenvalue growth. If the distribution of
energies per group of elements is expressed in per cent
on each main form of oscillation, the information items
needed for modification can be roughly obtained. The
basic goal of dynamic modification is to increase
eigenvalues and their mutual intervals.

2.3 Characteristics of modifications. Coefficients of
modification

As above mentioned, and well-known, eigenvalue is
equal to the square of the frequency (A = ®2). Therefore,
it can be claimed that eigenvalue is a ‘simpler’ variable
than frequency. Modified eigenvalue can be expressed
as follows:

A+AL :(a)+Aa))2 =’ +2a)Aa)+(Aa))2 (22)
So,
A =200+ (Aw)’ (23)

If relative modification relations are incorporated in

the following way V,zﬂ, §=A£ the above equation
A 10}

can be written in the form:
yoA=20" Evo’ s y=2.E48

and for small modifications of frequencies there holds
the approximate linearized form:

y=2-&

For example, if the increase of frequency is 10%, the
following calculations hold:

o'=0+Aow=11o £=0.1

viblizno = 26 = 0.2
A=+ A =(0') =1212 x//:0.21} Y oo =22

However, if the increase of frequency is 30%, then it
holds:

o'=0+Ao=130 =03

A=2+M=(0) =1.692 = 0.69} Y pmtteny =20 =06

This difference between linearized and accurate
values can cause troubles, and because of that nonlinear
forms must be retained for larger modifications of
frequency.

Some characteristic examples are used below to
demonstrate the derivation of the coefficients of
modification. The leading spindle, a line carrier, can be
discretized in the shape of KE-beam with a ring cross-
section, outside diameter DD and inside diameter d . If
structural modification is performed via diameter
modification, then relative modification relations are
given as follows:

150 = VOL. 41, No 2, 2013

AD Ad
y="", £=2

D d 4

The matrices of stiffness and masses for finite
element in the beam shape, as above mentioned, look
like this:

12 6 -12 6l
2 2

|:k(e,):|:EIZ 6/ 4] -6/ 21
1 P-12 -6l 12 -6l
6/ 20° -6l 4l*

156 221 54 -131

(@] £AL 220 4P 13 -3 .

w4t 420| 54 131 156 22/
-131 -3* 221 4P

Where [, = ” y*-dA is axial moment of inertia of the
A

cross-sectional area around the z-axis. For the case of a

beam with a ring cross-section, and the ring cross—

2 2
sectional area 4 = Dz 1- i .
4 D

So, the matrix of stiffness is the fourth-order
function of the cross-sectional diameter, and the matrix
of masses is the second-order function of the cross-
sectional diameter, therefore, after applying the
expression (19) the corresponding coefficients of
modification for the case y = & are:

@, =(1+y) =1, B, =(1+y) -1

For the case of a beam element with a rectangular
cross-section, whose dimensions are bxh, axial
b’h
12
If structural modification is performed via modification
of dimensions b and/or A, then relative modification

moment of inertia for one of the main axes is /, =

A A .
relations are y =7b and & =7h and corresponding

coefficients of modificationa, and f,, for this case
would be:

g =(1+y ) (14&) -1, B, = (1+y)(1+&) -1

Table 2.

I profile
h A I, I, )
fom] fem?] Ai/A, [em’] Li/ 1y fem?] Li/ La
8.0 7.58 1.00 6.3 1.00 77.8 1.00
10.0 10.6 1.40 12.2 1.94 171 2.20
12.0 14.2 1.87 21.5 341 328 4.22
16 22.8 3.01 54.7 8.68 935 12.02

18 27.9 3.68 81.3 12.90 1450 18.64
20 335 4.42 117 18.57 2140 27.51
22 39.6 522 162 25.71 3060 39.33
24 46.1 6.08 221 35.08 4250 54.63
26 53.4 7.04 288 45.71 5740 73.78
28 61.1 8.06 364 57.78 7590 97.56
30 69.1 9.12 451 71.59 9800 | 125.96
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In Tables 2-5, relative modification relations are
indirectly represented by the axial moments of inertia -
cross-sectional areas ratio for some characteristic
profiles, as indicated by corresponding diagrams.

