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case where the matrix of the dissipative function coefficients is singular in the equilibrium
position. The results are illustrated by an example.
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1. Introduction

This paper deals with the motion of a scleronomic mechanical system with m degrees of freedom in a stationary field
of viscous forces and a stationary field of potential forces, this motion being subject to the action of I (I < n) ideal, linear,
nonhomogeneous nonholonomic mutually independent constraints. Let the configuration of the system be determined by

n = m + | generalized coordinates q = (q', ..., q"), with a corresponding vector of generalized velocities q = (('1’, q”),
where @' = (¢',...,4™).q" = (™", ..., §"). The equations of the constraints, the kinetic energy, potential energy and
the Rayleigh dissipative function have the form, respectively,’
B @¢' +B" (@ =0, (n
1
T=a@ qq, (2)
1 =1(q), (3)
1
P = 5dij @4q'q. (4)
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1 |n this paper indices tgke the following values: o, B, v, 8 =1,...,m;v,p,0 =m+1,...,n;i,j=1,...,n.
Further: § = 1¥i = j, 8| = OVi #j.
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The kinetic energy T is positively definite, while the Rayleigh dissipative function & is in general semi-definite in ¢', for all
values of q'.

Motions of the given system are solutions of the differential equations (1) which, as the constraints are mutually
independent (rank [Bi” (x)] = I), can be presented in the form:

¢"=Db, (@4 +Db" (@, (5)
and in the form of the differential equations

d oT 8T+8<D aI1 b |:d<8T> aT 09 8H]

— = o =0, 6
dt 9g® aq dt \ 9¢” aqY + 0qY + aqY (6)

ag" " agr | °
or, in explicit form
ol + Ta @ + dogdf + 1T/0% + b}, (ayjd + T, @d" + dyj¢ + 01T/0g") = 0, (7)

where I ; are Christoffel's symbols of the first kind with respect to the metrics do? = a]-kdq" dg*/2.

One assumes that the functions I7 (q) , a;;(q), d; (q) , b}, (q) and b” (q) are infinitely differentiable.

If the conditions (917/9q') (q,) = 0 and b”(q,) = 0 are satisfied at some point q = qo, then ' = g} is the solution (for
t > t,) of differential equations (5) and (7). In that case the point q = q, is a position of equilibrium of the second (II)) kind.
Further, without loss of generality, it can be accepted that q, = 0.

Let a regular transformation of coordinates

qoz = %-ot’ qv = gv + b(\;oga’ b;o = b;(qzo)s (8)

be performed, after which the equations of nonholonomic constraints (5) take the form

LV __ RV ES Y vV o__ [V Ry vV __ RV

g _ bﬂg + b 9 ba - ba(qa:g’;a.qv:s\/_'_b;osa) baov b - b(qdzéa’q\):gu_'_bzosd)
with

by, = bé(g:u) =0, (9)
where & = (S LI - ”). It will be assumed further that the transformation (8) is performed, and that the previous notations

are preserved for all quantities, including the generalized coordinates. In addition to this, it will be considered that a part of
the dissipative function

1 s
P = dop (@) (10)
is positively definedinq' = (¢!, ..., ™).
Let
m(@=m0""@+a" @+ (1)

be Maclaurin’s series for potential energy. Furthermore, let

b (@) = bl (@) + b, (@) + - (12)

be Maclaurin’s series for the function b”(q) appearing in (5), where b"(0) = 0 is taken into account. In previous relations
O (@, (-)® (q) denote the corresponding homogeneous forms of degree p.

Forms linear with respect to generalized velocities are also presented in the explicit expressions of Egs. (5) and (7). The
solution of these equations with respect to forms quoted is

bi (@G = Fi(@) + Gij (@G + Gj (@, (13)
with

botj(q) = dotj(q) + b; (Cl)du](CI), bvot(q) - _(Svpbg(q)v bvp(q) - 61)/)

Fo(q) = —011/0q" — b, 011/9q", F,(q@) = 8,,b” (@),  Guj(q) = —a; — byay;

ij(‘l) = 0» Gi,j,a (Cl) = _Gk,a - b;[}'k,vv Gy,v(q) =0.

wherefrom, taking into account that det[b;(q = 0)] = det[d,s(q = 0)] # 0 holds, one can form the so-called truncated
equations (cf. (11) and (12))

q'=0,
dei(0)g' = —311"*V (q)/3¢", (14)
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in the case of r < s (case Cq) or

§’ = b, (@),

d,i(0)q' = -1V (q)/0q", (15)
in the case of s = r (case () or, finally,

q" = biy(@),

dai(0)g' = 0, (16)

in the case of r > s (case C3).

In accordance with the main results of papers [1-4] relating to the generalization of the first Lyapunov method to the
strictly nonlinear systems of differential equations, further studies are based on the following statement: if differential
equations (13) allow for the existence of the solution q = q(t) with the characteristic q(t) — 0ast — —oo then the
equilibrium state @ = 0, q = 0 of the discussed mechanical system will be unstable. In the case of r > 1 (cf. (14)),the
mentioned solution is sought in the form of the infinite series (possibly also divergent):

> aj(In(-0) (-7, (17)

=1

where (cf. [1,2]) a; = const., whereas a,, a3 . . . are vector polynomials in In(—t) and u > 0. If the above series exists and
if it is convergent, it represents the solution q = q(t) of the Eq. (13) having the property q(t) — 0ast — —oo. If this
series exists and if it is divergent, then, as shown in [5], there exists the solution q = q(t) of the Eq. (13) for which the series
(17) represents an asymptotic presentation. The conclusion is that the existence of the series (17) has as a consequence
the instability of the equilibrium state q = 0,q = O of the system whose movement is described by the differential
equations (13).

From now on r > 1 will be valid. The case r = 1 has been solved in [6] and will not be discussed here.

2. The instability of equilibrium in the field of potential and dissipative forces — case C;

The theorem on the instability of equilibrium of the holonomic scleronomic mechanical system, moving in a field of both
conservative and dissipative forces, formulated in [1] will be further generalized to the case when linear nonhomogeneous
nonholonomic constraints are imposed to the system, by the following

Theorem 1. Let r < s, and let the function [T"+D = [TV (q/, @’ = 0) has no minimum in the point ¢ = 0. Under these
conditions the equilibrium state q = 0, q = 0 is unstable.

Proof. In order to find conditions for the existence of series (17) under the conditions of Theorem 1, it is assumed that
(cf[1]): w = 1/(r — 1),a; = re,where . > 0,e = (e, ..., e"), /d;j (0) el — 1 = 0. The series (17), included in the
differential equations (5) and (7), gives the following relations (shown are only terms relevant to defining vector a,):

1
- Mé”(—r)—”“—“ +...=0, (18)
1 . an(r+l)
< re'dyi(0) + A" (e)) (=)D 4 ... =, (19)
r—1 aq*
or
e’ =0, (20)
3ﬁ(r+1)
Ky (0" = ————(€) 2n
q
where
e =( ..., e", (22)
1
(23)

K= —.
A1 —1)
The condition A > 0 will be fulfilled if « > 0. As from (21), with the condition

J/diji (0)eled — 1 =0, (24)
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or (cf. (20))

W—1=0, (25)

one obtains
Kk=—@0+1DI"VeE),

it follows that ¥ > 0 will exist if the vector @ = e representing the solution of the Egs. (21) and (25) satisfies the condition
I10+D(e™) < 0, too. In accordance with the conditions of the theorem it is fulfilled, which can be proved, as in [1,2], using
the conditions of the minimum of the function [7¢+D = T¢+D(q) on the ellipsoid (25). This minimum exists under the
conditions of Theorem 1, and is determined just by the Eqgs. (21) and (25).

In this way the existence of the vector e, such that a; = Xe, A > 0, is proved. It follows that series (17) exists, as
the existence of its first term with the properties described leads to the existence of the remaining terms of the series
through the chain of linear nonhomogeneous differential equations with constant coefficients. Functions which lead to the
nonhomogeneity of these equations represent known polynomials of the variable In(—t). This establishes the existence of
the solution demanded with asymptotic behavior, and there from also the instability of the equilibrium stateq = 0,q = 0
of the system whose motion is described by the differential equation (13), is established by this. Theorem 1 is proved. O

Note 1. The case of absence of dissipation, if b* = 0, is solved in [7,8].