Table 3.
U profile
h A I, I,
[cm] [sz] Ai/Al [cm“] Ixi/ le [cm“] Ixi/ le
6.5 9.03 1.00 14.1 1.00 57.5 1.00
8.0 11 1.22 19.4 1.38 106 1.84
10.0 13.5 1.50 29.3 2.08 206 3.58
12.0 17 1.88 43.2 3.06 364 6.33

14 20.4 2.26 62.7 4.45 605 10.52
16 24 2.66 85.3 6.05 925 16.09
18 28 3.10 114 8.09 1350 23.48
20 32 3.54 148 10.50 1910 33.22
22 37.4 4.14 197 13.97 2690 46.78
24 423 4.68 248 17.59 3600 62.61
26 483 5.35 317 22.48 4820 83.83
28 533 5.90 399 28.30 6280 109.22
30 58.8 6.51 495 35.11 8030 139.65

Table 4.
Boxy cross-section, thickness d =2 mm
a,b A Ai/Al Iy Ixi/ le Ix Ixi/ le
[em] | [em?] [cm®*] [cm®*]

18 1.177 | 1.0000 | 0.404 1.0000 0.404 1.0000
20 1.337 | 1.1359 | 0.603 1.4926 0.603 1.4926
22 1.497 | 1.2719 | 0.857 2.1213 0.857 2.1213
25 1.737 | 1.4758 | 1.357 3.3589 1.357 3.3589
30 | 2.137 | 1.8156 | 2.558 6.3317 2.558 6.3317
35 2.537 | 2.1555 | 4.306 | 10.6584 | 4.306 | 10.6584
40 | 2.937 | 2.4953 | 6.701 16.5866 | 6.701 16.5866
50 | 3.737 | 3.1750 | 13.833 | 34.2401 | 13.833 | 34.2401
60 | 4.537 | 3.8547 | 24.754 | 61.2723 | 24.754 | 61.2723

Table 5.

Boxy cross-section, thickness 6 =3 mm

a,b A A,/A[ Iy ng/ Ix] IX Ix,/ le
[cm] [sz] [cm4] [cm"]

40 4.208 | 1.0000 8.618 1.0000 8.618 1.0000
50 5.408 | 1.2852 | 18.510 2.1478 18.510 2.1478
60 6.608 | 1.5703 | 33.925 3.9365 33.925 3.9365
70 7.808 | 1.8555 | 56.065 6.5056 56.065 6.5056
80 9.008 | 2.1407 | 86.129 9.9941 86.129 9.9941
90 10.208 | 2.4259 | 125.317 | 14.5413 | 125.317 | 14.5413
100 | 11.408 | 2.7110 | 174.829 | 20.2865 | 174.829 | 20.2865
110 | 12.608 | 2.9962 | 235.865 | 27.3689 | 235.865 | 27.3689
130 | 15.008 | 3.5665 | 397.310 | 46.1023 | 397.310 | 46.1023
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Figure 5. | profile.
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3. CONCLUSION

The above diagrams allow for the following
conclusions. Red line denotes relative relations between
axial moments of inertia for one of the main central axes
of the corresponding cross-section for an arbitrary
cross-section and the corresponding referential one.
Green line denotes those relations for another axis.
Considering that beam bending stiffness is proportional
to a corresponding axial moment of inertia, proper
choice of the profile type can considerably increase
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structural eigenfrequencies as early as in the stage of the
original structure design. Namely, it is noticeable that U
profile is more acceptable for one direction, while I
profile is better for another direction. Boxy profiles are
more acceptable because they have the same properties
for both directions. This procedure can be applied to
more complex structures. Establishing the most
sensitive  locations and making corresponding
modifications of a set of elements, dynamic behavior of
the entire structure can be improved.
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EJEMEHTU MOAN®UKAIINJE U
OCET/bBUBOCTHU JMHAMMNYIKHNX
ITAPAMETAPA

Harama Tpumosuh, Tamko Manecku, 3opana
TI'ony6oBuh, Credan Cerna

[IpomMeHe Ha KOHCTPYKIMjaMa MOTY M3a3BaTH MIPOMEHE
y CTPYKTYpPHHM MaTpHllamMa HEKuUX eleMeHaTta. Y
3aBUCHOCTH OJ BPCTE KOHCTPYKIIHUj€, Ka0 U O KEJbeHUX
npoMeHa y 0j, Moryhe je mMemaru Behy Wid Mamby
rpyiy eleMeHara. ¥ OBOM Pajy Ce aHaIu3upajy ehexTu
MaJliX M BEJUMKUX MOAu(UKAlUja Tpyla eleMeHaTa Ha
COIICTBEHE BPEAHOCTH M (peKBeHLHMje. AHaiu3a ce
BpmM  KopumhemeM  KOMI[jyTepCKHX  IIporpama
3aCHOBAaHMM Ha METOAM KOHAYHHUX eJeMeHata W
AMIUIEMEHTAIIUj  JAACTPUOYIHje TOTCHUUjalHE |

KHHETHYKEe  CHEpruje Ha  TJaBHAM  OOJHIHMa
OCILIMJIOBaKHA y MOCMAaTPaHUM eJIeMEeHTUMA
KOHCTPYKIIH]e.
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