Note 2. As (cf. (4)) can be a semi-definite function of variables ¢ = (q', ..., ¢"), in the following consideration instead of
(24), the norm

Jai (0) el — 1 =0. (26)
is accepted. The case with dissipation, if b* = 0, is solved in [12].
3. The instability of equilibrium in the field of potential and dissipative forces — case C,

The series (17), for 4 = 1/(r — 1), included in the differential equations (5) and (7), gives the following relations (shown
are only terms relevant to defining vector a;):

1

( Jhe — Aern(e)) (-0 4. =, 27
1 . an(r+1)

( reld,i(0) + A" (e)) (=)D 4 =, (28)

r—1 aq”
which result in
xe" — by, (e) =0, (29)
. (r+1)
Kkdgi(0)e' + 5 (e) =0, (30)
qd

where « is defined by relation (23).

As stated in the previous section, the existence of series (17) is ensured by the real solutions e = e* # 0,k > 0 of
Egs. (29), (30) and (26). Further study will bring these equations to a form much more simple than the original one. The
discussion that ensues can be applied also to all analogous algebraic criteria present in the papers [1-4,9].

Let the Egs. (26), (29) and (30) have the real solutions

el = e K=K, k* >0, (31)
and let, further, the transformation
& =pe, p=const.,p>0, (32)

be performed.
With this remark the Egs. (29) and (30) get the form, respectively,

K¢’ p" ! — b, (@) =0 (33)
(r+1)

*du 0 Ei r—1 +
K*dgyi(0)e'p 9g”

@ =0, (34)

where & = (',...,e").
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If choosing a positive scalar p such that

K*pr 1 __ =1 (35)
the vector e = e will satisfy the equations (cf. (33) and (34)
e’ (r) (e) =0, (36)
) (r+1)
dyi(0)E' + € =0. (37)
Hence follows that if the equations
e’ — b, (e) =0, (38)
. orIar+v
dyi(0)e' + (e) =0. (39)

have the real solution e = &, then Egs. (29), (30) and (26) also have the real solution e = e* = &/p, k* = 1/p"~!. Then it is
obvious that

o = /a;(0)¢ie. (40)
It is possible now to formulate the following

Theorem 2. Let r = s, and let the equations
(r+1)

S
dei(0)e' + () =0, e"—bj(e)=0,

have real nontrivial solution e = €. Under these conditions the equilibrium state q = 0, q = 0 is unstable.

Proof. If the mentioned algebraic equations have the real solution e = e it follows, according to the previous discussions,
that the Egs. (29) and (30) as well have the solutions e = e* = &/p,k = «k* = 1/p"~!, where p = (a; (0) é"~')1/2. It
follows therefore that the series (17) exists and, especially, that the equilibrium state q = 0, q = 0 of the system (13) is

unstable. O
4. The instability of equilibrium in the field of potential and dissipative forces — case C3

The case discussed nextisr > s,s > 1. In this case the series (17), for ¢ = 1/(s — 1), included in the differential
equations (5) and (7), gives the following relations (shown are only terms relevant to defining vector a;):

1
(s 1 ksb(s+1>(e)> (- V... =0, (41)
1 .
— i@ (-0 4 =0, (42)
which gives
K1e” — by, (e) =0, (43)
dui(0)e' =0, (44)
where
_ 1
=i
Eq. (44) can be presented in the form shown below
e = —r?dg, (0)e” (45)

where dy5(0)r#7 = (SV
If the function b}’s) = (s) (q") is introduced in the following way

(5)(q//) = ( (5)(q))(qu:_ruﬂdﬁ )’ (46)
the Eq. (43) becomes
ki’ — bl (") =0, (47)

wheree” = (e™1, ..., e").
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Study analogous to that from the previous section results in the conclusion that if equations
7 7"
e’ — b}’s)(e )=0
have real nontrivial solution ¢’ = & then (47) will also have the solution &’ = " = &'/p,k} = 1/p"V, where

a;j (0) eiél. It is obvious that (cf. (45)) 8 = —r*/dg, (0)8" and e** = —r*Pdg, (0)e*” are valid.
Now it is possible to formulate the next

/1%

Theorem 3. Let r > s, s > 1 hold, and let the equations
e’ — b, (") =0
have real nontrivial solution €’ = €. Under these conditions the equilibrium state ¢ = 0, q = 0 is unstable.
Proof. If the algebraic equations mentioned above have a real solution e = & it follows, according to previous analysis, that

the Egs. (29) and (30) have nontrivial solutionse = e* = &/p, k1 = kj = 1/p*!, where p = (a; (0) éiéi)l/z, too. From here
it follows that the series (17) exists and, especially, that the equilibrium state q = 0, q = 0 of system (13) is unstable. O

5. The singular case

The case under consideration is the one when Maclaurin’s series for dissipative function coefficients d; = d;; (q) has the
form

dy = dy) @ +df"™" @+, (48)

where di(jl) = dfjl) (q) is the homogeneous forms of degree L. It is obvious that in this case, which will be called singular, the
below relation is valid
det[d;;(0)] = 0, (49)

the implication being that differential equations (13) cannot be solved explicitly by generalized velocities. In order to
overcome this problem, equations of nonholonomic constraints (5) are being differentiated by the time:
ab’ . 9bY .
« (@ gy @ i (50)
oq' aqt
The next case under discussionis! > (r — 1) /2 and s > (r 4+ 1) /2. When series (17), with u = 2/(r — 1) gets inserted
into differential equations (7) and (50) by standard procedure the below algebraic criteria is achieved

G" = by (@ ¢* +

Yy (s
/czaaj(O)e’ + 3q0‘ (e) = 0, (51)
e’ =0, (52)
where
r+1
=2 0D (53)
r—1n°a1
It is clear that (51), in view of (52), can also be written in the form
9rTo+n
K20ap (0" + ———(€) =0, (54)
q[)l

where 70D = 70+D(q, q’ = 0).

The theorem on instability of equilibrium of the holonomic scleronomic mechanical system, moving in a field of
both conservative and dissipative forces, formulated in [1], will be further generalized to the singular case when linear
nonhomogeneous nonholonomic constraints are imposed on the system, by the following

Theorem 4. Let | > (r — 1) /2 A's > (r + 1) /2, and let the function [TT™+D = [TV (q’, q” = 0) has no minimum in the
point ' = 0. Under these conditions the equilibrium state q = 0, q = 0 of the system (7) and (50) is unstable.

Proof. The first proof phase is identical as in the case of Theorem 1. That phase proves the existence of series (17) for
w = 2/(r — 1). 1t follows that x, > 0 will exist if the vector ¢ = e™* representing the solution of the Egs. (26) and (54)
satisfies the condition /77" (e*) < 0, as well. In accordance with the conditions of the theorem it has been fulfilled, which
can be proved, as in Theorem 1, using the conditions of the minimum of the function /7Y = [7¢+V(q’) on the ellipsoid

ooy @ eret —1 -0 55)

This minimum exists under the conditions of Theorem 4, and is determined just by the Egs. (54) and (55). It remains to
prove that conclusions relating to Eq. (50) are also extended to (5). That is, differential equation (50) have the first integrals
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of the form
¢ =b.(q@¢*+Db"(q +c", c”"=const., (56)
which correspond with the equations of nonholonomic constraints only if ¢’ = 0. Taking into account that q(t) —

0Aq(t) — 0ast — —oo it follows that b” (q) — 0ast — —oo wherefrom it can be concluded that ¢” = 0. Theorem 4
isproved. O

In the singular case where it holds thats = [+ 1Al < (r —1)/2 the series (17), for © = 1/(r —1—1), included in differential
equations (7) and (50), gives the following relations, respectively (shown are only terms relevant to defining vector a):

(_t)—(Zr—Zl—l)/(r—l—l) )\‘(r _ l)a;ka(o)el/(r S -1)2 + bS?(e/)KH—lei (_t)—r/(r—l—l) /(r S -1)2
e+

aq%

+4 @ =)™/ 4 =0, (57)

@Atle (=)™ =Y e — 1= 1)2 = 0. (58)

(_t_)f(erZlfl)/(rflfl) )\'(r _ l)elJ/(r N 1) g) (q)
q

Taking into account that | < (r — 1)/2 holds, one concludes thatr - — 1> —-r —1—1 > 0and2r —2l—1 > r.
Wherefrom, with respect to (57) and (58), it follows

’ §I7r+D
k3dy) ()¢ + ———(e) =0, (59)
aq*
b]()1+1) (e) =0, (60)
where
= ] (61)
BT -
The truncated differential equations corresponding to the algebraic criteria (59) and (60) have the form
(l) an(H—l)
(Q)q + T(‘l) =0, (62)
@i =0, (63)

where r<’> (@ = d5)(@).r}} (@ = ab!,,,, (@) /3q"
The differential equations (62) and (63) cannot be solved with respect to the generalized velocities, as det[ré’) )] =0.
Despite this fact (cf. [10]), if there exists real solution e = e for algebraic equations

| ) an(r+1)
d¥(e)e' + ———(e) =0, (64)
aq*
bii11, () =0, (65)

and the condition det[ré') (e)] # 0is fulfilled, the existence of the series will be provided (17).
Now it is possible to formulate the next

Theorem 5. Let s =14+ 1 Al < (r — 1)/2 holds, and let the condition det[d(s) ()] # 0is fulfilled, where e = € is a real zero of

the vector fields b} (e)e’ + 22 (e) and bl (e) .
Under these conditions the equzllbnum state @ = 0, q = 0 of the system (7) and (50) is unstable.

The proof for Theorem 5 follows up the scheme as given in proof for Theorem 4 from [10].

6. Example
A. Systems with cyclic coordinates. One considers a holonomic mechanical system moving in a field of potential and dissipative
forces. The configuration of the system is determined by a set of generalized coordinates q = (q', ..., q", ™1, ... &EM).
Let the kinetic and potential energy of the system have the form
1 N . . -
T= (tap (4) °0° + 000 @"E" + ava€" @™ + 0, ,E"E") (66)
n=r1(), (67)

whereq' = (¢q',...,q"), m=n—1,1>0.
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Let the dissipation be incomplete, with the dissipation function
w1 d N\ s s f 68

positively definite inq' = (¢', ..., q").
It is obvious that the differential equations of motion of the considered system have [ cyclic integrals in the form

oT » .
3(‘]\) =6 = Gy +avﬂ‘§p =c,, €, =const.,
whose solution with respect to cyclic generalized velocities é” = (5 ml o é,’:") has the form
£ =b, (@) +b"(q), (69)
where
b (a) = —e" (@) ape ('), b (d) =¢"” (d) c,. (70)

The above expression includes the coordinates of the matrix [e"”], which is inverse to the matrix [a,,] : €"’ay, = §).
Relation (69) is being transformed into the form

¢’ =b, (a)¢" +b"(q),
where
¢ =§"—Db, ()¢ —b" (O,
by (a) = b;, (@) — b (0),
b’ (q') =b"(q') — b"(0).
It is well known that the system given with cyclic coordinates can be considered as a system with nonholonomic linear

nonhomogeneous constraints, which represent the cyclic integrals (69). Obviously, the quoted nonholonomic system is of
the Chaplygin type. Its differential equations are given by (69) and by the equations and by the equations

d aT*  oT* VgL oy, O 00
W g + ¢ (vapd® +vi) + g + 2 = 0, (71)

where

T =T; + %e"” (@) cucp.

A particular example of a system with cyclic coordinates is presented below.
It is obvious that differential equations (71) can also be presented in the form (6).

B. Example. The rod 4, orthogonally bent in C (Fig. 1), can slide without friction along the symmetric guide 7, rigidly connected
to the telescopic rod 1 of negligible mass. The axis of the guide is orthogonal to the axis of rod 1. Another end of the telescopic
rod 1 is connected to joint A, having the vertical axis which contains the centre of mass of guide 2. The moment of inertia
of guide 7 with respect to the fixed central vertical axis with which it is hinged, is ] = ml?. Telescopic rod, of negligible
mass, is hinged by one end B to end of rod 4 while its other end is rigidly attached to the symmetric homogeneous guide 2
having the axis perpendicular to the axis of the telescopic rod 3. Rod 5 can slide without friction in guide 2. Rod 5 is attached
by one end to a joint on whose vertical axis is point C. The mass of guide 3 is 2m, its moment of inertia with respect to
the central vertical axis, which cuts the axis of telescopic rod 3, is ] = mlz.ﬁThe configuratiog of the System is determined
by generalized coordinates (¢, ). The forces acting in points A and B are F = F (¢)¢é and F’ = —F, respectively, where
e = Ez\ /BA,F (¢ = 0) =0,F (¢ = 0) # 0. During the motion there appear, between the guide 2 and the rod 5, forces
of viscous friction F,, = —Bv, and F,, = — 7, acting on guide 2 and rod 5, respectively, where ¥, is the relative velocity
of guide 2 with respect to rod 5, v, = —%,, 8 = const., 8 > 0. Prove that there exists a stationary motion of the system
0=0,0= B,t, and verify its stability. Neglect the mass of rods 4 and 5. CB = I. Function F () is infinitely differentiable.
The system moves in a horizontal plane.

Solution. The kinetic energy of the system is
1 1 . .
T = Eml2 (2 — cos4g) ¢* + Eml2 (2 + 2sin* p) 6* — mI¢0, (72)
and the generalized forces of the system (1_5 , I?’) are

Q, = —IF (p)sing, Q =0, (73)
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wherefrom it follows that the potential energy of this force has the form

¢
I = lf F (p) sin pdg (74)
0
while its Maclaurin’s series is
I I,
I = 3Fo¢’ + gFo 9"+ (75)
The dissipative function has the form
12
¢ = % cos? p¢?. (76)
It is obvious that 6 is a cyclic coordinate. The corresponding cyclic integral reads
ml* (2 4 2sin* ga)é —mPo=c, c=const., (77)
or, in the form of a linear nonholonomic nonhomogeneous constraint
N : (78)
T 2(1+sintg)” " 2mi (14 sint )’
or
) 1. c 1 1]. + c c (79)
2Y 7 2me T |2 (1+sin*p) 2 “T ame (1 sin® g) 2mP |’
By transformation
b=ctipt - (80)
TETY T omet
Eq. (79) obtains the form
_ 1 17]. " c c (81)
|20 +sinfg)  2|¥7 | 2mE(1+sinty)  2mP |’

and time t does not figure explicitly in the equation for kinetic energy which now looks like

. 22 4)‘2+1 P (24 2sin* p) :plpq 2 ) P (82)
= —m — COS —-m Sin € — —_— —m € — — .
2 P Ty ¢ 297 ome ¢ 29T ompe
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The differential equation of motion in regards to the coordinate ¢ is
1
- 1—6ml2 (=27 4 4cos2¢ + 15 cos 4p) ¢ + (ml sin* ) &€ + mP* (cos ¢ sin® ¢ + 2 sin4g) > + (B cos® @) ¢

c?cos g sin’ ¢ 0

— (4mP cos g sin® ¢) € — (4c cos g sin’ ) € + F(p)lsing — 7 (83)
m
The reduced potential energy has the form
¢ c? cos ¢ sin’
17:1/ F((p)singo—# de (84)
0 m12
and its Maclaurin’s series is
l 3 1/1 c? 4 l , , 5
= SFoy +Z<§ &3)‘@)‘0 + 35 Foy —Fo)) ¢ + -+ (85)
It is obvious that differential equations (81) and (83) allow the solution
0 =0, €e =0, t € [t,, 00) (86)
finding suitable the (cf. (80)) steady motion
c
=0, 0 =——t, telt,o00). 87
v 2mP [to, 00) (87)
Maclaurin’s series (12) (cf. (81)) is
c c
bz — _ 4 6 L 38
2ml? v T 32ml? vt (88)

while the first nontrivial form in (85) is of an odd degree. Therefrom, in accordance with Theorem 1, the equilibrium position
(86) is unstable. The same conclusion applies to steady motion (87).

Note 3. Because of the presence of dissipative forces the previous problem cannot be solved by applying (see: [10,11])
Hagedorn'’s variational approach to the stability of motion.
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